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Chapter 1

Signals

1.1 Chapter Outline

In this chapter, we will discuss:
1. Signal Types
2. Signal Characteristics
3. Signal Transformations
4. Special Signals
5. Complex Variables
6. Singularity Functions

7. Comb and Replication Operators



1.2 Signal Types

There are three different types of signals:
1. Continuous-time (CT)
2. Discrete-time (DT)

3. Digital (discrete-time and discrete-amplitude)

The different types of signals are shown in Figure 1.2(a) below.

x(t) x(m)

x(n)
X4 frmmmmmmemr o s mmmm =
X3 T e e e - ————
XD T =W mmmmim e m *— -0 —-o—
Xllr ----------- - —mm -
X0 —t—t— >
xq4-J-2-3.4.56 18 n
X2t-——-—---- L o il

Egf-—r=r=r—m e

D e

Figure 1.2(a) Different types of signals.

Comments

e The CT signal need not be continuous in amplitude
e The DT signal is undefined between sampling instances

e Levels need not be uniformly spaced in a digital signal

theory

The independent variable need not be time

CHAPTER 1. SIGNALS

We make no distinction between discrete-time and digital signals in



1.3. SIGNAL CHARACTERISTICS 7

e x(n) may or may not be sampled from an analog waveform, i.e.
xq(n) = x4(nT) T- sampling interval
Throughout this book, we will use the subscripts d and a only

when necessary for clarity.

Equivalent Representations for DT signals

x(n) x(n)

6 6

4 ¢ o 4

S 4]
Ly,
Ollnuurv OI"lllv
123456 n 123456 n

Figure 1.2(b) Equivalent representations for DT signals.

1.3 Signal Characteristics

Signals can be:
1. Deterministic or random

2. Periodic or aperiodic
For periodic signals, x(t) = z(t + nT), for some fixed T and for all
integers n and times ¢.

3. Right-sided, left-sided, or two-sided
For right-sided signals, x(t) # 0 only when ¢ > tg.

If ty > 0, the signal is causal.
For left-sided signals, z(t) # 0 only when ¢ < tg.

If tg < 0, the signal is anticausal.
For 2-sided or mixed causal signals, x(t) # 0 for some ¢ < 0, and
x(t) # 0 for some ¢ > 0.

4. Finite or infinite duration
For finite duration signals, z(t) # 0 only for —co < t; <t < ts < o0.



8 CHAPTER 1. SIGNALS

Metrics
Metrics CT signal DT signal
Energy E, = [|z(t)|?dt E, = Z |z(n)|?

I ) )
LY T E—— S
Magnitude M, = max|z(t)] M, = maxp|z(n)|
Area = [|z(t)|dt Ay = Z |z(n)

1 T n 1 ~
Average value | ravg = TILH;O 3T [T z(t)dt | rayg = A}gnoo N 1 n;N x(n)

Comments

e If signal is periodic, we need only average over one period, e.g. if
x(n)=x(n+N) for all n

1 no+N—1
P, = i Z lz(n)[?, for any ng
n=ngo

e root-mean-square (rms) value
Trms = V P

Examples

Example 1

~Y

Figure 1.3(a) Signal for Example 1.

{ e~ tHD/20 s

() =1 o, t<—1



1.3. SIGNAL CHARACTERISTICS

The signal is:
1. deterministic
2. aperiodic
3. right-sided

4. mixed causal

Metrics
Lo Ey= [ ]e D224, let s = t+1
Ey= [ e fds= -5 =1
2. P,=0
M, =1
A, =2

-~ w

5. l'avg =0

Example 2

X(n)
A+ . .
0.707At o . ] . .

XX}

vee
IR S TR TR S WU SR SR SR WA S T S WU S R S S | >
4 T

2 4 6 8 10 12 14 16 18 20 n
-0.707A+ ¢« o o o .
AT . . .

Figure 1.3(b) Signal for Example 2.
z(n) = Acos(mn/4)
The signal is:

1. deterministic

2. periodic (N = 8)
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3. 2-sided

4. mixed causal

Metrics
1. £, =00

7
1
2. P, = gnz:% | A cos(mn/4)|?

A2
P, = 6 [1+ cos(mn/2)]
) n=0
p_ &

4. M, =A
5. A, is undefined

6. xavg =0
1.4 Signal Transformations

Continous-Time Case

Consider
Ax(t)
1
12 12t
je——— 1———)!

1. Reflection
y(t) = z(-1)



1.4. SIGNAL TRANSFORMATIONS

y(© A

-1/2 12t

2. Shifting
y(t) = x(t — to)

1 y(®

e

I to t
1—

3. Scaling
y(t) = =(%)
AY(D) a>1
-af2 a2t
f yt) a<l1
1
a2 a2 t

4. Scaling and Shifting
Example 1
y(t) = x(L —to)
What does this signal look like?

center of pulse: 5 —to=0=1t=aty
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left edge of pulse: é —ty = _71 =t=a(ty —

)
)

D= N[

right edge of pulse: £ —ty = s t=alto+

{ y(®

—

' at; -a/2 éto aty +a/2 “t

Example 2

Jt) =2 (152)

What does this signal look like?

center: (t—tg)/a=0=t=tg

left edge of pulse: (t—tg)/a=-1/2=t=1ty—a/2
right edge of pulse: (t —tp)/a=1/2=t=1ty+ a/2

' y(®)

to—af2 0 to+a2 t

Discrete-Time Case

Consider

)
—
=
—
2
(S ]
£
N
ot
-]
[=. =¥ 3
=Y



1.4. SIGNAL TRANSFORMATIONS

1. Reflection
y(n) = x(-n)

y(n)

. 172

TR 654321012

=Y

2. Shifting
y(n) = z(n — no)

y(n)
1

12+
-

0

=2 . e o o
(]

L 4

Il
A4 T T T T T

Ny
2345678910 n

—
— e

Note that ng must be an integer. Non-integer delays can only be
defined in the context of a CT signal, and are implemented by
interpolation.

3. Scaling
a. downsampler
y(n)=x(Dn), D € Z

y(m)

-101 2345678 n

b. upsampler
[ z(n/D), n/D € Z,D € Z
y(n) = { 0, else

13



14 CHAPTER 1. SIGNALS

r—r—r"

125456780 10111213141516 n
1.5 Special Signals

Unit step

a. CT case

1, t>0
“(t):{ 0, t<0

u(t))
1

e

b. DT case

—
L]
[ ]
L ]
L]
L
L]

10123456n

Rectangle

_l L <12
rect(t) = { 0 [t >1/2



1.5. SPECIAL SIGNALS

Arect(t)
1
-1/2 12t
Triangle
_ 1- ‘t|, |t| <1
At) = { 0, else
A(Y)
1
1 1t
Sinusoids
a. CT
Xa®

A

N
NAAVARW

e—T—>]

2o (t) = Asin(wqt + 0)
where A is the amplitude
wq is the frequency

0 is the phase

Analog frequency

o (rad1ans> ot (cycles

sec

sec

)

15



16 CHAPTER 1. SIGNALS

Period
sec 1
T (cycle) o E
b. DT
zq(n) = Asin(wqn + 0)

\ 0g=n/6
Al RN bt

-1. 146
digital frequency

radians cycles
wq =2mp
sample sample

Comments

1. Depending on w, z4(n) may not look like a sinusoid

sin(mtn)

. . 1
e

2. Digital frequencies w1 = wg and wy = wy + 27k are equivalent

sin (%n)
1

[NoF 3
[IOSE
¢
wn
e
-4
[e e} 3
oY

12345678 n

xa(n) = Asin(wan + 0)
= Asin[(wo + 27k)n + 6]

= z1(n), for all n

3. z4(n) will be periodic if and only if wg = 27(p/q) where p and q are

integers. In this case, the period is q.



