24 April 2020 Name:

ECE 438 Exam No. 3 - Revised Spring 2020

. You have 48 hours to work the following four problems. So you should e-mail a
scan or images of your solution to ece438 @ecn.purdue.edu by 2:30p EDT on
Friday 24 April.

. Be sure to show all your work to obtain full credit.

. The exam is open book and open notes.

. Please do NOT discuss the problems with anyone else.

1. (20 pts.)  Consider two random variables X and Y which are jointly distributed
according to the following bivariate density function

%(x+y), 0<x<1,and 0< y <1,

[ (X, y)= %(—x—y), -1<x<0,and -1<y<0

0, else

a.  (3) Sketch f,,(x,y).

b.  (4) Find and sketch the marginal densities f, (x) and f,(y).

c. (1)Are X and Y independent?

d. (7) Find the mean and variance of X and Y and the correlation coefficient

Pxy between them.

Now, suppose that we define two new random variables U and V according to
U=X+Y
V=X-Y
e. (5) Find the mean and variance of U and V and the correlation coefficient
p,, between them.



Problem 1

(20 points) Consider two random variables X and Y which are jointly distributed according to
the following bivariate density function

2z +y), 0<z<land0<gy<1
fxy(x,y) = %(—x—y), —1<z<0and —-1<y<0
0 else

(a) (3 points) Sketch fxy(z,y).
(b) (4 points) Find and sketch the marginal densities fx(x) and fy (y).
(¢) (1 points) Are X and Y independent?

(d) (7 points) Find the mean and variance of X and Y and the correlation coefficient pxy
between them.

Now, suppose that we define two new random variables U and V according to

U=X+Y
V=X-Y

(e) (5 points) Find the mean and variance of U and V and the correlation coefficient pyy
between them.

(a)

f XY (x,y) 3 points: plot 3

Irr(@) = 3 +2)

for@) = 3 (o —1)

For f_XY(x,y), x<=0,
y<=0, we have a
reflected version of the
figure above.

Figure 1: Plot of fxy(z,y)


Yang Cheng
3 points: plot

allebach
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allebach
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For f_XY(x,y), x<=0, y<=0, we have a reflected version of the figure above.
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allebach
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allebach
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allebach
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allebach
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(b) When —1 <z <0,

1 point: f_X(x)
1 point: f_Y(y)
1 point: plot of f_X(x)
1 point: plot of f_Y(y)

When 0 < z <1,

The marginal density function of fy (y)

fx(z)

fx(z) = / " fxr (o y)de
1

:/0 S+ o)

Ly Lo !
B P
2 |V,
1 n 1
= —XI —_
2 4
can be derived using the same method, so
—szx+1, —1<z2<0
fx(x) =9 32+ 1, 0<z<1
0, else
—y+1  —1<y<0
) =43y+1 0<y<1
0, else
)

NI

Figure 2: Left: fx(x)

Right: fy(y)



Yang Cheng
1 point: f_X(x)
1 point: f_Y(y)
1 point: plot of f_X(x)
1 point: plot of f_Y(y)


. . 1 point: i
(¢) X and Y are not independent, since point: not independent

Ix(@)fy(y) # fxy(2,y)

(d) Calculate the mean and variance of X,

0 1
E[X] :/ x (—1x+1) dx+/ x <1CL‘+1> dz
1 point: E[X] -1 2 4 o \2 4
1 point: Var[X] =0
1 po?nt: E[Y] 0 1 1 1 1 1
1 point: Var[Y] E[X? = / z? (—z + ) dz +/ z? (x + > dx
2 points: E[XY] -1 2 4 0 2 4
1 point: rho_{XY} 9
T 12
Var[X] = E [X?] - E[X]?
9
12
Similarly, calculate the mean and variance of Y,
E[Y]=0
5
Var[Y] = B

Calculate the correlation coefficient between them,

E[XY]= /_OO /_OO vy fxy (v, y)dzdy

0 0 1 1 1 1
= / / —(—x — y)zydxdy + / / —(z + y)zydxdy
“1J-12 o Jo 2

(e) Calculate the mean and variance of U,

E[U] =E[X + Y]

1 point: E[U] =E[X]|+E[Y]

1 point: Var[U] -0

1 point: E[V]

1 point: Var[V] Var[U] = Var[X + Y]

