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17 April 2013 4 ECE 438 Exam No. 3 

2. (25) Consider a random process comprised of an independent, identically 
distributed sequence of random variables Xn , − ∞ < n < ∞  with mean µX  and 

variance σ X
2

. Suppose we define two new random processes Yn  and Zn  according 
to the equations 

Yn =
1
2
Xn + Xn−1( )

Zn =
1
2
Xn − Xn−1( )

 

a. (15) Find the means µY [n] = E Yn{ }, µZ [n] = E Zn{ }, and autocorrelation 

functions rYY [m,n] = E YmYn{ }, rZZ [m,n] = E ZmZn{ }  for these two random 
processes. 

b. (10) Find the cross-correlation function rYZ [m,n] = E YmZn{ } . 
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2. a E ty,l = E L* td, +X,")l _*E[X,J +!r,tj'".7
= -lt*

E l g"l = E[* tX,- &r[ = * Et&l _ *6tX,,_] =o

l"xr t,/h,n)= EtY*Y"]

= EI t*&*+ x,"r,)) * (Xr, tXrn-, )]

= * g [YrXn -f-XuXt,r +[-rX,r r&,-r Xr"]

4 )h=yr , b [X-X*] = ELX* Yn-,1= vr'+r!,tv,
Et XrX^r I = 6t X*-, Xr l = Ef x*l E [Xn.,J = /r,

2 i-w (m,n) = * trs'x,r zl; + 2/xa) = * v*rnl*,

4 YVy4 , E LX,, X,l = 5[X--, ],.1 = l*' = E [Xnr X,l
eU*Xr,]= 6.6r+rlax'

2 r.,c{t}rt,vr)= *tZyi+ y1.'+7y')= *nf */A*'

)4n = h+l , Et{-Y,l = F[dr" Yur] =E[,\u]Gr]= (hy*'4
Et {r.^-r Xrl = wi <-}{

__-,=/ )".,("f ty,a, n) = * f zy; + sx'*/*") = f,u'r'rl*'
sLzr, E- [Y*X"l =Elx.yrnl **ef\^.yr] 

=g;6&, K-,l-* ,/t*"
4*4 )'w twr,yr) = ). * 1,,^;" ytl tyi+y.?)= ,/A*,

1
(
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Note: The solution for part a. below is correct; but it is a brute-force approach. A much simpler and more efficient way to solve the problem would be to use the formulas from the formula sheet shown to the right.
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t&

I^ar ()rr, y') = E[S-Z,J: EL*(Xn-h") *CX, -x," )l

I F 7-rr r/ \/q € f YrX, -Xr[,r - X,.rX, *fr"-,Xr, ]

Ur\ ot #mil*, arrq,*rnwtf

4 yn=y1 rEz (rr,r) =+ ( zu".*zla *" -zyrr) = * o-*,

Tf ln=H t\zLwi,ln) : *ty; *A*, - rx,- jti) = - * o-r,

4 *--*l lse Lra,v,) = + b!r* --/A*' - t*'- ./n*r) -* - * vn'

<lo, )"rs t !ryr,vr ) = { (yiiyr, -l *, + ;,ty,) = 0

f\e [v,,,n) = EtY-yn)= EL* ( Xr, +Xhi ) * (Xr -&r )]

-- + E t Xn Xv, -X,,-r yn< *Krn & -)GKrl

tb)

Us,,r1 +1* gr* pysuot a5 in W Q)

4 ylr=r-r I rn [tor,,a) = o

4 )rr=lr{ lxzth,n)= t(l^; -*'y*,) =-*0'{'
Lf n=n+l F\z (ran,v,) = * f u'* *p*.-,,.t*') = 4c*'
qrLy. )"r*( hrrh) = + ( yi * ,tlr, +ul,,g, - ./nr) -- o
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17 April 2013 7 ECE 438 Exam No. 3 

3. (25) Consider a voiced phoneme for which the time-domain continuous-time vocal 
tract response v(t)  and corresponding frequency response (CTFT) V ( f )  are given 
below. 

 

a. (7) Assume that the pitch frequency for the speaker is 200 Hz. Sketch what the 
continuous-time domain speech waveform s(t)  would look like in this case. Be 
sure to dimension all important quantities in the speech waveform. 

b. (9) Suppose that we sample the speech waveform s(t)  above at a 10 kHz rate, 
and compute the short-time discrete-time Fourier transform (STDTFT) using a 
window of length 25 samples. Carefully sketch the resulting spectrogram. Be 
sure to dimension all important quantities in your plot. Is this a wide-band or 
narrow-band spectrogram? 

c. (9) Suppose that we sample the speech waveform s(t)  above at a 10 kHz rate, 
and compute the short-time discrete-time Fourier transform (STDTFT) using a 
window of length 1,000 samples. Carefully sketch the resulting spectrogram. Be 
sure to dimension all important quantities in your plot. Is this a wide-band or 
narrow-band spectrogram? 
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17 April 2013 9 ECE 438 Exam No. 3 

4.  (25) In class, we derived conditions for perfect reconstruction using an L-channel 
modulated filter bank in which the    -th channel has unit sample response 

 
h

[n] = h0[n]e

j2πn /L , where h0[n]  is the unit sample response of the 0-th channel. 
Thus the frequency response of each channel is just a shifted version of the 
frequency response of the 0-th channel. 

In this problem, we will consider the more general type of 2-channel filter bank 
shown below: 

 
a. (19) The filters G1(ω )  and G2 (ω)  are referred to as the analysis filters, since 

they analyze the signal x[n] into its constituent frequency components (in this 
case, usually the low-pass and high-pass bands, respectively). The filters 
H1(ω)  and H2 (ω)  are called the synthesis filters, since they are used to 
synthesis the complete signal y[n] from the frequency band components of 
x[n]. Derive conditions on the frequency responses of these four filters that 
guarantee perfect reconstruction with this system, i.e. y[n] ≡ x[n] . 

b. (6) Show that two ideal band-pass filters (low-pass and high-pass) with cutoff 
at π / 2  radians/sample will satisfy these conditions. 

Note that the channels at the center of the system are only shown to indicate where 
quantization, coding, and transmission, or storage would take place. Here we are 
only interested in the filter bank; so you should assume that both channels are ideal, 
and have no effect on the signal. 
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