1.6. COMPLEX VARIABLES

Sinc

sin(7t)

(mt)

sinc(t) =

sin(nt)%
AWARAWAWANN
Xlzt 3\12-1\4_11\/2 3\/4 5 1

- 1(nt)

0.637 \\_
“'\' 123
sinc(t)

N\

A\

S4304| 12345 !

—Y

~~ r 7

1.6 Complex Variables

Definition
Cartesian coordinates

z=(z,y)

Polar coordinates

z=R/0
R=+/x2+12

x = Rcos ()

17
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6 = arctan (E)
T

y = Rsin (0)

Alternate representation
define j = (0,1) =14 (7/2)
then z = x + jy

Additional notation

Re{z} ==
Im{z} =y
2| =R

Algebraic Operations

Addition (Cartesian Coordinates)

z1 =z +
Z9 = T2 + jy2
21+ 20 = (1 +22) + J (11 +y2)

CHAPTER 1. SIGNALS
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Multiplication (Polar Coordinates)

Im

Y

zZ1 = R1491
Z9 = RQZGQ
Z129 = RlRQZ (01 + 92)

Special Examples
1. 1=(1,0)=1£0

2. —1=(—1,0) = 1180

>
>

-1 ' 1 Re

3. j2=(1£90)? = 12180 = —1
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Complex Conjugate
z*=x —jy=RL(-0)

Im/

_y.

Some useful identities
Re{z} = [z + 2%]

1
Im{z} = ﬁ[z — 2"
|z| = Vzz*

Complex Exponential

Taylor series for exponential function of real variable x

k=0

:Z%

Replace x by j6

02 03 et jo°
¢ =140+ o + g+

=cosf + jsinf



1.6. COMPLEX VARIABLES

lIm

/ ei®
e el
' K/l N

-1

le??] = \/cos2 0 + sin? 0 = 1

/el? = arctan <sm9> =0
cos

Alternate form for polar coordinate representation of complex number
2= R/0 = Re?

Multiplication of two complex numbers can be done using rules for
multiplication of exponentials:

2122 = (R1€j91)(R2€j92) = R1R26j(91+02)
Complex exponential signal

CT z(t) = Ae?¥®
¥(t) = wat + 0 instantaneous phase

win) _ (rad

) instantaneous phasor velocity
sec

dt

Im
JALxto) 150
)
o x(0
e‘.x()

A /A Re

21
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Im{x(t) }=Asin(w, t+6)

Alm 1\
Al xto) Al
yi(to)
; » x(0
| 0\ ( )> >
-A ‘A Re t
N~.- - -A-_
-A
A A
. / Re{x(t)}=Acos(wa t+6)
ot
t

DT z(n) = Ael(wan+0)

wy is the phasor velocity in (m).

sample
Example

wg=m/3 0=7/6

Im

xQ) ¢

AP

. x(0), X(6)
o )

Al
x3)".

;' A Re
Sx(5)

DI U

-A

Aliasing

@)

1. It refers to the ability of one frequency to mimic another
2. For CT case, /1t = 7«2t for all t © w; = wo

3. In DT, ed“1™ = ed«2 if wy = wy + 27k



1.7. SINGULARITY FUNCTIONS

Consider

|
-1 (‘ '.Tl Re

X (D%, )
X o]
1x,3)
X5(3)

1
=

In general, if w; =7+ A and wy = —(7 — A), then

z1(n) = e
— (A
— oil(m+A)n—2mn]
— il(=m+A)n]

_ e—_](Tr—A)n

= xz29(n)

1.7 Singularity functions

CT Impulse Function

Let 6 (t) = %rect(%)

Note that / oa(t)dt = 1.

What happens as A — 07
Al > AQ > Ag

23



24 CHAPTER 1. SIGNALS

Sa D))
11
On1) A,
1
Ba,(0), A,
1
Al

In the limit, we obtain
i) = L{lino oa(t)

5(t):{ 0, t#0

oo, t=0

and
o0
/ o(t)dt =1
—0o0
We will use impulses in three ways:
1. to sample signals
2. as a way to decompose signals into elementary components
3. as a way to characterize the response of a class of systems to an
arbitrary input signal

Sifting property

Consider a signal x(t) multiplied by da (t — to)for some fixed ¢y:

x(t) 1
A |

—
< SA(t_tO)

T T >
t




1.7. SINGULARITY FUNCTIONS

From the mean value theorem of calculus,

/mxm%a—mﬁ:x@

— 00

for some £ which satisfies
to— 5 <E<to+%5

0~
x® -------- —
l f ‘ E -
_A & At
t 5 to+ 2

As A — 0,§ — tp and () — x(to)

So we have

/ﬁﬂm@at—myn:xu@

(o)
provided x(t) is continuous at tg.

Equivalence

Based on sifting property,

x(t)0(t —tg) = x(to)d(t — to)
Indefinite integral of o(¢)
t
Let us(t) = / da(r)dr

AdA (D)

al

A A
2 2

25
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u, ()

1 1
A A E
22

Au(t

When we define the unit step function, we did not specify its value at
t=0. In this case, u(0) = 0.5

More general form of sifting property
b
/ 2(7)0(T — to)dT = { x(to), a<to<b

0, to <aorb<ty

DT Impulse Function (unit sample function)

o(n)
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Sifting Property

no - B
> almotn —m) ={ g pLETT
Equivalence

z(n)d(n — ng) = z(ng)d(n — ng)
Indefinite sum of §(n)

u(n) = Z d(m)

m=—0oQ

1.8 Comb and Replication Operations

Sifting property yields a single sample at ¢y. Consider multiplying =(¢) by
an entire train of impulses:

x(t)

—t

I I

AT3T-2T -T 0 T 2T 3T 4T

Define

x5(t) = combr[z(t)]

= z(t) Z(S(t —nT)
= Z x(t)0(t —nT)
= Z xz(nT)o(t — nT)
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Xyt

AN PP oy Y S g
AT T
reo » 1 e

AT3T-2T -T 0 T 2T 3T 4T ¢t

Area of each impulse = value of sample there.
The replication operator similarly provides a compact way to express
periodic signals:

Xo(1)

TR TR

2y(t) = repplao(t)] = 3 wo(t - nT)

—Y

t
Note that z¢(t) = xp(t)rect <T>



Chapter 2

Systems

2.1 Chapter Outline

In this chapter, we will discuss:
1. System Properties
2. Convolution

3. Frequency Response

2.2 Systems

A system is a mapping which assigns to each signal z(¢) in the input
domain a unique signal y(t) in the output range.

=

Input Domain Output Range

29



30 CHAPTER 2. SYSTEMS

Examples

t+1/2
1. CT y(¢) :/ x(T)dr
¢

—1/2
W |
i 1 1 Aft
let x(t) = sin(27 f1)
1/2
y(t) / ) sin(2m ft)dt
t—1/2
— % cos(27rft)|§i§§

1
= = g7 {eos2mf (¢4 1/2)] = cosfrf(t = 1/2)])

use cos(a = 3) = cosacos f F sinasin 8

y(t) = — 271]" {[cos(2m ft) cos(m f) — sin(2x ft) sin(mw f)]
—[cos(2m ft) cos(m f) + sin(2w ft)sin(w )]}

s - 0
= sinc(f)sin(27 ft)

sin(27 ft)

Look at particular values of f
f=0:z(t)=0 y(t)=0

f=1: z(t) =sin(2nt)
sinc(1) =0
y(t) =0



2.2. SYSTEMS

“\.//\\_/ " ~
4 3 1~ 3 4 f

; ws%
10 15 ¢

2. DT y(n) =

x(n)