1 point: rho_{UV} = Var[X] + Var[Y] + 2 (E [XY] — E [X]E [Y])

5 5 1
=— 4+ —42(=—
PRECI (3 O)

_3
2


Yang Cheng
1 point: not independent

Yang Cheng
1 point: E[X]
1 point: Var[X]
1 point: E[Y]
1 point: Var[Y]
2 points: E[XY]
1 point: rho_{XY}

Yang Cheng
1 point: E[U]
1 point: Var[U]
1 point: E[V]
1 point: Var[V]
1 point: rho_{UV}


Calculate the mean and variance of V,

E[V]=E[X - Y]
=E[X]-E[Y]
=0
Var[V] = Var[X — Y]
= Var[X]| + Var[Y]| - 2 (E[XY] - E[X]E[Y])

Calculate the correlation coefficient beteen them,

EUV]=E[(X +Y)(X -Y)]
=E[X?-Y?]
=E[X*] -E[Y*]
=0

E[UV]-E[U]E[V]
ouov

puv =
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2. (25) (Before working this problem, you may want to review the solution to
Problem 3(b) on Homework No. 8, which I have just revised and re-posted.
Consider a voiced phoneme for which the time-domain, continuous-time vocal

tract response V(t) is given by

v(t)= cos(Zﬂ(lOOO)t)rect(MJ .

5%107

Assume that the pitch frequency for the speaker is 100 Hz, and that the
excitation consists of a train of ideal impulses.

a. (2) Carefully sketch what the continuous-time domain speech waveform s(t)

would look like in this case. Be sure to dimension all important quantities in the
speech waveform.

b. (7) Find an exact expression for the CTFT S( /) of the speech waveform.

c. (2) Carefully sketch the CTFT S(f). Be sure to dimension all important
quantities in S(f).

Suppose that we sample the speech waveform s(t) above at a 10 kHz rate, and

compute the short-time discrete-time Fourier transform (STDTFT) using a
window of length of 50 samples. So we have

S(w,n) = i S[k]w[n_k]e—jwk

where

<k<
Wk = 1, 0<k<49,
0, else

d. (2) Compute an exact expression for the STDTFT at time n=0,i.e. S(®,0).
e. (7) Compute an exact expression for the STDTFT at time n=50, i.e. S(®,50) .

f. (2) Carefully sketch S(®,50) . Be sure to dimension all important quantities in
S(®,50) . You may ignore any phase factors in your sketch.

g. (3) Based on your answers to parts (e) and (f) above, approximately sketch the
resulting spectrogram ‘g(a),n)‘ as a function of the discrete-time index n and

digital frequency @ (radians/sample). Be sure to dimension all important
quantities in your plot. Is this a wide-band or a narrow-band spectrogram?



Solution for Exam 3 Problem 2 1

(a) (2) Since the pitch frequency is 100 Hz, the pitch period is P =0.01 sec. Thus we have that
s(t)=rep, {v(1)}

= i v(t—0.01k)

fr=—oo

(1)

which looks like

$ 68 Arlt)

006 —-A—/S

IR I

71 1)1 1 SR P

S ¢~40|C‘$
(b) From the first line of Eq. (1), we have that

S(f)= %combl rin}

-Sr{E(-4)

t—-2.5%x107°
V(f)=CTFT {cos(2n(lOOO)t)rect(Wj}

Qoo

\
7
—
E—
u

J

But

=5%107 (sinc(s X107 f)e /2290 >) *%(6( [=1000)+8(f+1000)) 3
~2.5%10° {sinc(s X 107( £ = 1000))e/27 25107 (=1000)

T sinc(5x 107 (£ +1000))e 273100 “"0"”}

Substituting the second third and fourth lines of Eq. (3) into the second line of Eq. (2), we obtain

S(f)=2.5x107 Y {sinc(5x107(100k — 1000))e /2210 to0k1000)

f=—oo

+ sinc(5x 107 (100k + 1000))e /272107 (100k+1000) }6 (f—100k)

=2.5%10" Y, {sinc(0.5(k - 10))¢ />~
k=—c0
. , A
+ sinc(0.5(k +10))e >3 ( £~ 100k) “)

k=10
=2.5%107 Y {sinc g /2n(023010)

k=—co

N sinc( k -;10 ] o /2(025(k+10) }5 (f _ IOOk)




Solution for Exam 3 Problem 2 2

1
where we have used the fact that F =100.

