
1 May 2013 Name:_______________ Signature: _________________ 

ECE 438 Final Exam Spring 2013 

• You have 120 minutes to work the following five problems. 
• Be sure to show all your work to obtain full credit. 
• You do not need to derive any result that can be found on the formula sheet. 

However, you should state that it can be found there. 
• The exam is closed book and closed notes. 
• Calculators are not permitted. 
• It will be to your advantage to budget your time so that you can write something for 

each problem. Please note that the problems are arranged in the order that the topics 
were covered during the semester, not necessarily in the order of difficulty to solve 
them. 

1. (25 pts.) Consider a system described by the following equation 

y[n] = 1
4
x[n]+ 2x[n −1]+ x[n − 2]( )

. 
a.  (8) Find the response y[n]  to the following input 

x[n] =
1, 0 ≤ n ≤ 4
0, else

⎧
⎨
⎩  

b.  (9) Find a simple expression for the frequency response H (ω )  for this system. 

c. (8) From your answer to part (b), determine simple expressions for the 
magnitude and phase of the frequency response. 
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It might be good to state explicitly that y[n] = 0 outside this range.
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Alternate approach based on factoring out the half-angle.
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+ angle(cos^2(omega/2)) = - omega + 0
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2. (25 pts.) Let x[n], n = 0,...,N −1  denote an N -point signal with N -point DFT 

X (N )[k] = x[n]e− j2π kn /N
n=0

N −1

∑
. 

Let y[n], n = 0,...,2N −1  denote a new 2N -point signal defined according to 

y[n] =
x[n], n = 0,...,N −1,

x[n − N ], n = N ,...,2N −1.
"
#
$  

Let Y
(2N )[k]  denote the 2N -point DFT of y[n] . 

a. (15) Find a simple expression for Y
(2N )[k], k = 0,...,2N −1 in terms of 

X (N )[l], l = 0,...,N −1 . 

Now let x[n], n = 0,...,N −1  be defined as before. But let y[n], n = 0,...,2N −1  
denote a new 2N -point signal defined according to 

n 0 1 2 3 4 5 ... 2N − 2 2N −1
y[n] x[0] x[0] x[1] x[1] x[2] x[2] ... x[N −1] x[N −1]

 

b. (10) Find a simple expression for Y
(2N )[k], k = 0,...,2N −1 in terms of 

X (N )[l], l = 0,...,N −1 . 
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Strictly speaking, the expression pointed to by the left arrow is not correct, because X^(N)[k/2] is only defined for even k. So until the separate cases are evaluated as they are after the equal sign on the following line, the expression X^(N)[k/2] should be replaced by the expression pointed to by the right arrow.
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3. (25) Consider a random variable X  with probability density function 

fX (x) =
2x, 0 ≤ x ≤ 1
0, else

⎧
⎨
⎩  

Suppose we quantize this random variable to generate a new random 
variableY = Q(X) , according to the quantizer 

Q(x) =
1
4 , 0 ≤ x < 1

2 ,
3
4 ,

1
2 ≤ x ≤ 1.

⎧
⎨
⎩  

a. (6) Find the mean E(Y )  and variance σY
2
. 

b. (9) Find the correlation coefficient ρXY  between X  and Y . 
c. (10) Find the exact mean-squared quantization error. 

ε = E (Y − X)2( ) . 



 

allebach
Text Box
An alternative approach would be to use sigma^2_Y = E(Y^2) - (E(Y))^2.
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4.  (25 pts) Consider the 2-D function 
f (x, y) = cos 2π (x + y)( )rect x

10
, y
10

⎛
⎝⎜

⎞
⎠⎟ . 

a. (7) Sketch f (x, y)  with enough detail to show that you know what it looks 
like. Be sure to dimension your axes. 

b. (10) Find a simple expression for the continuous-space Fourier transform 
(CSFT) F(u,v)  of f (x, y) . Your answer should not contain any operators 
other than summations. 

c. (8) Sketch F(u,v)  with enough detail to show that you know what it looks 
like. Be sure to dimension your axes. 
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5. (25 pts) Consider a spatial filter with point spread function h[m,n]  given below 

n
h[m,n] −1 0 1
1 −1 0 1

m 0 0 1 0
−1 1 0 −1  

a. (10) Find the output g[m,n]  when this filter is applied to the following input 
image. You may assume that the boundary pixel values are extended beyond the 
boundary. You need only calculate the output over the original 11×11  set of 
pixels in the input image. 

0 0 0 0 0 0 0 0 0 0 0
0 1 1 1 1 1 0 0 0 0 0
0 1 1 1 1 1 1 0 0 0 0
0 1 1 1 1 1 1 1 0 0 0
0 1 1 1 1 1 1 1 1 0 0
0 1 1 1 1 1 1 1 1 1 0
0 1 1 1 1 1 1 1 1 0 0
0 1 1 1 1 1 1 1 0 0 0
0 1 1 1 1 1 1 0 0 0 0
0 1 1 1 1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0

 

b. (12) Find a simple expression for the frequency response H (µ,ν) of this filter, 
and sketch the magnitude H (µ,ν)  along the µ axis, the ν axis, the µ = ν axis, 
and the µ = −ν axis. 

c. (3) Using your results from parts a) and b), explain what this filter does. Relate 
spatial domain properties to frequency domain properties. Be sure to examine 
what happens at each edge of the region of 1’s above, and how this relates to the 
frequency domain, as well as what happens in the center of the region of 1’s and 
in the border of 0’s that surrounds the non-zero portion of the image. 
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