AAAAA

Ll(n) +2(n — 1) + 20— 2)

|||||

T v A4

\d

vvvvv

8 9 101112 n

L]
[]
[ ]

1 e

—
>

i
0
y(n)
1%

whe

Effect of filter on output:

§ 0101112 n

1. widened,smoothed, or smeared each pulse

2. delayed pulse train by one sample time

31



32 CHAPTER 2. SYSTEMS

2.3 System Properties

Notation:

y(t) = Sl ()]
A. Linearity

def. A system S is linear (L) if for any two inputs z1(t) and z2(¢) and any
two constants a; and as, it satisfies:

S[alxl(t) + agl’g(t)] = als[xl(t)] + GQS[IIZQ(t)]

Special cases:

1. homogeneity (let ag = 0)
Slai1x1(t)] = a1S[z1(¢)]

2. superposition (let a3 = as = 1)
Sla1(t) 4+ z2(t)] = Sz (t)] + S[z2(t)]

Examples
t+1/2

y(t) = / a(r)dr
t—1/2

let $3(t) = &11‘1(0 + CLQJEQ(t)

t+1/2
yg(t) = / l‘g(T)dT
t—1/2

t+1/2
_ / la121(7) + azza(7)]dr
t—1/2

t+1/2 t41/2

=a, / x1(7)dT + ag/ xo(T)dT
t—1/2 t—1/2

= a1y1(t) + a2y (t)

.. system is linear
We can similarly show that

y(n) = g[z(n) + z(n — 1) + z(n — 2)] is linear.



2.3. SYSTEM PROPERTIES

Consider two additional examples:
3. y(n) = nz(n)

let z3(n) = a1z1(n) + azx2(n)

y3(n) = nz3(n)
= (a1nz1(n) + asnxs(n))

= a1y1(n) + azy2(n)

.. system is linear

-1, z(t)< -1
yt) =14 z(t), —1<az(t)<1
1, 1< a(t)
X(t)4
1 ____________________________
O\ Pl
N
) ——— e
x(t)
1l----- ez
yaN 5
N
ql---m A

Suspect that system is nonlinear - find a counterexample.

) =1l=yl) =1
z2(t) = 5 = y2(t) = 35

z3(t) =21 (t) +22(t) =2 = y3(t) =1 #

..system is not linear

[\SI[98)

33

Because it is memoryless, this system is completely described by a curve
relating input to output at each time ¢:
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S ¥

Importance of linearity: We can represent response to a complex input in
terms of responses to very simple inputs.

B. Time Invariance

def. A system is time-invariant if delaying the input results in only an
identical delay in the output, i.e.

if y1(t) = S[z1(?)]
and yo(t) = S[z1(t — to)]
then yo(t) = y1(t — to)

Examples

L y(n) = 5[e(n) + 20— 1) + 2(n — 2)
yi(n) = %[ml(n) tai(n— 1) + 21 (n —2)]
let z2(n) = z1(n — ng)

ya(n) = 1[:ch(n) + x2(n —1) 4+ z3(n — 2)]

3
= %[ml(n—no) +a1(n—1—mng) +z1(n—2—mng)]
= %[%(n—no) +x1(n —ng — 1) + z1(n —ng — 2)]
= yl(n—no)

.. system is TL.

We can similarly show that
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t+1/2
2. y(t) = / x(r)dr is TI
t—1/2

3. y(n) =nz(n)
assume y1(n) = nxi(n)

let z3(n) = z1(n —no)

ya(n) = nxza(n)
= nx1(n — np)

# (n —ng)z1(n — ng)
.. system is not TT.

C. Causality

def. A system S is causal if the output at time t depends only on z(7) for
T<1%

Casuality is equivalent to the following property:
If 21(t) = 22(t), t <to then yi(t) = y2(t), t <to

D. Stability

def. A system is said to be bounded-input bounded-output (BIBO) stable
if every bounded input produces a bounded output,i.e.
M, <oo= M, < oc.

Example

1
L y(n) = Sfa(n) + 2(n 1) + 2(n — 2)]
Assume |z(n)| < M, for all n

[y(m)| = 3le(n) +2(n~ 1) + 2(n - 2)

é[|x(n)| +lz(n — 1) + |z(n — 2)]]
M,

IN

IN
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2.4 Convolution

Characterization of behavior of an LTI system

1. Decompose input into sum of simple basis functions z;(n)

N-1
z(n) = Z cizi(n)
=0

2. Choose basis functions which are all shifted versions of a single basis
function xg(n)

ie. z;(n) = zo(n —ny)
Let y;(n) = S[z;(n)], i=0,...,N-1
then y;(n) = yo(n — ny)

N-1

and y(n) = Z ciyo(n —n;)

i=0
3. Choose impulse as basis function
Denote impulse response by h(n).

> System >

140123 1 -101234n

Now consider an arbitrary input z(n).



2.4. CONVOLUTION

x(m) y)

I . ~>{ System 1; I
1012345 0123450
X(0)3(n) x(0)h(n)

11 > System > Ij "
4012345 10123450
x(1)d(n-1) x(h(n-1)

1T ~>{ System > i U
101235450 0123450

X(2)d(n-2)
I . —4 System >

4012345

X(2)h(n-2)
1 4

1
4012345 6n

X(3)h(n-3)
1

X(3)8(n=3)
! ->{ System > 1

4012345

Sum over both the set of inputs and the set of outputs.

|

System ———>

1012345 6n

—1)+2(2)d(n —2) + z(3)6(n — 3)
— 1)+ z(2)h(n — 2) + z(3)h(n — 3)
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y(n)

x(n) ..
1% ., 1 .
4 (.) —t—

-1012345n -1

._.
[\
(98]
N
e
oNe
=Y

Convolution sum

z(n) = Y x(k)s(n—k)
k=—o00

y(n) = Y x(k)h(n—k)
k=—o0

letl=n—-k=>k=n—-1¢

y) =3 an—OhO) = 3 a(n— O)h(0)
=00 f=—0o0

Notation and identity

For any signals z1(n) and x2(n), we use an asterisk to denote their

convolution; and we have the following identity.

z1(n) x xo(n) = Z z1(n — k)zo(k)
k=—o

= Z z1(k)xa(n — k)
k=—o0

Characterization of CT LTI systems

e Approximate z(t) by a superposition of rectangular pulses:

I o xA(D x(t)

2A  4A  6A

' t
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za(t) = Y w(kA)sa(t — kA)A

k=—o0

e Find response to a single pulse:

hy(0)

>{ System >

|
LA

AL A2t A2 AR

— Y

e Determine response to xa(t):
o0

ya(t) = > w(kA)ha(t — kA)A

k=—o0

ya(D)

2A  4A  6A t

Let A — 0 (dr

k
oa(t) — () zalt
ha(t) — h(t) ya(t

t)

A—T
) — a(
) —y(t)

Convolution Integral

z(t) = /_Oo x(1)o(t — 7)dr
y(t) = /:)0 x(T)h(t — 7)dr

39
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Notation and Identity

For any signals x;(t) and x5(t), we use an asterisk to denote their
convolution; and we have the following identity.

z1(n) x xo(n) = /OO x1(7)x2(t — 7)dT

— 00

= /OO x1(t — 7)as(T)dr

— 00

Example
1 w—
DT system y(n x( - integer
k=

Find response to x(n) = e~/ Pu(n).

,-.

(=)

W - width of averaging window
D - duration of input

To find impulse response, let z(n) = d(n) = h(n) = y(n).