(c) (2) Now, we are ready to sketch S( /), based on the last two lines of Eq. (4). Ignoring the

phase factors, we have

4 ~].@ ‘ 0<
- 41 I« F(kHD)

(d) (2) We have

S(w,n)= i s[kIw[n—kle ™™
ke (5)

2

where

I, 0<k<49,

0, else

wik]= {
(6)
Since we are sampling at a 10 kHz rate,
s[k]=s(k/10%)
_ { cos(27(1000)k /10%), 0<k<49

- (7
0, —49<k<l

_ | cos(2mk/10), 0<k<49
0, —49<k<l1

Note that we are assuming here that rect(—0.5)=1. Also, for n=0, we have

I, 49<k<0

0, else

. So there is only one point of overlap at £k =0 and

w{—k]= {

s[k]w[—k]=S[k]; and S(w,0)=1. Alternatively, we could assume that rect(—0.5)= 0. Then,
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cos(2rmk/10), 0<k<49
slk]= ; (8)
0, —49<k<0

and s[k]w[—k]=0. Thus, S(®,0)= 0. Either solution is acceptable.

(e) (7) For n=50, we have
w[50—k]=w[—(—k—-50)]
{ 1, 0<k<49 ©)

0, else

Thus,

49
S(0,50)=) s{kle™*
k4:91 ’ (10)
= s[kle™ —s[0]
k=0

where in the second line of Eq. (10), we have added the £ =0 term to the summation, and then
subtracted it from the overall result for mathematical convenience. However, if we again assume
that rect(—0.5) =0, then s[0]=0. We will, indeed, assume that s[0] =0 for the remainder of
this problem. Then, we can write that

oo

S(0,50)=Y, s'TkIwkle ™", (11)
f=—oo
, , I, 0<k<49
where s'[k]=cos(2(k/10)) and Wk]= 0 . . From the product theorem for
, else
the DTFT, we have that
R 1 T ’ ’
$(0.50)= - [ '@~ W (. (12)
2 7
So we have
S’(a)):ﬂ{6(&)—7t/5)+5(w+7r/5)},—7rSan, (13)
and
W’(w) = psinc,, (a))e_j‘”“g/z) . (14)

Using the fact that convolution of any function with an impulse, shifts that function to the
location of the impulse, we obtain
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S(®,50) = %{psincso(a) —7/5)e/ TP 4 psine, (0 + 7/ S)e_j(“””/s)“m)}

. (15)
1 . i . _ _
=E{psmcso(a)—7r/5)e S +psinc, (0 — (2w -7/ 5))e Jols ”/5))(49/2)}
Here, the second line of Eq. (15) follows from the fact that the DTFT is always periodic with
period 27 .
(2
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j«N\ML
(2) 3)
L e
S5 s e ""'ﬁ\css 3
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Solution for Exam 3 Problem 2 5

This is a wideband spectrogram, since the pitch period is 0.01 sec., while the window duration is
50 samples, or 0.005 sec. Thus, we can resolve the spectrum V(@) during each repetition of the

vocal tract response V[#]. There is only one formant frequency at 1 kHz, which corresponds to

the digital frequencies 7 /5 and 2w — 7 /5 rad./sample.
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(35) (Before working this problem, you may want to download and read the
document “Analysis of 2-Channel Filter Bank™ that is posted at the course website
as Module 4.2.5. If you have downloaded it previously, please download it again,
since one of the figures has been corrected.) Consider the three-channel filter bank
shown below:

G () u,[n] GN‘O[H] | s,[n] t,[n] H. (@) z,[n]

s, [n] t[n] z [n] /‘ yln]

——— H,()

N4
G (@) u[n] @ v [n]

/.‘
)

Channel

(@) ﬂ@‘ﬂ* = @tz[”] (o) |2

We will consider the channel to be ideal; so s [n]=v [n],i=0,12.

(8) Find necessary and sufficient conditions that must be satisfied by the three
analysis filters G,(@),i=0,1,2 and the three synthesis filters H (®),i=0,1,2 in
order that we have perfect reconstruction, i.e. y[n]= x[n] .

