6 May 2022 Name:

ECE 438 Final Exam Spring 2022

. You have 120 minutes to work the following five problems.
. Be sure to show all your work to obtain full credit.
. The exam is closed book and closed notes.

o Calculators, smart phones, and smart watches are not permitted, and must be put
away.

1. (30 pts) Consider the real-valued continuous-time signal x(t) defined by

-1, -1<t<0
x(t) =
1, 0<r<l1

a. (2) Carefully sketch x(t) being sure to dimension both axes.

b. (12) Find a simple expression for the CTFT X(f) of x(t). Your answer should
not include any operators, such as convolution, rep, or comb.

c. (3) Carefully sketch X(f).Be sure to dimension all important quantities on
both the horizontal and vertical axes.

Now consider the signal y(¢)=rep, [x(t)]
d. (2) Carefully sketch y(¢) being sure to dimension both axes.

e. (8) Find a simple expression for the CTFT Y(f) of y(¢). Your answer should
not include any operators, such as convolution, rep, or comb.

f. (3) Carefully sketch Y( /). Be sure to dimension all impertant-quantities-on

both the horizontal and verti;:il a:zs) . N ot X[j) = -133(7\‘('1/ -SW\L&’
.SO &lt Jow ¢ X ] S
o ’ | = —)W,f INC i-
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b xib= resk(t-1) —rectittL ) O
CIFT
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1. (continued — 1)
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Note: Using Eqg. (1) above, the above
00 expression (Eq. (2) can be written as Eq.
0.35 (3) below. Since both x(t) and y(t) have
0.30 SARA odd symmetry in the time domain, their
0.25 Fourier transforms are purely imaginary.
0.20 Thus, it is possible to sketch either the
— magnitude of the Fourier transforms, or to
) sketch their amplitudes along the j-axis.
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Note: Using Eq. (1) above, the above expression (Eq. (2) can be written as Eq. (3) below. Since both x(t) and y(t) have odd symmetry in the time domain, their Fourier transforms are purely imaginary. Thus, it is possible to sketch either the magnitude of the Fourier transforms, or to sketch their amplitudes along the j-axis.
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2. (30 pts.) Consider the causal DT system described by the difference equation

nl=xln]+4yn-1] (%)

a.  (10) Use Z-transform techniques, including a partial fraction expansion, to
find the response y[n] of this system to the input x[n]=u[n].

b.  (5) Find the unit sample response #A[n] for this system.

(10) Find the response y[n] of this system to the input x[n/=u/n] by

o

convolving A[n] with x[n]

d.  (5) Carefully sketch the input x[n]=u[n] and the output y[n], as functions
of the independent variable # . Be sure to dimension both axes.

Solukion .
a. Opply Z trnsform to (0

= Y(z-) = X&)+ ‘:;‘T[%)Z"
Yfau—}f‘):xm

Y[z)- = X(E) (BPT/\,)

I
When. xn1=wWn] = X(2)= 775
P \®= T - b
Y Ql )[[2.) I’JL -\+ = =

all-zY4bli-32") | = [ Qb= | _75 __L
b

L
a%bao = i

L
= 113 \.’
? \‘[2-)" PN l’j 2~| + l ,_Z,‘ (jpm)

= &prg Jnvewse Z rangform. o (2 )
=7 Y(ny= —»*(' Y Un +§ WIn]
=Wl 3-4("] e
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2. (continued — 1)

b. Hiz= % = | ' = him= 6“)&],&[;1\1 (5 W)

=321
J (Jpm)

C. Ying= xnd X hing = 2 Ximd himd
M--N

~ [ \ym
Y= = [5) xeama
m:0

Jj ()= ULn]

90 n
> 9= £ (F wa-m1=wias (4 Bpo )
| (i N\
=W =1 [ wml -4 15)]
d Ltpt)
02 @\9%)

= Gptn)
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3. (25 pts) Fast Fourier Transform Algorithm

a. (4) Calculate the approximate number of complex operations (COs) required to
compute a 12-point DFT by directly evaluating the 12-point DFT sum. Here a
complex operation is taken to mean 1 complex addition and 1 complex
multiplication.

b. (16) Derive a complete set of equations to show how a 12-point Discrete Fourier
Transform (DFT) can be calculated via decimation-in-time in terms of three
stages, where the first two stages consist of 2-point DFTs and the third stage
consists of 3-point DFTs

c. (5) Based on your answer to part b) above, calculate the approximate number of
complex operations (COs) required to compute a 12-point DFT using your FFT
algorithm.