{ YW, 0<n<W-1
Z 3(n
0, else
Now use convolution to find response to z(n) = e~/ Pu(n).
y(n)= Y x(n—k)hk)

k=—oc0

Case 1: n<0

(n-k)
X *




2.4. CONVOLUTION

Case 2: 0<n<W-1

y(n) =S w(n — K)h(k)
k=0
1 n
_ —(n—k)/D
=
k=0

Geometrical Series

p  1—2N
Z 2= for any complex number z

1
= — 1
=t el <

n+1)/D
y(n):iefn/D ﬂ
W 1—el/P

Case 3: W <n

‘ hE X

ooooooooouuu

DEI
— b RRROE g s e e 0—>
W-1 n k

41
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1 1—eW/P
_ - _-n/D
vl = e/ [T =575
—(W/D
I O T I T
W | 1—el/D

Putting everything together

Oa n <0
1 [1—e(n+1)/D
ym) =3 W[ 1-e 1D |’ O=nsW-1
L [1—e W/
y@)
-1
[W(l -eD)] AR
[
_1 [} []
+Y:.:::::}::%::T??.’?'.?.' >
W-1 n
Causality for LTI systems
yin) = > a(k)h(n—k)+ > x(k)h(n—k)
k=—oc0 k=n+1

System will be causal < second sum is zero for any input x(k).

This will be true & h(n—k)=0,k=n+1,...,00
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& h(k)=0, k<0

An LTI system is causal < h(k) =0, k <0, ie. the impulse response is
a causal signal.

Stability of LTI systems

Suppose the input is bounded, i.e M, < co
o0

y(n) = w(k)h(n— k)

k=00

ly(ml =1 > @(k)h(n— k)|

k=—o0
< Z |z(k)||h(n — k)|
k=—oc0
<M, Y |h(k)
k=—o00

Therefore, it is sufficient for BIBO stability that the impulse response be
absolutely summable.

Suppose Z |h(k)| £ oo.

Consider y(0) = Zx(k)h(—k‘)
k

Assuming h(k) to be real-valued, let z(k) = {

then y(0 Z\h )| &£ oo

For an LTI system to be BIBO stable, it is necessary that the impulse

response is absolutely summable, i.e. Z |h(k)] < oc.

k
Examples

y(n) = =z(n) +y(n—1)

Find the impulse response.

Let z(n) = §(n), then h(n) = y(n).
Need to find solution to
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y(n) =d(n) = 2y(n—1)

This example differs from earlier ones because the system is recursive, i.e
the current output depends on previous output values as well as the
current and previous inputs.

1. must specify initial conditions for the system (assume y(-1)=0)

2. cannot directly write a closed form expression for y(n)

Find output sequence term by term.
y(0)=0(0)+2y(—1)=1+2(0)=1

6(1) +2y(0) =0+2(1) =2
0(2)+2y(1)=0+2(2) =4
Recognize general form.

h(n) = y(n) = 2"u(n)

1. Assuming system is initially at rest, it is causal

2. Z |h(n)| £ co = system is not BIBO stable

2.5 Frequency Response

We have seen that the impulse signal provides a simple way to
characterize the response of an LTI system to any input. Sinusoids play a
similar role

Consider x(n) = e/“" w is fixed

Denote response by y,,(n)

" > System [> y,,(n)

Now consider
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eltm) 5t System |> y,,(n+m)

m-fixed by time-invariance

M 9h 5l System > Ty, (n)

Zcons‘nant by homogeneity

Since ef@meiwn — giw(ntm)
ejwm

Yw(n +m) = yu(n)

Let n =0,

Yo (m) = 4,(0)e?™ for all m

.. For a system which is homogeneous and time-invariant, the response to
a complex exponential input x(n) = e/“" is y(n) = y.,(0)z(n), a
frequency-dependent constant times the input x(n). Thus, complex
exponential signals are eigenfunctions of homogeneous, time-invariant
systems.

Comments

e We refer to the constant of proportionality as the frequency
response of the system and denote it by

H(e’) = y.,(0)
e We write it as a function of e/“ rather than w for two reasons:

1. digital frequencies are only unique modulo 27

2. there is a relation between frequency response and the Z
transform that this representation captures

e Note that we did not use superposition. We will need it later when
we express the response to arbitrary signals in terms of the
frequency response.
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Magnitude and Phase of Frequency Response

In general, H(e*) is complex-valued,

ie. H(e/) = A(w)el?«)

Thus for z(n) = e/“n

y(n) = A(w)edlon+£0(w)]

Suppose response to any real-valued input x(n) is real-valued.
Let z(n) = cos(wn) = %[ej“’" +e7Iwn],

Assuming superposition holds,
1 . . . .
y(n) — 5 {H(e]w)e]wn + H(e—]w)e—an}

y(n))* = 5 {[HE@) e 4 [H(e ) ")

y(n) =[y(n)]" & H(e™*) = [H(e/]"

Expressed in polar coordinates
A(_w)ejée(—w) — A(w)e—jée(w)
SLA(—w) = A(w) even

(—w) = —0(w) odd

Examples

Let z(n) = v

1 . .
y(n) = 5[m 4+ i)
1 o
= 5[1 + e 7¢O

. 1 .
SLH(eY) = 5[1 +e77¥)
Factoring out the half-angle:
. 1 . . .
H(e%) = §e—Jw/2[€Jw/2 +e7I/?)

= e 99/2 cos(w/2)



2.5. FREQUENCY RESPONSE 47

[H(e)] = 7/ cos(w/2)]
— | cos(w/2)|

LH(e9) = Le7 79?2 & Lcos(w/2)

joy_ [ —w/2 cos(w/2) 20
ZH(e )_{ —w/2+m, cos(w/2) <0

AH(eio)l
1
\/ﬁ k\/
| ; VAR
o -n/2 2 w0
(IH(eJ'“’)I
T
|-\7t/2$ — 5
) ©
- -T2 g T2 n

Note:
e even symmetry of |H (e/*)]
e odd symmetry of ZH (e/*)|
e periodicity of H(e/*) with period 2

e low pass characteristic

1

2. y(n) = glz(n) —z(n - 2)]

Let x(n) = efon
1 . .
y(n) _ 5[ejum _ e]w(n—2)]

1 . .
_ 5[1 _ e—]wQ]e]wn

H(e) = S[1 — 7]

1. ,
= je I 5 — )
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H(e'*) = je 9% sin(w)

[H (e?)| = |]le™|| sin(w)]

— Jsin(w)|

ZH(e3%) = /j+ Ze™I% + /sin(w)

/2 —w, sin(w)

jw) — (w) =0
ZH (e )_{7'('/2—WI|:7T7 sin(w) < 0

IH(ei®)l
1

The filter has a bandpass characteristic.

3. y(n) = o(n) —a(n —1) — y(n—1)
Let x(n) = ¢/“", how do we find y(n)?
Assume desired form of output,

ie. y(n) = H(e¥)elwn

H(ejw)ejwn — ejwn _ ejw(n—l) _ H(ejw)ejw(n—l)
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H(e7)[1 4 e7I¥]edwn = [1 — e=Iw]edwn

H(e) = [1ea'w]

14+ eiw
L(eIw/? — miw/2))

SIS
—~

192 } e~ /2)]

[H (/)| = [ tan(w/2)]

joy _ | /2 tan(w/2) > 0
4H(€ )_{ 7{_/2:&71_’ tzn(w/Z) <0

AH(eio)l

1__
o R AC

) [ HE®)

n-- ——
—— : } : 7)
2n - gl T 2%
Comments

e What happens at w = 7/27

e Factoring out the half-angle is possible only for a relatively
restricted class of filters



50

CHAPTER 2. SYSTEMS



Chapter 3

Fourier Analysis

3.1 Chapter Outline

In this chapter, we will discuss:

1. Continuous-Time Fourier Series (CTFS)
2. Continuous-Time Fourier Transform (CTFT)

3. Discrete-Time Fourier Transorm (DTFT)

3.2 Continuous-Time Fourier Series (CTFS)

Spectral representation for periodic CT signals
Assume z(t) = z(t + nT)
We seek a representation for x(t) of the form

1 N—-1
w(t) = 7 ) Awzi(t) (12)
k=0

x(t) = cos(2m fit + 1) (1b)

Since x(t) is periodic with period T, we only use the frequency
components that are periodic with this period:

51
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AN W

2T T T 2T t
Axo® =0
7t

NN DL
_ZTU U UTUz'Tt

VAAAM NN
W AVAVAV)\VAVVAVZE

NONANAANL
SAVAVAVAVAVAVAVAVE

How do we choose amplitude A and the phase 6, of each component?
k #0:

Ak:z:k (t) = Ak COS(27T,Z€t/T + Hk)

_ ﬂejek,ejzwkt/T + Ak e~ IOk =327kt /T

— XkejQWkt/T +X_k67j27rkt/T

k=0:

Apo(t) = Ag cos(o)



3.2. CONTINUOUS-TIME FOURIER SERIES (CTFS) 53

Given a fixed signal z(t), we don’t know at the outset whether an exact
representation of the form given by Eq.(1) even exists.

