23 March 2022 Name:

ECE 438 Exam No. 2 Spring 2022

. You have 50 minutes to work the following four problems.

. Be sure to show all your work to obtain full credit.

J The exam is cloosed book and closed notes.

o Calculators, smart phones, and smart watches are not permitted, and must be put
away.

1. (25 pts) Consider the causal DT system with the following transfer function
1-1z7
H,(2)= ( )

a.  (6) Plot the poles and zeros in the complex z plane.

b.  (4) State the region of convergence for this transfer function.

c. (AS5LetH, (w)=H, (ej“’) be the frequency response of this system. Use

the graphical approach to determine ‘H Freg (%) . Be sure to clearly show how

you obtained your answer. It may be helpful to know that sin(%j = % and

[_jﬁ

6 2
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2. (25 pts) Fast Fourier Transform Algorithm

a. (3) Calculate the approximate number of complex operations (COs) required to
compute a 6-point DFT by directly evaluating the 6-point DFT sum. Here a
complex operation is taken to mean 1 complex addition and 1 complex
multiplication.

b. (12) Derive a complete set of equations to show how a 6-point Discrete Fourier
Transform (DFT) can be calculated in terms of three 2-point DFTs via
decimation-in-time.

c. (5) Based on your answer to part b) above, list the complete ordering of the 6-
point input to your 6-point FFT algorithm.

d. (5) Based on your answer to part b) above, calculate the approximate number of
complex operations (COs) required to compute a 6-point DFT using your FFT
algorithm.

Note: you do not need to provide a flow diagram for your 6-point DFT algorithm;
and you will not receive credit if you do provide one.
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3. (25 pts) Spectral analysis via the DFT
. o 2
Consider the 64-point signal x[n]= cos[%ﬂn], n=0,...,63.
a. (7) Determine an exact expression for the 64-point discrete Fourier transform
(DFT) X[k |, k=0.,...,63 of this signal.
b. (2) Are there any leakage or picket fence effects in this case? Why or why not?

27(15)

n|,n=0,..,63.
128

Now consider the 64-point signal x[n]= cos[

c. (12) Determine an exact expression for the 64-point discrete Fourier transform
(DFT) X [k], k=0,...,63 of this signal in terms of the function

sin(wN /2)
sin(w/2)
d. (4) Are there any leakage or picket fence effects in this case? Why or why not?

psinc, (w) =
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3. (continued - 1)
- 2T{7 _&el)
[0) X[n] = €S (lzf'q’[")m) :II ( QJ‘W)H’»{—()/‘] bt Vb)

by Chasking the Groms form, puiy

SF
Wwe, hwe cm(mon/w) é%{b[k-ﬁ])rou-w-ka)u, 0S k|

n oW Ce N=64 k.=T Jpe-
Uwo- x93 2 B { 6Lk-T1 +oLk-(6%-7)]]
Lt 230 [ OLkTI 4 6Lk-6T1) k=0, ... 3

(b

) The pitkets 69’"“/6“% IS Coumaed 4 <Samp6in(j i the

freq s damosn. Fa 0 sinubd ) ol igrod_, it appomn. 14
the f eqund) Vl) the SISOk, Wo, 15 1ot om ity ev” mubtoiple {]‘3—,{,‘
(W), wo= 57, T IS inGserr sl pisat fous cffests

|.5pt |90t
Tyunfonyv Caules/ M@,)W&; b camnr”

0’6 Th poimn ooy wwihe We,cwnpep,/)'m 'W-Q/gmguam}/

Oemaat, We oo nets L (U =7 | Vo (eatwge

2pt
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3. (continued - 2) . 7ulis)

WS, i)
(C) Xn] = COS(QIE;—(;S)W :_al:(éns "’Télzg "')