Note: you do not need to provide a flow diagram for your 12-point DFT algorithm;
and you will not receive credit if you do provide one.
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4. (25 pts) Consider a spatial filter with point spread function h[m,n] given below

n
hmmn]| -1 0 1
4 |1
6 3 6
m o |-L L1 _1
6 3 6
I L.
6 3 6

a. (9) Find the output g[m,n] when this filter is applied to the following 9x9
input image. You may assume that the boundary pixel values are extended
beyond the boundary. You need only calculate the output over the original 9x9
set of pixels in the input image.

S O O O O o o O
—_—— == O O O O
_— === O O O
—_ == = == O O
—_= = = = = = O
_— == === OO
—_ === = OO O
—_—— == O O O O
S OO O O O O O

S
(e}
(e}
S
(e}
(e}
S
(e}
(e}

b. (12) Find a simple expression for the frequency response H (u,v) of this filter,

and sketch the magnitude |H (1, V)| along the paxis (v=0), the v axis (£ =0),
the L=V, and the yu=—-v axes.

c. (3) Using your results from parts (a) and (b), explain what this filter does.
Relate spatial domain properties to frequency domain properties. Be sure to
examine what happens at each edge of the region of 1’s above, and how this
relates to the frequency domain, as well as what happens in the center of the
region of 1’s and in the border of 0’s that surrounds the non-zero portion of the
image.

d. (1) Is the filter DC-preserving? Why or why not?
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Problem 4
(a) 9 points
glm,n] =

[0

0

0
~1/6
~1/3
~1/2
~1/2
~1/3

—1/6

0
0
~1/6
0
1/6
1/2
1/2
1/3
1/6

0

~1/6

0

0
1/6

0
0
0
0

~1/6 1/3 —1/6
0 1/3 0
0 1/3 0
1/6 0 1/6
0 0 0
0o 0 0
0o 0 0
0o 0 0
0o 0 0

(b) Observe that h[m,n| is separable

hlm,n] = hy[mlhs[n]
-1/6 1/3 —-1/6 1
[1/6 1/3 1/6} = H [-1/6 1/3 —1/6]
1

-1/6 1/3 —1/6
and since
hi[m] = d[m — 1] + §[m] + d[m + 1]
1 1 1
ha[n| = —gé[n -1+ gé[n] — 66[71 + 1]
we have

Hy(p) = eI 11 4 eIt


Yang Cheng
9 points
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then we can calculate H (u,v)

H(p,v) = i i hlm, n]e=d(um+vm)

m=—0o0 N=—00

- Z Z hy[m]hy[n]e IHme=ivn

m=—00 N=—00

= Z hi[m]e~irm Z ha[n]e "

= Hi(pn)Ha(v)

1
:§(1+2008,u)(1—cosu)

1+2 1 2 4 points
= — 4 = COS L — = COSV — — COS 1 COS V

3 3T g o P

Now we sketch |H (u,v)
v-axis, or |H(0,v)]|.

along the p-axis, or |H(u,0)|, and |H (i, v)| along the

1 2 1 2
H(,u,O):§ go0s K — 5 — geosp
=0
1 2 1 2
H(O,y):§+§—§cosu—§cosy
=1—cosv

|H(u, v)| along the u-axis

1.0
0.8 1
0.6 1
0.4 1
0.2 1

2 points

0.0

N
SR


Yang Cheng
4 points

Yang Cheng
2 points
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|H(u, v)| along the v-axis

0.50 A

0.25 - 2 points

0.00

N
NI= 4

Next, since p = v, we have

H(p,v) = H(p, p)

11 2
:§—|—§cos,u—§cos,u

1 1 21+ cos(2u)
T3y
1 1
=gcospu—g cos(2/)

= % (cos 1 — cos(2u))

We can now sketch |H (p, v)| along the p = v-axis


Yang Cheng
2 points
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|H(u, v)| along u = v axis

0.7
0.6 -
0.5
0.4
0.3
0.2
> 2 points
0.0
T - 0 r n
u
Now, since y = —v, we have
H(p,v) = H(p, —p)
1 L 2 1 (—p) 2 (—p)
= — + —cosp — = cos(—pu) — = cos pcos(—
g " 3 T R IR T g COR ORI
1 1 2 .,
=3 + 3 Cosp— gcos™ i,  since cos() = cos(—p)

= % (cos p — cos(2u))

We can now sketch |H (p, )| along the u = —v axis


Yang Cheng
2 points
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3 points

1 point

|H(u, v)| along u= —v axis

0.7
0.6 1
0.5 1
0.4 1
0.3 4
0.2 4

0.1 2 points

0.0

|

=
II

=]
o
NI o
=

(¢) 1. The filter rejects all frequencies along the u-axis. Notice that in the output
g[m, n], the bottom edge of the region of 1’s is no longer visible.

ii. It is a high-pass filter along the v-axis. Notice that in the output g[m,n], the

left and right edges of the region of 1’s are preserved.

iii. Along 4 = v or p = —v axis, the filter rejects the frequencies © = 0 and
|| = 2. In the output g[m,n], the diagonal edges are preserved.

iv. The center of the region of 1’s consists of only 0’s after the filter is applied,
because this filter is not DC-preserving.