However, we can always approximate x(t) by an expression of this form.

So we consider
;] Nl
P~ _ = j2wkt/T
z(t) = T Z Xy
k=—(N—1)

We want to choose the coefficients X}, so that Z(t) is a good
approximation to x(t).

Define e(t) = Z(t) — x(t).

Recall
T/2
= / t)|%dt
T/2

T/2
—/ x(t)2dt
Tm
/T/2 Z j2mkt/T 2
S X 2kt x(t)| dt
2| T 1
T/2 N-1
= 7/ — Z X, e?2/PHRUT _ ()
T/2 _1
1
> f Z X* —j2mlt/T 1’*() dt
t=—(N-1)

Z X 6]27rkt/T‘|

/T/2 {
2 [T -SFa

1 N-1
T Z X;ej2w£t/T]

{=—N+1
1 N—-1
_ lT Z Xk€j2/pikt/T] .T*(t)—
k=—N+1

z(t) % > Xjer T +x(t)x*(t)}dt

=—N+1
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N-1 T/2

N-1
1 Y N
Po= > > XkXé/ eI 2 (k=Dt/T gy

k=—N+16=—N+1 —-T/2

1 N-1 T/2 .
- — Z Xk/ z* (t)6j27rkt/Tdt
k=—N+1 -T/2
1 N-1 T/2
- — Z Xék/ x(t) 7]27rlt/Tdt
(=—N+1 -T/2
1 T/2 2
B CULT

T/2

T/2 T
/ (i2m =0t/ T gy _ _ o2 (k=)t/T
-T/2 j2m(k —1) -T/2

T Joimt=0) _ —sn(h-0)
[ }

= j2n(k —0)
= Tsinc(k — ¢)
[T k=1
=10, k#l
- T/2 ,
Let X; = / x(t)e 2/ T gy,
—-T/2

N-1
1 vk * v
P Y {|x(k)\2 — XX - Xka} +P,
—N+1
Xp-unknown coefficients in the Fourier Series approximation
X,-fixed numbers that depend on z(t)
We want to choose values for the coefficients X,k = —-N+1,.... N —1
which will minimize P..
Fix | between —N 4+ 1 and N — 1.

Let X; = A, + jB;.

: op, 3P,
and consider oA and o5
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N—-1
1 oy * 3
Po=y S {IXWPXEL - X( X} + P
k=—N+1

oP. 1 0P ‘ .

94, T2 04, {(i B0 =B - (4 + 3B,
1 .
el {0+ X Xp - X

:ﬁRe{Xflff(l}

oP,
- X)) = {X}
94, =0 = Re{ l} Re 1
Similarly
oP, 1 . . . e T
8731 = ﬁJXl —3X, —JX] + 75X
ﬁlm {Xl — Xl}
and
OP, =~
55 =0 = Im{Xl}fIm{Xl}
To summarize
For Z(t Z X, ed2mkt/T

k——N+1

55

— (4 *JBl)Xz}

to be a minimum mean-squared error approximation to the signal z(t)
over the interval —T/2 <t < T'/2, the coefficients X}, must satisfy

T/2 ‘

X = / x(t)e 2R T gt
—T/2

Example

X(6) A
A

2T T 't T 2T
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T/2 _
Xi = / z(t)e 2R gt
—7/2

/2
_ A/ o—327kt/T gy
—7/2

_ A —j2nkt/T
—j2nkt/T
A
- —j2nk/T
sin(wk7/T)
T 7wkt)T

[efjﬂ'kT/T - 6j7TkT/T]

Line spectrum
Xy = Arsinc(kr/T)

0, sinc(k7/T) > 0

| X5| = |Arsine(k7/T)| LXK = { +m, sinc(kr/T) <0

R 5432111234567k
[Xx

'*“'¢¢n ::I:::I:

1-'6-'5-211--111234567k



3.3. CONTINUOUS-TIME FOURIER TRANSFORM 57

Comments
T/2

Recall X}, = / x(t)e 2R T gt
-T/2

T/2
1. XO = / l‘(t)dt == T.%‘avg
—T/2
2. X, =0,k#0
3. lim |X%x| =0
T—o0

/ X(t) = Xayg
Al —

1 |

T

— Y

-A2¢

What happens as N increases?
N—1

=~ 1 j2wkt/T
Let Zn(t) = T Z Xy
—N+41
T/2 T/2
1. If/ (8 2dt < oo, B () — 2(t)2dt — 0
—7/2 —7/2

T/2
2. If / |z(t)|dt < oo and other Dirichilet conditions are met,
2
TN (t) — x(t) for all t where z(t) is continuous

3. In the neighborhood of discontinuities, Z (¢) exhibits an overshoot
or undershoot with maximum amplitude equal to 9 percent of the
step size no matter how large N is (Gibbs phenomena)

3.3 Continuous-Time Fourier Transform

Spectral representation for aperiodic CT signals

Consider a fixed signal x(t) and let x,(t) = repp[z(t)].
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A X(t)
A
2" 12 ﬁ
/ Xp(t)
T Tt

What happens to the Fourier series as T increases?

T=T/2
%0 le,l, .
THtkT t 4321]112347%
T=T/4

Fourier coefficients

T/2 _
X = / x(t)eI2mRIT gt
—7/2

Let T — oo.
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k/T — f
X — X(f)

X(f)= /C>O x(t)e 2 It qt

— 00

Fourier series expansion

1 & ;
xp(t) _ f ZXkGJQﬂ—kt/T

Let T — oo.
zp(t) — x(t)
E/T — f X — X(f)

IRy I

k=—o0
o .
o) = [ X(pereras
Fourier Transform pairs
Forward transform

X(f) = /_00 x(t)e I qt

Inverse Transform

o0 = [ T XS

Sufficient conditions for Existence of CTFT

1. z(t) has finite energy

/Oo lz(t)|*dt < oo

— 00

2. z(t) is absolutely integrable

/jo w(t)|dt < oo

oo
and it satisfies Dirichlet conditions

59
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Transform relations

Linearity
arw1 (1) + azwa(t) “ET @ Xo(f) + azXa(f)
Scaling and shifting

t—t .
’ ( 0) CET JalX (af)emi2m o
a

Modulation
w(t)er?niot CETX(f — fo)
Reciprocity
CTFT
X(t) "= x(=f)

Parseval’s relation

| wtopa= [ xorar

— 00 — 00

Initial value

/  e(t)dt = X(0)

—0o0

Comments

1.

