22 March 2004 Name: S OL UT {O N

ECE 438 Exam No. 2 Spring 2004
. You have 60 minutes to work the following four problems.

. Be sure to show all your work to obtain full credit.

. The exam 1s closed book and closed notes.

. Calculators are permitted.

1. (25 pts.) Consider the causal LTI system described by the following difference
equation
ynl=x[nl+1{n 1]

Suppose that the signat X[?]= 2'ul-n] ig input to this system.

a. (12) Find the Z-transform ¥ ) of the output Y171 Be sure to state the region of
Y(z)

convergence for :
b. (2)Is the system stable? State why or why not.

c. (11) Find the system output Y17] by finding the inverse Z-transform of ¥ %)

) Y(2) = X(2)+ L2 V(2)
\((%): X(2)
| - 52~
To £ind X(2), use R i LY
<) &2 (~a2"

g &aj_% 2"”" X(%)

n
~a ul-n

f)(_,[.h -No

nd= 2 ul-nl= 5 2" ul-tn-1 -}

-1
X(z)=-2%2
|- 22
S—
"’——5’#’_— - . .
()= 222 _—— T (2-2X2-%)
(- 2270 (-%27)
(1-227)
N(2) has Poles at é‘ and £,
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1. (continued)
Since the SjS-f‘-em 's causal , we can S
S‘Jg‘l'em ROC is.

ee wha+ -H\e,

H(2)= ¥(=) il H(2) hhas o pole at 5.
X(=z) ~22

The Sjsm ROC s tharefore lE(>-§_— andl +he.

SyStem is stable.
Since xUnd Is boundok )jLH:_] must be bounded .

This means we must use -é— < [2] < 2 { For
e RO of Y(2) .

b) The system ROC is (255 (see part o) -
Since  12l=1 s ceptamed in +he .SJS-?—W QOC.,
e s:j_ﬁ"e,m s stable .

C) YC%):’. )522"" + E

Vs
3

A=Y(2X|-227)

-1
zZ =3

- » =4
8*‘/(2)(1—-%’2 )idtzz = g -

Lf’m"‘ @) ubn= ]+ 5 (L) uln] = %-(é-)m‘]
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2. (25 pts.) Consider an N-point signat 1?17 =0,..N =1 yhere N is even. Suppose

we generate a new N/2-point sngnal M1 by taking every other data point from
x["] ie yn]=x[2n],n=0,.., -1

Find a simple expression for the N/2-point DFT YLD of Y17} i terms of the N-
point DFT A" [k]of x{n]

- 2 tkn
N Ny \2mkn N - e
) V5 - xlnle
Y k'x Z L2 e nZ-B
n even
Ny erl‘-f\
_ le-_(w( n )’)d-ﬂ'l
n=90
: rirkn
- 2rkn b wn g
S J_iJ xn
Z’X-Ln]& " +2n_:0%.,\, Je

v (N ) (N)
S P L T e KR 2]

|

T bj +he
modu lation
P roper+j
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2. (continued)

Alter note Solu’:lovi e
xlnl = -—g- 2 (N)[_Q] JZ S xl2n)= N
Q_

LI k-n

Y(N”)[KX %_%LZn]e
'Lﬂk
%ﬂl Z m[ﬂe\‘ Ve e

n=o LK=0 (17_ 0
N ~| z.xh =
" E o2

‘—G-'J?.ﬂh(ﬂ-k) i%)ﬂ N—g k TEe#

z[— z

Zinld-K)

J_________._._-—

N/
%

o . otherwise

}

For gelo,n=) and ke[o,—‘}’_— 1] FfuncHon

'Syz_' for £ =Kk and A= D

Y Pl L5 x‘”’[;z](s[fz-k] +SL0-(§+)]

L=0

yPua= Lxld § K("’)[k+—z"ijj

Note that the second terms in the above
equotion and He eguation for )/('%)U(j in
the Frst solutron are e%ua( because. XM (k]
(s pertodit with pervod N.
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2. (continued)

Aldernote soution: DTET Approach
Since ~wnl is an N point Si‘jnd)

XOLKY = X[, prke = Drrr{mﬁ/w_m

TN

Since {jt\"j s an 'y{, pcn'n{- .s|'3na,l
Y(%‘:)[k]——- Y(“"){w= 2rle DTFT%UCnﬂ[

e

N

w= LTk

N

\jt\aj is xin] downsSampled buj 2.