(d) This filter is not DC-preserving.

oo [e.o]

Z Z hlm,n] =0

m=—0o0 N=—0o0


Yang Cheng
2 points

Yang Cheng
3 points

Yang Cheng
1 point
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5. (15 pts.) Consider a 2x 2 object with the four unknown attenuation values
J» 155 /55 f, - Suppose that the ray sums for this object are as shown below, where it

is assumed that the weights w,i=1,...,4 have value either O or 1.

ENESEE
[J’gﬁ* — s
S VN

9 = o A4

Use the iterative algebraic reconstruction technique to determine a set of
attenuation values f, f,, f,, f, that yield the correct values for the six ray sums.



Problem 5

Here is the pseudo-code for the iterative Algebraic Reconstruction Technique.

Algorithm 1 Algebraic Reconstruction Technique

Initialization:
k+1 > k is the index of step.
f]’-g —0 >j € 1,2,...,N, which is the index of attenuation values f.
for k =1to K do > K is the number of steps.
fori=1to M do > M is the number of projections in each step.
pr e S wi - fF
ek pF— P > P; is the ground truth ray sum.
f;”'l — f]’-g — ZUjTZ;l > Normalize the error and update the attenuation values.
end for
end for

The pseudo-code is not required.
Now let’s use the iterative algebraic reconstruction technique to determine the attenuation values.

Step 0, Initialize all f =0, i.e., f{ = f3 = f3 = f{ =0, as shown in the following figure.

00| ——0 3
00| ——0 15

Step k = 1, look at the above two ray sums in the horizontal direction. For the first row ¢ = 1, and the second
row ¢ = 2. We have:

k= Z;-V:lwu Sy =wia - ffAwie- fF=040=0

Pk =00l way - ff = was - fE Fwsa - fE=0+0=0

From the problem statement, the ground truth ray sums are P, = 3, P, = 15.

So the errors ef =pf — P =0-3= -3, and e =p§ — P, =0-15=-15

Then we can update the attenuation values:

f+1:flk_§:0+1.5:1.5
§+1:f2k_§:0+1.5:1.5
§+1:f§_§:0+7.5:7.5
f+1:ff_§:0+7.5:7.5
1.5 | 1.5
75|75
.
9 9



Step k = 2, look at the above two ray sums in the vertical direction. For the first column ¢ = 1, and the second
column ¢ = 2. We have:

Ph= wy fE=wi fFws fF=15475=9

P =0 way fF =wan fEtwaa fE=15+75=9

From the problem statement, the ground truth ray sums are P, = 8, P, = 10.

So the errors e =p¥ — P =9 —-8=1,and e =p5 - P, =9—-10= —1

Then we can update the attenuation values:

ek
=15-05=1

=g
AU k2 15405 =2
MU k8 75 05=7
KL fh S 75405=8
12
7|8
— ~
9 9
9 9

Step k = 3, look at the above two ray sums in the diagonal direction. For the southwest diagonal ¢ = 1, and the
southeast diagonal ¢ = 2. We have:

P = Z;'v:lwl,j Sy =wia - Y fwrs - fF=24T7T=9

PE =30 wa - fE = way - ff twaa fF=1+8=09

From the problem statement, the ground truth ray sums are P, =9, P, = 9.

So the errors ef =ph — P =9—-9=0,and e =pf — P, =9-9=0

In this step, the errors are all zero, so when we update the attenuation values, the values remain unchanged:

ML k2 1 40=1
KLk 94 0=2
Al b —740=7
B fh o2 84 0=8

Therefore, we determine the final attenuation values fi, fo, f3, f4 as below:

Describe how to estimate projection p¥ <« Zj\]:l w;j - f]k (4pts)
Describe how to calculate error ef < pk — P; (4pts)
Wi .eF

Describe how to update attenuation values f]]“l — f]k T l:z (4pts)
1 i,l

Correct numerical answer, each step k = 1,2,3 (1pt)