Reflection is a special case of scaling and shifting with ¢ = —1 and

to = O, ie.
2(—t) “ETX(-f)

. The scaling relation exhibits reciprocal spreading

Uniqueness of the CTFT follows from Parseval’s relation

CTFT for real signals

If x(t) is real, X (f) = [X(—1)]*
=[X(N) = [X(=f)] and £Xj = —2X(=f)

In this case, the inverse transform may be written as:

o) =2 | X ()| cosl2n ft + 2X(f))df
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Additional symmetry relations:

x(t) is real and even < X (f) is real and even.

x(t) is real and odd < X(f) is real and odd.

Important transform pairs:

e rect(t) “gr sinc(f)

CTFT
<>

AR R ILIENEEI

e J(t) “T (by sifting property)

A
1 1
CTFT —
> _ |
t f
Proof -
F{5(t)} = / S(t)e 2™ Itdt = 1
o 19T d(f) (by reciprocity)
1‘
—T1— CTFT
<>
[ S ¢

o ci2mfot “LET 5(f — £} (by modulation property)

61
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A\,

crrr 1

o cos(2mfot) 5[5(f*f0) +0(f + fo)]

Generalized Fourier transform

Note that §(¢) is absolutely integrable but not square integrable.

Consider da(t) = lrect (t>

T A
/ 6a(®)]dt = 1

— 00

° 1
| 1stopae= 5

C = 2
..ilglo - [0A(t)]"dt = 00

The function z(t) = 1 is neither absolutely nor square integrable; and the
integral

o0
/ le~ 72/t dt is undefined.
— 00

Even when neither condition for existence of the CTFT is satisfied, we
may still be able to define a Fourier transform through a limiting process.

Let z,(t), n =0,1,2,... denote a sequence of functions each of which has
a valid CTFT X,,(f).

Suppose lim z,(t) = x(¢), that function does not have a valid transform.
n—oo

If X(f)= lim X,(f) exists, we call it the generalized Fourier transform

n—oo
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of z(t) i.e.

CTFT
—

(1) Xo(f)

CTFT
<

1 (1) X1(f)

CTFT
<

(1) Xa(f)

a(t) “ETX(f)

Example

Let z,(t) = rect(t/n).
X, (f) = nsinc(nf) (by scaling)
lim z,(t) =1

n—oo

Xa()

S3m dmlim 3m f

What is lim X, (f)?

Xn(f) =0, f#0
Xn(0) — o0

What is / Xn(f)df?
By the initial value relation

[ T X (F)df = 2 (0) = 1

and we have
| GCTFT 5(f)

63



64 CHAPTER 3. FOURIER ANALYSIS
Efficient calculation of Fourier transforms

Suppose we wish to determine the CTFT of the following signal.

AX(t)

Brute force approach:

1. Evaluate transform integral directly

X(f) = /0 (_1)e_j2ﬂ'ftdt+ /02(1)e_j27fftdt

-2

2. Collect terms and simplify

Faster approach

1. Write z(t) in terms of functions whose transforms are known

AX(t)

1 1 't

'

t+1 t—1
x(t) = —rect (;) + rect <2>

2. Use transform relations to determine Xy
X(f) = 2 sinc(2f)[e 927/ — ¢i?7]
X (f) = —j4 sinc(2f)sin(2r f)
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sinc(2f)
al /\ |/-\l la A’
2 T~ | ~ 2

sin(27tf) %
2 U1 \UL.

Comments

1. Ay =0and X(0)=0

2. z(t) is real and odd and X (f) is imaginary and odd

CTFT and CT LTI systems

The key factor that made it possible to express the response y(t) of an
LTI system to an arbitrary input z(¢) in terms of the impulse response
h(t) was the fact that we could write x(¢) as the superposition of

impulses §(t).

65

We can similarly express x(t) as a superposition of complex exponential

signals:

= [ x(perra

Let H(f) denote the frequency response of the system, i.e. for a fixed

frequency f.
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o2t > System > F(f) o™

then by homogeneity

X(f) el27M ->{ System > H(F)X({) R

and by superposition

[ee] o .
[ X(f) &2 at [ HAEX() 2 dt
—c0 —00

Thus, the response to z(t) is
o) = [ AX(D

But also

sy = [ viperta

~Y(f)=H(HX(f) Q)
We also know that

y(t) = /00 h(t — 7)x(T)dr

What is the relation between h(t) and H(f)?
Let z(t) = 6(¢t) = y(t) = h(t)

then X(f)=1and Y(f) = H(f).

From Eq(1), we conclude that H(f) = H(f)

Since the frequency response is the CTFT of the impulse response, we
will drop the tilde.

Summarizing, we have two equivalent characterizations for CT LTI
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systems.

o0

y(t) = / h(t — 7)x(T)dr

Y(f)=X(NHH(S)

Convolution Theorem

Since x(t) and h(t) are arbitrary signals, we also have the following
Fourier transform relation

/J:l(T)xg(t —T)dr “UT x, (f)Xa(f)

() * 22(t) “ET X1(f) Xa(f)

Product Theorem

By reciprocity, we also have the following result:

21 (8)z2(t) “ET X (f) * Xa(f)

This can be very useful for calculating transforms of certain functions.

Exampls o{f) = { %[1 +eos(2nt)], [ < 1/2
— 0, ] > 1/2
Find X(f)
) x(t)
-112 R t
1
z(t) = 5[1 + cos(27t)|rect(t)
X0 = 5 {00+ 5007 = 1)+ 807 + 1] s

Since convolution obeys linearity, we can write this as
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X(f) =1 {6(f) « sine(f) + %[5(f— 1)« sine(f) + 6(f + 1) *sinc(f)]}

All three convolutions here are of the same general form.

Identity

For any signal w(t),
w(t) * (L —to) = w(t — to)
Proof:
w(t)*8(t —tg) = [w(r)d(t — 7 — to)dr = w(t —to) (by sifting property)
Using the identity,

X(P) = 5 {800 xsnctr) + 51607~ 1) sine() + 607 + 1) »snc( )]
=- {sinc(f) + %[Sinc(f — 1) +sine(f + 1)]}

Fourier transform of Periodic Signals

e We previously developed the Fourier series as a spectral
representation for periodic CT signals

e Such signals are neither square integrable nor absolutely integrable,
and hence do not satisfy the conditions for existence of the CTFT

e By applying the concept of the generalized Fourier transform, we
can obtain a Fourier transform for periodic signals
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e This allows us to treat the spectral analysis of all CT signals within
a single framework

e We can also obtain the same result directly from the Fourier series

Let z((t) denote one period of a signal that is periodic with period T, i.e.
xo(t) =0, |t >T/2.
Define x(t) = repp[zo(t)].

The fourier series representation for x(t) is

1 .
x(t) — T ZXkejmrkt/T
k

Taking the CTF'T directly, we obtain
_ 1 2kt /T
X(f)=F {T ;Xkeﬂ
1 ok . .
=7 Z X F {eﬂﬁkt/T} (by linearity)
k
1
= = S XS — k/T)
k

Also

—j27‘rkt/Tdt

/ 6 ]27Tkt/Tdt
— Xo(k/T)

Thus
X(f) = 7= 3 Xo(h/T)3(f — K/T)
k

1
= eomb [Xo(f)
Dropping the subscript 0, we may state this result in the form of a
transform relation:

reple(t)] " meomby (X ()
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For our derivation, we required that x(t) = 0, |¢t| > ¢t/2. However, when
the generalized transform is used to derive the result, this restriction is
not needed.

Example
X
x(t) T 0
> —) >
11 t 3 \(1/1 | 1/1\/ 3

repy(x(t)]

Ininin

3.4 Discrete-Time Fourier Transform

e Spectral representation for aperiodic DT signals

e Asin the CT case, we may derive the DTFT by starting with a
spectral representation (the discrete-time Fourier series) for
periodic DT signals and letting the period become infinitely long

e Instead, we will take a shorter but less direct approach

Recall the continuous-time fourier series:

1 ‘
w(t) = Y Xpe?™HT (1)

k=—o0
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T/2 '
X = / 2(t)e 2R T gy (2)
—7/2

Before, we interpreted (1) as a spectral representation for the CT
periodic signal x(t).