1
Suppose that H (w)= gGi(a)), i=0,1,2 and

w—(27/3)i

G.(w)=3-rect
' 2w /3

],—7[/3360S57[/3,i=0,1,2

(3) Carefully sketch G,(@),0<w <2m,i=0,1,2, being sure to dimension all
important quantities. (Note that all discrete frequency domain quantities must be
periodic in @ with period 27 .

Suppose that X (@) = (1—|a)| / 71'),

ol<x.
(3) Carefully sketch X(w) , being sure to dimension all important quantities.

(3) According to the diagram above, carefully sketch U (@), i=0,1,2 , being sure
to dimension all important quantities.

(3) According to the diagram above, carefully sketch V. (@),i=0,1,2, being sure
to dimension all important quantities.

(3) According to the diagram above, carefully sketch T (w),i=0,1,2, being sure
to dimension all important quantities.

(3) According to the diagram above, carefully sketch Z (w),i=0,1,2 , being sure
to dimension all important quantities.



24 April 2020 8 ECE 438 Exam No. 3

h. (3) Finally, according to the diagram above, carefully sketch Y(®), being sure to
dimension all important quantities.

1
1. (6) Show that the filters H (@)= gGi(a)), i=0,1,2 , for which you sketched

G (w),0<w<2r,i=0,1,2,in part (b) above satisfy the conditions that you
derived for perfect reconstruction in part (a) above.



(a)

Following the same process as performed in Homework 8 problem 53, let us look at the frequency
response of an arbitrary channel, i,i = 0,1,2.

Recall:
1 pt. for each correct expression for

frequency response for signals u_i, v_i,
Upsample: Y(w) = X (Lw) t i,z i,andy (5pts. total)

Ui(w) = X(w)G;(w)

v _122:[] w—2nk>_1ix(w—2nk>6 (w—an)
"(“))"3k_om( 3 )34 3 i\7 3

Downsample: Y (w) = %ZE;&X (w—an)

T;(w) = S;(Bw) = %ZZ:X((U —Z—Hk) G; (cu —Z—Hk)

k=0
Zi(w) = T{(w)H;(w) = %Zz: X (w - 2§k> G; (a) - Z?ﬂk) H;(w)
k=0

For perfect reconstruction, which means y[n] = x[n], implying
Y(w) = X(w)
Where Y(w) = Zy(w) + Z1(w) + Z,(w)

we hve
Zo@) + Z4() + Zy(w) = %Zx(a} -2k 6o (@~ k) Ho(@)
3 w0206 (o -2+ 33 10 Z0) s (0 - Z
(- T~ a)mr e - Fucor - o)

1
= =X(w){Go(w)Ho(w) + G1 (w)H;(w) + Gy (w)Hy(w)}

"3
+ %X (a) - Z?H) {Go (cu - 2%) Ho(w) + G4 (‘U - Z?H) Hi(w) + G, (ﬂ) - 2%) Hz(w)}

3 (0= 2) {60 (0= 5 ) Ho(@) + 6y (0 = 5) B (@) + 6 (0 = ) o))


Scott Dye
Typewritten Text
1 pt. for each correct expression for frequency response for signals u_i, v_i, t_i, z_i, and y (5pts. total)

allebach
Text Box
i


3pts. Correct Solution (1pt each)
In order to satisfy Y (w) = X(w), we need:

Go(w)Hp(w) + Gy (w)Hy (w) + Gy (w)Hy(w) =3

And

Gy (a) —2?7{) Hy(w) + G, (a) — 2?71) Hi(w) + G, (a) —2?7{) H,(w) =0
And

Gy (a) —%) Hy(w) + G, (a) — 4?7{) Hi(w) + G, (a) —%) H,(w) =0
(b)

All following plots are periodic with period 2.