)33 Chesking the, Groms form, powsr
We hawe edwon—g) pach(ltk/N ~0) e—J(amVu-wo)(M-l)/z 3 \Qt

o pwt A. _anlb) _ bm
3 P A eﬂt WA-“‘zs - ‘Z;-‘F ) w('w;)
Fov powt 5. Oots Wy =~ 2TI5) e 3yt Gorreats Wa, Us
EX
OFT ; {2k, ) 63
Than xXin] <_>I[ p@n%‘f(lﬁk_w’\)e W A)a_

& =j2mk_y, ) 63
“, +Pwi’*(%k-uf)ke(wﬁ%)l
= . - -j(2Ek-5
> X U]z,_ip&nt@(”zk*% S
+ p&%(“’%@)éﬂ%ﬂ)‘%‘\ ) k=0, ..., 63

i

e

l 0() Thew (5 truncetions o, An] pt
= examplo |cloer Expoviend Leakage, | Ipt
IVL[C) , Wo = %(%) = 9{:75

e 5 not Wil of) 22 —sfthue is piokek fonee, effedts

| Spt 1.9pt -
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4. (25 pts) Consider a random variable X with density function

2x, 0<x<1

0, else

S(x)= {

a.  (3) Carefully sketch by hand the density function f, (x) . Be sure to
dimension both axes.

b.  (8) Find the mean and variance of X .

c.  (6) Suppose we generate a new random variable Y = Q(X) by quantizing X
according to the following 2-level uniform quantizer:

IA

, 0

e

O(x)=

x<
x <

Alw A~
IN

1
> 2

. . . . 2
Determine the approximate mean-squared quantization error € = E {|Y - X | }

AZ

using the expression € =—
approx 12

d. (8) Now, provide an expression for the exact mean-squared quantization error

exact

e =F {‘Y -X ‘2} for the 2-level uniform quantizer given above. Your

expression should explicitly show the dependence on the quantizer threshold
and output levels. However, please do not evaluate the integrals. This takes
too much algebra.



Problem 4

a.

The plot of f,(x) is :

Plot of f.(x)

18
16
14

12

fula)

06

04r

0.2r

-0.5 0 0.5 1

Horizontal axis (1pt)
Vertical axis (1pt)

Correct shape. (1pt)

1.5



b.

Mean:

BLX) = [ o filo)do

1
:/ T -2z dx
0
1
:/ 22 dx
0

Variance:
o =E{X?} - (E{X})?
where

E{X?} =/oox2-fx(x) dz

= / 2?22 dx
0
1
= / 223 dx
0

op =E{X*} - (E{x})*
14
T2 09
:1—18 (2pts)

C.

For the given 2-level quantizer:

_ Qmax - szn
number of level — 1
3 _ 1

_ 4”14
2—-1

= % (3pts)

Therefore:
A2

€approx = 12



d.

Method (1)
€ezact = E {|Y - X|2}
— [ @@ =02 fla) de ()

% 1 1 3
= / (- —2)* 22 dz +/ (5 —x)% 22 dx  (4pts)
0 4 1 4

2

1 1
3 9
=/ (223 — 2% + - 2) dx+/(2x3—31'2+§33) dz
0 3
_14;’ LR B L e 3 9 o
=57 T3 e et Tt T,
2

T8

The approximate and the exact quantization errors are the same.



Method (2)

€czact = I {|Y - X|2}
=E{Y?-2XY + X?}
=E{Y?} —2E{XY}+E{X?} (2pts)

We know E { X?} = 1 from problem (b). Now we need to calculate E{Y?} and E{XY}.

1 1

E{y?} =/j(i)2-2m dr+/ (%)2.2.77 dz  (3pts)

1
2

1
3 1

_ 1o 9 o
“ 6, T 16T,
2
_ 7
16
31 1
]E{XY}:/ (ZT) 2 dr+ [ (=z) 2z dx (3pts)
0 1
3 1
152 14
= — + —
Ol A
_ !
24
Therefore:

€eract = B{Y?} —2E{XY} +E {X?}

_ T,
T 16 24 2
_1
T 48

The approximate and the exact quantization errors are the same.