Now let’s consider (2) to be a spectral representation for the sequence
Xp, —00 < k < 0.

We are effectively interchanging the time and frequency domains.

We want to express an arbitrary signal x(n) in terms of complex
exponential signals of the form e/“".

Recall that w is only unique modulo 27.
To obtain this, we make the following substitutions in (2).
T/2
X :/ x(t)e 2R T gt
—-T/2
k—n
Tx(t) — X (e*)
—2mt/T — w
X — z(n)

dt— —%dw
z(n) = L /Tr X (e7¥) e dw
2 J_,

This is the inverse transform.

71

To obtain the forward transform, we make the same substitution in (1).

1 = .
x(t) = T k;oo X ed2mkt/T
Tx(t) — X (e*)
k—n
X — z(n)
2nt)T — —w

oo

X(ej“’): Z x(n)e*j“’"

n=—oo
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Putting everything together

(oo}

X(el¥) = Z x(n)e 7n
x(n) = L[ X (e?¥)ed™ dw
2 J_,

Sufficient conditions for existence

Z |z(n)|? < oo or

Z |z(n)| < oo plus Dirichlet conditions.

Transform Relations
1. linearity

a1z1(n) + agxa(n) bTET ale(ej“’) + agXQ(ej“’)

2. shifting

z(n — ng) bTET X (e7%)e=dwno

3. modulation

z(n)elon bTET X (ef(@wo)y

4. Parseval’s relation

) 1 T )
> () = 5 | 1X(E*)Pdw
— oo T J—x

5. Initial value

oo

Y x(n) = X()

n=—oo
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Comments

1. As discussed earlier, scaling in DT involves sampling rate changes;
thus, the transform relations are more complicated than in CT case

2. There is no reciprocity relation, because time domain is a
discrete-parameter whereas frequency domain is a
continuous-parameter

3. As in CT case, Parseval’s relation guarantees uniqueness of the
DTFT

Some transform pairs

1. z(n) =d(n)
X(e¥) = Z(S(ﬂ)e*j“m

=1 (by sifting property)

1 DTET 14

>

2. z(n)=1
e does not satisfy existence conditions

. E e 7“™ does not converge in ordinary sense
n

e cannot use reciprocity as we did for CT case

Consider inverse transform

smy== [

= — X (e7%) el dw
2 J_,

What function X (e/“) would yield z(n) = 17
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Let X(e/*) = 2nd(w), —7 <w < T,

1 (" ;
then z(n) = o / 21§ (w)e’“"dw = 1 (again by sifting property).
T

—T

Note that X (e/*) must be periodic with period 27, so we have:

X(ed¥) = 27726(w —27k)
k

DTFT n

=

-6'7E -4'n -in 6'15 4ln Z'n [0}

3. egwon LT repar[2md(w — wp)] (by modulation property)

4. cos(won) P repon [0 (w — wp) + 70 (w + wo)]

T

v 4 Y

. —%t-(y:)o l -(1.)01:E ®

1—e v
—jw(N—1)/2 sin(wN/2)

- sin(w/2)

1,
6. y(n) :{ 0, else

~(N-1)/2<n<(N-1)/2



3.4. DISCRETE-TIME FOURIER TRANSFORM 75
N is odd
y(n) = z(n+ (N —1)/2) where z(n) is signal from Example 5

Y (e?¥) = X (7%)e?*(N=1/2 by sifting property)
efjw(Nfl)/2Sin(WN/2) pIw(N=1)/2

sin(w/2)
joy sin(wN/2)
V(™) = @2
N
DTFT
-
-(N-1)/2 (N-D2 n 2 - Qm2n T Am
NN

What happens as N — oco?

y(n) — 1

—00 < Mn < 00

2n/N — 0

Y (e7%) — repar 275 (w))
1/

) Y (e/)dw = y(0)

DTFT and DT LTI systems

Recall that in CT case we obtained a general characterization in terms of
CTFT by expressing x(t) as a superposition of complex exponential
signals and then using frequency response H(f) to determine response to
each such signal.

Here we take a different approach.

For any DT LTI system, we know that input and output are related by

y(n) = hin = k)a(k)
k
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n k

= Z {Z h(n — k)e_j“"} x(k)
k n

= Z H(e’)e 9%k x(k) (by sifting property)
k

where H(e/) is the DTFT of the impulse response h(n).

Rearranging,

Y () = H(e/*) Y a(k)e /"

k
= H(e9)X (e7%)

How is H(e’*) related to the frequency response?

Consider
x(n) = ed*on

X (e7%) = repar[2m0(w — wo)]
X(e®) 421 " d(w — wo — 27k)
k

Y(e?¥) = H(ed) X (e)

=27 Z H (70728 §(w — wo — 21k)
e

= H(ej“°)27725(w —wo — 27k)
k

Y (e?¥) = H(ed“0) X (e7*)
soy(n) = H(e?*)x(n)
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so H(e¥) is also the frequency response of the DT system.

We thus have two equivalent characterizations for the response y(n) of a
DT LTI system to any input x(n).

y(n) =3 hin — k) (k)

k
Y(e) = H(e?) X ()
Convolution Theorem

Since x(n) and h(n) are arbitrary signals, we also have the following
transform relation:

S wi(B)za(n — k) TET X () Xa ()
k

or
x1(n) * z2(n) brT Xl(ej“’)Xg(ej“’)

Product theorem

As mentioned earlier, we do not have a reciprocity relation for the DT
case.

However, by direct evaluation of the DTFT, we also have the following
result:

1 (™ - -
x1(n)xa(n) b %/ X1 (e Xy (M) dp

Note that this is periodic convolution.
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Chapter 4

Sampling

4.1 Chapter Outline

In this chapter, we will discuss:
1. Analysis of Sampling
2. Relation between CTFT and DTFT

3. Sampling Rate Conversion (Scaling in DT)

4.2 Analysis of Sampling

A simple scheme for sampling a waveform is to gate it.

t t
x())T< »D (0

T - period

7 - interval for which switch is closed

7/T - duty cycle
zs(t) = s(t)z(t)

79
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x(t)
T
T xg(t) ——| T
11 D
- T -
T T 2T 3T T
S(t) —| T |=—
1/t I—I
N T 2T 3T t

Fourier Analysis

Xa(f) = 5() * X(f)
s(t) = repr [Frect ()]

S(f) = %comb%[sinc(Tf)]
- %Z sine(rk/T)3(f — k/T)
k
Xo(f) = 7 X sine(tk/T) X (f — k/T)
X(®)

-W w f

Xs(f)

AT !—sinc(rf)
BT a2 N _\m T 3T
N/ > gt w ow T S NSt

How do we reconstruct x(t) from x(¢)?
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xs(t) xr(t)
— Hr(f) >

A He(®)
[ T 1

=
-1/2T) | 1/2T) f

Nyquist condition

Perfect reconstruction of x(t) from z,(¢) is possible if
X(f)=0, [fl=1/(2T)

Nyquist sampling rate

1
s= = 2W
l=7

Ideal Sampling

What happens as 7 — 07

s(t) — Zé(t —mT)

m

xs(t) — Zx(mT)é(t —mT) = combr[z(t)]

m

TN
2 -—r —_—
3T t

0 T 2T

X(f) = o SOX(f — k/T) = Zorepy [X (/)]
k

e An ideal lowpass filter will again reconstruct x(t)

e In the sequel, we assume ideal sampling
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Xs(f)

AT 21 AT Ut 2T At f

Transform Relations

repr[x(t)] e %comb% (X ()]

Given one relation, the other follows by reciprocity.