G (W)

1/2 pt. For each correct G_i(w)
1/2 pt. per plot for correct axis
dimensions

M T S S~ S
Ca (W)

R oW T % =
Ca, (W)

* % W T % S =

X(w~) 2 1/2 pts. Correct X(w)

‘ 1/2 pt. For correct axis

° % oW T % % =



Scott Dye
Typewritten Text
3pts. Correct Solution (1pt each)

Scott Dye
Typewritten Text
1/2 pt. For each correct G_i(w)
1/2 pt. per plot for correct axis dimensions 

Scott Dye
Typewritten Text
2 1/2 pts. Correct X(w)
1/2 pt. For correct axis dimesions


(d)

U, (w) 1/2 pt. For each correct
3 U_i(w)
2 | | 1/2 pt. per plot for correct
= axis dimensions

% oW T % m =

Ll "]

1/2 pt. For each correct

% V_i(w)
1/2 pt. per plot for correct

° = 2 T < S< @< . . .
W aXxlIs dimensions
V'(w)
1.
1,
T~ [T~ [
° = 2 e < S ‘<
(W)
v, (w)
4
%~
%./I/I/‘/
o = 2 3 < S< (R4


Scott Dye
Typewritten Text
1/2 pt. For each correct U_i(w)
1/2 pt. per plot for correct axis dimensions

Scott Dye
Typewritten Text
1/2 pt. For each correct V_i(w)
1/2 pt. per plot for correct axis dimensions


(f)
T, (w) 1/2 pt. For each correct
\ T_i(w)
L 1/2 pt. per plot for correct
— v - axis dimensions

T (W)

|
s
%

R e O

T, (w)
% |

° s K/3 < ..?7 g% tﬁw

(g)
2, (w) 1/2 pt. For each correct

I | 1/2 pt. per plot for
| — : ¢ correct axis dimensions



Scott Dye
Typewritten Text
1/2 pt. For each correct T_i(w)
1/2 pt. per plot for correct axis dimensions

Scott Dye
Typewritten Text
1/2 pt. For each correct Z_i(w)
1/2 pt. per plot for correct axis dimensions


(h)

1 () 2 1/2 pts. Correct Y(w)
' 1/2 pt. For correct axis
/ dimesions

g W T % % =

(i)
Go(w)Hp(w) + Gy (w)Hy () + Gy (w)Hy(w)

- [3 rect (2:/3) rect (2:/3)] * [3 rect (w ;nZ/Z/B) rect (w ;n2/7;/3)]

+[ree(“ et ()|

w w—2m/3 w© — 413 2 pts. per correctly
=3 [reCt<2n/3) * re“( 21/3 )+ re“( 21/3 )] evaluated expression
(6 pts. total)

=3(1)=3
And

Gy (cu - 2;) Hy(w) + G, (a) - Z?H) Hy(w) + G, (cu - 2;) H,(w)
= [ rect () rect ) + [ e (P et ()|

+[oreet (gaza)reet (")

=0
And
Gy (w —4?“) Hy(w) + G, (a) - 4?”) Hi(w) + G, (w - 4?“) Hy(w)
- [3 rect (w ;ZB) rect (2:/3)] * [3 rect (2:/3) rect (w ;n2/7;/3)]
#[rea () e ()
=0
Since
ree () et (Mg ) = e (gg) et () = et (P reet (g ) =0

Because the rectangles do not overlap.


Scott Dye
Typewritten Text
2 1/2 pts. Correct Y(w)
1/2 pt. For correct axis dimesions

Scott Dye
Typewritten Text
2 pts. per correctly evaluated expression  (6 pts. total)
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4. (20)
Consider the signal x(¢) defined as follows
x(1)=¢,0<¢<1
We wish to approximate x(¢) over the interval 0<t <1 by the signal £(z) given by
x(t)=ab,(t)+ab(t),

where the basis functions 5, () and 5,(¢) are given by

I, 0<¢<1/2
b()=1,0<t<1, and b (t)= ’ ,
() () {—1, 1/2<t<1

and a, and a, are constants chosen to minimize

e=[[2()-x()] dr .

a. (10) Determine the values for a, and q, that will minimize &€ .

b. (4) Carefully sketch x(#) and x(s) on the same axes for the optimal values for

a, and a, that you determined in part (a) above.

c. (6) Compute the mean-squared error &€ .



Problem 4 (20)

Consider the signal z(t) defined as follows
p(t) =1%,0<t <1

We wish to approximate z(t) over the interval 0 < ¢t < 1 by the signal Z(t) given
by

Li’(t) = aobo(t) + alblt

where the basis functions bg(t) and by (t) are given by

1, 0<t<1/2

bo(t) =1,0<t <1, and by (t) = )
o) st<l and bi(t) {—1, 1/2<t<1

and ap and a; are constants chosen to minimize

. /O B(t) — 2(t)]2dt

a. (10) Determine the values for ap and a; that will minimize € .

