
23 March 2022  Name:___________________ 

ECE 438 Exam No. 2 Spring 2022 

• You have 50 minutes to work the following four problems. 
• Be sure to show all your work to obtain full credit. 
• The exam is cloosed book and closed notes. 
• Calculators, smart phones, and smart watches are not permitted, and must be put 

away. 

1. (25 pts) Consider the causal DT system with the following transfer function 

  
HZT (z) =

1− 1
2 z−1( )

1+ 1
4 z−2( )  

a.  (6) Plot the poles and zeros in the complex  z  plane. 

b. (4) State the region of convergence for this transfer function. 

c. (15) Let 
  
HFreq (ω ) = HZT e jω( )  be the frequency response of this system. Use 

the graphical approach to determine 
  
HFreq

π
6( ) . Be sure to clearly show how 

you obtained your answer. It may be helpful to know that 
 
sin π

6
⎛
⎝⎜

⎞
⎠⎟
= 1

2
 and 

 
cos

π
6

⎛
⎝⎜

⎞
⎠⎟
= 3

2
. 
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 2. (25 pts) Fast Fourier Transform Algorithm 
a. (3) Calculate the approximate number of complex operations (COs) required to 

compute a 6-point DFT by directly evaluating the 6-point DFT sum. Here a 
complex operation is taken to mean 1 complex addition and 1 complex 
multiplication. 

b. (12) Derive a complete set of equations to show how a 6-point Discrete Fourier 
Transform (DFT) can be calculated in terms of three 2-point DFTs via 
decimation-in-time. 

c. (5) Based on your answer to part b) above, list the complete ordering of the 6-
point input to your 6-point FFT algorithm. 

d. (5) Based on your answer to part b) above, calculate the approximate number of 
complex operations (COs) required to compute a 6-point DFT using your FFT 
algorithm. 

Note: you do not need to provide a flow diagram for your 6-point DFT algorithm; 
and you will not receive credit if you do provide one. 
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3. (25 pts) Spectral analysis via the DFT 

Consider the 64-point signal 
  
x[n]= cos

2π (7)
64

n
⎛
⎝⎜

⎞
⎠⎟

, n = 0,...,63 . 

a. (7) Determine an exact expression for the 64-point discrete Fourier transform 
(DFT)   X

(64) k⎡⎣ ⎤⎦ , k = 0,...,63  of this signal. 

b. (2) Are there any leakage or picket fence effects in this case? Why or why not? 

Now consider the 64-point signal 
  
x[n]= cos

2π (15)
128

n
⎛
⎝⎜

⎞
⎠⎟

, n = 0,...,63 . 

c. (12) Determine an exact expression for the 64-point discrete Fourier transform 
(DFT)   X

(64) k⎡⎣ ⎤⎦ , k = 0,...,63  of this signal in terms of the function 

  
psincN (ω ) = sin(ωN / 2)

sin(ω / 2)
. 

d. (4) Are there any leakage or picket fence effects in this case? Why or why not? 



23 March 2022 8 ECE 438 Exam No. 2 

3. (continued - 1) 

Pts) la) ✗in]= cos 1%4,74=12 ( eJ%¥n+éJ%¥n)
By cheeking the transform pain ,

we have cos-12-kkon.IN) {
FT
> ¥181k-ko]-101k- IN-ko )])

,

0£ KEN -1
in our case N= 64

,
1<0--7 Jpe .

thus ¥1041k] = 6¥18 -1k-7 ] -101k -164-7)])

zpe =321811<-7] -181k-57 ])
,
1<=0,1, . . . . 63

[5Ptsdb)
The picket fenceeffect is caused by sampling in the

frequenter domain .For a sinusoidal signal , it appears if
the frequency of thesinusoid, Wo , is not an integermultiple of
Inla)

,
Wo= 2¥67

,
7 is integer ,=>No picket fenceeffects

1.51st I:5pt

Truncation causes leakage .

Howevadecause
of the point at whichwesamplein the frequency
domain , we do not see it ⇒ No leakage

21st
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3.  (continued - 2) 

128
n)=£lÉ÷¥YÉ%¥y[ 9PtJ] I C) ✗[n] = cos (21-0115)

A B

By cheeking the transform pain .

We have EMMETT> poingfz-NYN-wye-JK-WYN-w.HN-142 3µL
For part A : let wa=2¥ = ¥5
For part B : let w, =-2¥¥- = .gg/3p-L.oorrettWA.Wislwi )
then ✗[n] 8%1-2/ ps-ingy12.tl#-wn.)É¥¥WA)¥

1- painful?f¥-w, )É¥¥%)¥)
⇒ x"%k]=£{psinqyaa-y-5-u-je-iYY.LY#-E-psinqy1%EbIj-eiY%¥%)

,

1<=0 . . . . . 63

Note
, 211k -1512--21211<-7.57 ; 211k -11512--21211<-17.57

wÉ=w, -12-10=1*7- ¥¥="EF
⇒ X

"" -44=1-2 { psinqyf-jiick-7.si ))Él¥4
"-7571¥

1-psincoxf-g-ilk-g-b.sye-il-EYK-56.SI/b3-zgk--
0
,

. . .

, 63 type .

[511-15] I d) There is truncation of ✗en] Ipe
⇒ this example does Experience leakage Ipt
Ink) , Wo = 2%(15-2)=2%7.75
Wo is not multiple of 2T¥, ⇒ there is picket fence effects

1.5pt 1.515L .
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4. (25 pts) Consider a random variable X  with density function 

  
fX (x) =

2x, 0 ≤ x ≤1
0, else

⎧
⎨
⎪

⎩⎪
. 

a. (3) Carefully sketch by hand the density function   fX (x) . Be sure to 
dimension both axes.  

b. (8) Find the mean and variance of X . 

c. (6) Suppose we generate a new random variable Y =Q(X)  by quantizing X  
according to the following 2-level uniform quantizer: 

  

Q(x) =
1
4 , 0 ≤ x < 1

2

3
4 , 1

2 ≤ x <1

⎧
⎨
⎪

⎩⎪
. 

 Determine the approximate mean-squared quantization error 
  
ε = E Y − X

2{ }  

using the expression 
 
εapprox =

Δ2

12
 

d. (8) Now, provide an expression for the exact mean-squared quantization error 

  
εexact = E Y − X

2{ }  for the 2-level uniform quantizer given above. Your 

expression should explicitly show the dependence on the quantizer threshold 
and output levels. However, please do not evaluate the integrals. This takes 
too much algebra. 












