24 March 2010 Name: Apé / La7ror

ECE 438 Exam No. 2 Spring 2010

. You have 50 minutes to work the following four problems.
. Be sure to show all your work to obtain full credit.

. The exam is closed book and closed notes.

. Calculators are not permitted.

1. (28 pts.) Consider a discrete-time, causal, linear, time-invariant system with input
x[n], output y[r], and impulse response

h[n]= (%) " ul[n].

a. (7) Find the transfer function H(z) for this system. Be sure to state the region
of convergence.

b. (3) Plot the poles and zeros for this system in the complex z -plane. (Be sure to
multiply numerator and denominator by z raised to a sufficiently large power
so that you clear all negative powers of z. This is necessary to be sure that you
find all the zeros.)

C. (2)Is this system BIBO stable? (Why or why not?)
Suppose that the input to this system is a signal x[n] with Z-transform

X(z)=1 1_1, lz| <1.

d. (4) Find the Z-transform Y(z) of the output y[n]. Be sure to state the region of
convergence.

e. (12) Find the output y[r] by determining the inverse Z-transform of your
answer to part d).
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1. (continued)
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2. (28 pts.) Consider the 8-point signal x[n]=¢e""*, n=0,...,7.

a. (3) Carefully plot x[n] in the complex plane (real part vs. imaginary part) for
n=0,..,3.

b.(4) Find the 8-point discrete Fourier transform (DFT) X®'[k], k=0, ..., 7,
- for this signal. (Use the formula sheets as much as possible to solve this
part.)

c.(2) Sketch its magnitude ‘X(S)[k]| for k=0,..,7.
Now consider a second 8-point signal y[n] = > n=0, ..., 7.

d. (3) Carefully plot y[n] in the complex plane (real part vs. imaginary part) for
n=0,..3.

e. (10) Find the 8-point discrete Fourier transform (DFT) Y®[k], k=0,..., 7,
for this signal. (Use the formula sheets as much as possible to solve this

part.)
f.(6) Sketch its magnitude [Y®'[k] for k=0,...,7.
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2. (continued)

Lo
(d) T

/ 7[0“7

0 T Re

T R [gj
Yiz) !

(8 ) Fkam “The ’{:DVVVM/\,D\

o > Zytk N/
erV;‘ PET 4‘”(”—'(/\/0) ) ) -w )

h=0,. N-| 4m( 27k I/\/O)
2
wo= 5 N =g
(2k 5) T (2k-5) 3
) in L ——= I Cl S A
VUTE) - mf_’”( ........................ ol T 2

(

’/TA IT T > )

O/l3¥54?




24 March 2010 5 ECE 438 Exam No. 2

3.  (15) Consider the following signal x(¢)=2cos (27r(1 000)t)+ 0.5 cos(27r(6000)t).
Suppose this signal is sampled at a 10 kHz rate to generate 1024 data points
x[n],n=0,..,1023.

Determine the approximate location (in terms of &) and amplitude of each spectral
peak in the 1024-point DFT X"*?[k], k=0,...,1023, of x[n],n=0,...,1023.
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4. (29 pfs) The N —point discrete Fourier Transform (DFT) is defined according to:
N-1 )
XV[k]= Y xnle ™", k=0,..,N-1. (1)
n=0

Suppose that you need to compute an exact 6-point DFT.

a) (12) Derive mathematical expressions that show how the 6-point DFT may be
computed as a weighted sum of three 2-point DFTs of appropriately chosen
subsequences of your 6-point data sequence. Be sure to show what is the
weighting factor that is applied to each of the three 2-point DFTs. Also, be
sure to show precisely which data-points are included in each of the three 2-
point subsequences.

b) (8) Based on your answer to part a), draw a complete flow diagram for your 6-
point Fast Fourier Transform (FFT) algorithm. Be sure to label all input points
and output points in the diagram. Also, be sure to show all the weighting
(twiddle) factors.

Define one complex operation (CO) as consisting of one complex addition and one
complex multiplication.

¢) (2) Determine approximately how many CO’s are needed to compute the 6-
point DFT by direct evaluation of Eq. (1).

d) (5) Based on a direct analysis of your flow diagram from part b), determine
approximately how many CO’s are needed to evaluate the 6-point DFT using
your FFT algorithm.

e) (2) Suppose that you decide to approximate the output of the 6-point DFT by
zero-padding your 6-point signal x[n] to a length of 8 points; and then use a
radix-2 FFT algorithm to compute the 8-point DFT of your zero-padded
signal. How many CO’s will this take?
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4.  (continued)

«

(2 (2 - “"’l’fgiﬁ () - Méﬁ
= Yo [F) + X, (K] € + X, [£) € é

= XPre)+ xTte) wE + x e i

where
Xg(;’[ﬁ} = DFT )yil‘:[a], %31 5
X 'Lkl= PFT §oC13, 29

S}

Dyt pp TS (21, X057
Xz()[éé’jﬂe[)i:f;:{{mjj,{’g:}f)
3 _ 2k
We = é

STE] = ZIZ z(3n]e

ORI RFIER S CTE) amd X TR ove similarly
701= 20l -7 (3] caloulated.

x(o] W ito)

(2]

% (3] o 1)

. i
(2 / [N
)t X
x4 ©r) M T3
/

PN

+

)><
N

!
¢
»

(1) X To] N X'Ta]

7L5) >< Nk m X“15]

\>4

¥

_Jr

G




24 March 2010 g§—(2) ECE 438 Exam No. 2

4.  (continued)
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