6:/0 [B(t) — a(t)]2dt

- /1[a0b0(t) + ayby (t) — t2)2dt

0.5 1
= / [ap 4+ a1 — t?)%dt + / [ag — a1 — t?]?dt 1 pt: piecewise simplify
0 0.5
e 0.5 ) 1 )
dag 2/0 (a0 + a1 = #7)dt + 2/0.5(% —a - t)dt 1 pt: first derivative
1 ) 0.5 1 1 pt: primitive functions
= 2/0 (ao — t7)dt + 2/0 ardt — 2/05 ardt 1 pt: definite integral
= (2aot — gt?’)’l
B 0 3 o
2
= 2010 — g


wangtianqi
Typewritten Text
     1 pt:  piecewise simplify

wangtianqi
Typewritten Text
1 pt: first derivative
1 pt: primitive functions
1 pt: definite integral 


1

Oe 0-5
— = / (CLO +a; — tz)dt — 2/ (ao — a1 — t2)dt
0 0

day 5 1 pt: first derivative
05 05 1 1 N _
~ 2(a +a1)‘ B zt?" ~ 9(ag — a1)’ n 2t3’ 1 pt: primitive functions
0 3 5 1 o Olf’ 3 los 1 pt: definite integral
= —ap—Sx-+2(1-2
ag +ay; + ay agp 3 8+3< 8)
1
= 2@1 + 5
let aa—;o =0, 88—;1 =0, and get
1 1
=3 ®@1=77 2 pts: first derivatives equal to 0
Second derivative check for minimization:
1 pt: second derivative check for
0
95 520 convex
8@0
Oe
—=2>0
6a1
Therefore, ag = %, a, = —;11 minimize e.

b. (4) Carefully sketch z(¢) and Z(¢) on the same axes for the optimal values
for ag and a; that you determined in part (a) above.

1 pt: hat x(t) calculation

1 pt: hat x(t) sketch (0.5pts for
indicating value at t=1/2).

1 pt: x(t) sketch

1 pt: label both axes.

i(t) = ap+a =+, 0<t<1/2
a—a =5, 1/2<t<1


wangtianqi
Typewritten Text
1 pt: first derivative
1 pt: primitive functions
1 pt: definite integral 

wangtianqi
Typewritten Text
2 pts: first derivatives equal to 0

wangtianqi
Typewritten Text
1 pt: second derivative check for convex

wangtianqi
Typewritten Text
1 pt:  hat x(t) calculation
1 pt: hat x(t) sketch (0.5pts for indicating value at t=1/2).
1 pt: x(t) sketch
1 pt: label both axes.


\
[+ x(€)
2/t 0 ?lf)
l/l_ -
b
Yiv b
L : i " " 14
Vz | 4

Figure 1: z(t) and Z(t)

c. (6) Compute the mean-square error €

c :/0 (B (t) — 2(t))2dt

0.5
- / (ap 4+ ay — t%)2dt + / (ap — ay — t*)dt
0 0.5
0.5 1
:/ (a2 + a? + t* + 2apay — 2apt? — 2a,t?)dt + / (ag + a3 4+ t* — 2apas — 2apt* + 2a,%)dt
0 0.5
1 0.5 1
= / (a2 + a3 4+ t* — 2a0t?)dt + / (2apa; — 2a;t?)dt + / (—2apay + 2a,t%)dt
0 0 0.5

) g b1l 2 ot 0.5 2 105 1 2 !
= (ag + al)t‘o + gt ‘0 — gaot ’0 + 2apa1t . galt . 2a0a1t‘045 + galt ‘
—a2+a2+1—2a +aa—za X — —apa —|—ga(1—})
= ay 1ty 3 0a1 — gd1 X o 0a1 + g1 3

9 9 1 2 1
:a0+a1+*—*ao+§a1 _ ) _ )

19 5 3 2 pts: piecewise simplify and expand
=20 ~ 0.026 2 pts: primitive functions

1 pt: definite integral results
1 pt: plugging in a0 and al.
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2 pts: piecewise simplify and expand
2 pts: primitive functions
1 pt: definite integral results
1 pt: plugging in a0 and a1.