n) ) ok
{;L) u,—-a%w): J?:%:OK('@E““)

Yiw)= & X(5) +% X("zui"”)

Y2l = vt D o = Y9y ok
?_
T Ly(Y_
zX(i)!%:%}_ t 3 K<?’ rr){%z?;%_‘i-z)
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3. (25) The signal ¥(1)= cos(2z(10)) i5 sampled 16 times at a 320 Hz rate to obtain
x{n},n=0....15 We then compute the 16-point DFT XTk] of this signal.

a. (7) Determine the values of % corresponding to the peaks that we would observe
in the DFT X' [£],
b. (2) Are picket fence and leakage present in this case?

c. (10) Find an expression for the DFT X[4] You may use anything from the
formula sheet “ECE 438 Essential Definitions and Relations™ to solve this
problem.

d. (6) Sketch the DFT X '[A].

VAl

~AInl = Cos(ZnB(:?n) - @s(?—“""‘ i"

The hl'She&l- Peahs are near Ko=S.5 and

b - Ko = W.5.
The values of k correspending +o the lm'jhﬁ.ﬂ*

Pe,o\ks are 9,6, 10,

b) \{65 1 (See Pow”c 0»)

CD wn) = cos (2'“(“%\‘2) n)

_zml) \ 8(w+7-“” )]

rep, WLS(w

X(w)2 DTET{xtatl=T

Let wtn'l*-'- ulnl - uln-1e7]
sin () -ivE

e mi= sint= "/
W) DTFTLwni Gy ©



22 March 2004 6 ECE 438 Exam No. 2

3. {continued)

Bj +he product ru[e)

_ _s_..J T
DTl wind § = 27 4
= —'—-—f""n[su-?-g})w(m%)]wmﬂm

21 Jo g
= %[W(w-%ﬂ—) + \N(w*-z____._;;'l')l

USinj tha Y‘Qlah‘emshf betooeen +he DIFT and DFT -

X( ) W(wﬂ;ﬂ d

(k)
. DTET xcn:\mnjij
'l = DTETR ok
]

= LWk 5)) +W(EE ke ) ]

' il
(1) "an(ﬂ(k'%)l ;JL"‘E‘E (k-4%)
sin (3 (k-4)
5 Tr(l(-l-*%)J

sin (j_(k*'%-" ) -;)L"G

£ .
sin(T(k+ %))

00 Xc I(D[ k]

i
w e
_.Q _
.‘J P e
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4. (25 pts) You have a subroutine for the N-point radix-2 FFT where N is any power
of 2. You wish to compute an exact 24-point DFT,

a) (10) Derive a set of equations that shows how the 24-point DFT can be
efficiently calculated by using your radix-2 FFT subroutine.

b) (9) Draw a block diagram for your 24-point FFT algorithm. Do not show any
internal details for the radix-2 part of this algorithm. It should be treated as a
black box.

¢) (2) Find the approximate number of complex operations {each complex
operation consists of one complex multiplication and one complex addition)
required to directly compute the 24-point DFT.

d) (4) Find the approximate number of complex operations required to compute
the 24-point DFT using your 24-point FFT algorithm,

a)24=%-3 =2°.3

Divide the 242 DET inko 2 -pt. DFTS.
(24) 2 3 _.2mR{(3n+m)
XK= 2 Z xl3nrmle) T

m=0 nN=o0
2 2Tk

F .
= > e—jg-%‘fn—m“Z%[.Bm-m]é:J ¥

M=o W

Xon K]

T+ SRR R XTI ®

Use +he subroutfne fo compute. er’)[kj, m=ao,i,%
then use (%) to get X(M)[k.].
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4. (continued) %) X(ZH)[O]
| W T-OJ j LZH)[
Lol ) X ‘1
) 31— § Pt '-“Xo‘v[tj : /% 3

LD‘:T- : X:ﬁ)[?'] | / N
xl 1 °

x1) — Xfﬁ)idx//// —
x| D_ F—_T. 1+ X’.ﬂ)[?‘] W \ '
w2] — X7 L]~ B
S Jﬁ\i

DFT, Y (24)

K23)— X ¥I#] (o2 K]

whore W= ejj%%

d) Each B-pt- DFT. ?5_,@.032_5 = ¥3=2¢ COs .
(24)
To gdfrom XVTed 4o XZVIKD, we neat
Z_CUS P-er" K .

Total s + .24 +24-2 :: (20 l




