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Characterization of
response of LTI systems

We now have:
1. Frequency Response
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2. DTFT: X(w)=) x[nle’"
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Inverse DTFT: x[n]=— j X(w)e'™ do
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3. Response of LTI System in Frequency Domain
Y(w)=H(w)X(w)

Next we consider an alternative spatial domain
characterization:

Denote impulse response by h(n)
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Now consider an arbitrary input x(n).
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Sum over both the set of inputs and the set of outputs.

—> System ——>

x(n) =x(0)é(n) y(n) = x(0)h(n)
+ x(1) 6(n—1) + x(1) h(n—1)
+ x(2) 6(n—2) + x(2) h(n—2)
+ x(3) 8(n—3) + x(3) h(n—3)
y(n)
x(n) 21 . e
1$ ® . 1 * .
—1 > —— >
-101 234 5n -101 2345 6n
Convolution Sum
x(n) = k—g x(k) 6(n—k)

ym) = 3 x(k)h(n—k)

k=—00

let{ =n —k=k=n—¢€



ECE 438 Lecture 4 27 January 2016

Notation and Identity

For any signals xq(n) and x3(n), we use an asterisk to
denote their convolution; and we have the following
identity

x((n)*xs(n) = 3 x;(n—k)xz(k)

k=—00

= 3 xi(K)xy(n—k) .

k=—00
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Example:

1 W-1 :
DT System y(n) = W ' x(n—k) W - integer
k=0

Find response to x(n) = e */Dy(n)

W — width of averaging window

D — duration of input

To find impulse response, let x(n) = §(n) = h(n) = y(n)

h(n) = % N k) = {1/W , 0 <n <W-1

= 0, else
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Now wuse convolution to find response to

x(n) = e /P u(n).

y(n) = > x(n—k)h(k)
k=—0o0
Casel: n<0
x(n—k)* h(k)

g® eecccccee

Note that:
x[n—k]=x[—(k—n)]

1.e., we flip the signal, then shift to center it at n.
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Case2: 0 <n=<W-1

x(n—k)
\ h(k)

Ul:l
.E]ﬂ o000 00O
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Geometric Series

N—1 _ 4N

» 2K = 11 2 , for any complex number z
k=0 —

00 1

S 2t = T lz] <1
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Case 3: W <n.

k=0
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Putting everything together

0, n<0
_ ¢—(nt+1)/D
L4 57| > 0<n=W-1
ym =W 1-e
—W
L |12l pewop W <
WL]_—e_l/D
y(n)
[W(1 —e1/D)]!
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¢v¥¢,=:::::::::=:.???4—?—!—$—>
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Causality for LTI Systems

y(n) = _§£ x(k)h(n—k) + 3 x(k)h(n—k)

k o) k=n+1
contribution contribution
from past and from future
present inputs inputs

System will be causal <> second sum is zero for any input

x(k).

This will be true < h(n—k) =0, k=n+1,...,00
<h(k) =0, k<0

.". A LTI system is causal <> h(k) =0, k <0,
i.e. the impulse response is a causal signal
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Stability for LTI Systems

Suppose the input is bounded, z.e. My < oo.

oo

y) = 3 x(9ha-K
@1 =1 5 xW©)ha-k)]

< ¥ Ix®)| |h@o-k)|

k=—o00

-M, 3 |h(K)]

k=—c0
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.. It is sufficient for BIBO stability that the impulse
response be absolutely summable.

Is it necessary?

Suppose ¥ |h(k)| < oo
k

Consider y(0) = 3 x(k) h(—k)
k

Assuming h(k) is real-valued, let

1, h(—k) >0
x(k) = {—1, h(—k) < 0

then y(0) = 3" | h(k)| < oo
k

.*. A LTI system is BIBO stable <> the impulse response

is absolutely summable, i.e. 3 |h(k)| < oo
k
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Example

y(n) = x(n) + y(n—1)

Find the impulse response.

Let x(n) = é(n), then h(n) = y(n)
Need to find solution to
y(n) = é(n) + 2y(n—1)

This example differs from earlier ones because the system
is recursive, 7.e. the current output depends on previous
output values as well as the current and previous inputs.

1. must specify initial conditions for the system
(assume y(—1) = 0).

2. cannot directly write a closed form expression for
y(n).
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Find output sequence term by term

y(0) = 6(0) + 2y(—1) =1 + 2(0)
y(1) = é(1) + 2y(0) =0+ 2(1)
y(2) = 6(2) +2y(1) =0+ 2(2)

1
2
4

Recognize general form

h(n) = y(n) = 2"u(n)

1. Assuming system is initially at rest, it is causal.

2. Y |h(n)] € oo = system is not BIBO stable.

n
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Relation between Convolution and Frequency Response

For any DT LTI system, we know that input and
output are related by

Thus

Y() = 3 y(n) e "
=¥ ¥ h(n — k) x(k) e
n k
=S h(n — k) €7} x(k)
=y H(e/¥) e 79K x(k) (by shifting property)
k

where H(ejw) is the DTFT of the impulse response
h(n).

Rearranging,

Y(el“) = H(e/) 3 x(k) e 3K
k

= H(e) X(e¥)