Whittaker-Kotelnikov-Shannon Sampling Expansion

- (nT) = Z x(mT)sinc(n — m)

x(nT)



4.2. ANALYSIS OF SAMPLING

If Nyquist condition is satisfied, z,(t) = x(¢).

Zero Order Hold Reconstruction

xe(t) A
/r \\ /// N
'—‘—‘ ~— -
-T 0 T 2T 3T t

z(t) = Zx(mT)rect <t—T/22F—mT>

m

= hzo(t) * Is(t)

h.(t) = rect (t_TT/2>

hzo(®) |
1

‘>
T

X (f) = Hzo(f)Xs(f)
Hzo(f) = Tsinc(T f)e=727f(1/2)
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Xr(f)
NN ' pava >
Sar o aroan i

e One way to overcome the limitations of zero order hold
reconstruction is to oversample, i.e. choose fs =1/T >> W

e This moves spectral replications farther out to where they are
better attenuated by sinc(Tf)

e What happens if we inadvertently undersample, and then
reconstruct with an ideal lowpass filter?

Xs (f)
) l_
2T UT-W WUT 2T f
He) |

'
-1/2T)  1/22T) f
Xe® A

n

'
1/2eT) 12T f
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A
f/2 /2

Effect of undersampling

e frequency truncation error
X (f)=0, |fl=fs/2

e aliasing error
Frequency components at f1 = f;/2 + A fold down to and mimic
frequencies fa = fs/2 — A.

Example

e (t) = cos[2m(5000)t]

e sample at f; =8 kHz

e reconstruct with ideal lowpass filter having cutoff at 4 kHz
Sampling
2, (t) = cos[27(3000)¢]
Note that x(t) and ,.(¢) will have the same sample values at times
t =nT (T=1/(8000)).

x(nT)

cos {2m(5000)n/8000}

cos {27(5000)n,/8000}

— cos {27[(5000)720(8000)n] /8000}
= cos {—2m(3000)n,/8000}

=z, (nT)
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X(f) 1
+HHHHAII!III!AHHH!!H >
15 -10 /-5 5\ 10 15 fkHz

Xs(f) ¢ ¢
) WM A}
ettt T
15 .10 -5 5 10 15 fkHz

Reconstruction

Xs(f) rh WO
--?-?.HI-?%HH*fll!ll*l%ll T
a5 -10 -5 5 10 15 fkHz

Xr(f)

||||||||||||||||||||||||||||||
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4.3 Relation between CTFT and DTFT

Time Domain Frequency Domain
Xa(t) M Xa(fa)
fa
Xs(t) Xs(fa)
N TN
{ Mars” ’ v
1 I ] . A _
T 2T 3T 4T 5T ¢ A5 52 fg2 fs fy
x4(n)
S /T\ Xd(ejmd)T
i o S LG .
12345 g O

We have already shown that

Xu(fa) = orem [X(fa)]

Suppose we evaluate the CTFT of x4(t) directly
Xs(fa) = {Zxa (nT) 5(tnT)}
=" za(nT)F {5(t — nT)}
Xs(fa) = Z 2o(nT)e= 32 fanT

Recall

e]wd § :-rd n)e - Jwan
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But z4(n) = x4 (nT).
Let wg =27 f, T =2nw(fo/ fs)-
wd
2

Xa(e) = X, | (32) £]

Rearranging as f, = ( ) fs, we obtain

Time Domain Frequency Domain

Xa(t) Xa(fa)

/ \

. Xs(fa)
ATZAA ST

T 2T 3T 4T 5T ¢ £ 42 2 6 f,
x4(n) .
~ Xg(eJod)
N % AN
’ \~T’T I Al > l\l. ) ) (XN} >
1 2345 g 2nn mn od
Example

e CT Analysis
Za(t) = cos(2m faot)

Xa(fa) = 5 50a = fao) +3(fa + fuo)]

Xs(fa) = fsrepy, [Xa(fa)]

_ %Z[é(fa—fao—kfs)+5(fa+f“0_kf5)]

k
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e DT Analysis

xq(n) = x4(nT)
= cos(27 foonT)

= cos(wgqon)

wao = 27 faoT = 27(fao/ fs)

X(edwd) =m Z [0(wg — wao — 27k) + 0(wq + wao — 27k)]
%

e Relation between CT and DT Analyses
iw Wq
e - [(2) 1]

Xa(f) = LS00~ fao — kE) 0+ fao — K1)
k

89

Xd(ede) = %Z |:6 (w2d7{8 - faO - kfs) +9 <w2dfs +fa0 - kfs):|
k

™

1
Recall 6(ax + b) = mé(m +b/a).

, fs 2m 2mfa0 K27 fs
Xq(e?%d) = = [5 (a) — — )]
‘ 22; RN f.

21 " 27 fa0 _ k2w fs
+{ﬂ5<d+ T )

= WZ[é(wd — Wdo — 27Tk) + 5(wd + wqo — 27Tk)]

k

Aliasing

e CT
fa1 = fs/2+ A, folds down to fa2 = fs/2 — A,.

e DT

Let Wq = 2 <"];f:) Ad =27 <?:>

wq1 = T + wq 1s identical to wge = ™ — Ay.
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4.4 Sampling Rate Conversion

Recall definitions for DT scaling.

x(n)
1 L] L] L]
12 .

1012345678 n

y(n)
1 o o
124 o D=2

AAAAAAA
vvvvvvvvvv

Downsampling

y(n) = z(Dn)

x(m) ~ y(n)
et

Upsampling

[ xz(n/D), ifn/D is an integer
y(n) = { 0, else

-1012345678910111213141516 n
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In CT, we have a very simple transform relation for scaling:

w(at) OLET 1|X (f)

| a
A
CTFT !
>
>
12 12 t 321 123f
2
A
1 CTFT
-~
-
1 1t 321 123¢f

What is the transform relation for DT?

1. As in definitions for downsampling and upsampling, we must treat
these cases separately

2. Relations will combine elements from both scaling and sampling
transform relations for CT

Downsampling

letm=D” =n=m/D
e_/w Z _jwm/D (m/D is an integer)

m
To remove restrictions on m, define a sequence:
(m) 1, m/D is an integer
sp(m) =
b 0, else

then
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e]w § SD ejwm/D

Alternate expression for sp(m):
D=2

sa(m) = 5[1+ (~1)"

1 i
— 5[1 + e—_]271'7n/2]

s2(1) =0
sa(m +2k) = s(m)
D=3
83(m) 5 [1 4 e—i2mm/3 4 o j27r(2)m/3]
s300)=311+1+1] =1
s3(1) = $[1 4 e 927/3 4 =32 (2/3] = 0
Im )
/’_-\\\\
// N\
/ \
i .
\ ! Re
\ J
\\\ //

s3(m + 3k) = s3(m)

In general,

1 D—-1
- E e—jZTrkm/D
k=0

11— e /2

D1 — e—J2mm/D

b
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1, m/D is an integer
sp(m) = { 0 els/e ©

egw E SD 7jwm/D

1 D—1 . .
_ ZB e—jQTrkm/Dx(m)e—jwm/D
m k=0
1 D—1
_ —jl(w+27k)/D]lm
=p 2 2 me
1 .
B Z X e](w+27rk)/D)
k=0
X(e"") ]
1 1 / -
21t/D 211:(2)/D 21(3)/D 2Tt ©®
X(ei“P) ‘
L 1 A
2n(2) 21(3) 2D o
Y(elm) W
Y Y 1 {

2n 2n(2) 2n(3) 2D ®

1 1

21t/D 21'c(2)/D 2n(3)/D 2t ®

D=4

™

D=4

93
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Y(ei) |
" \—/
1 1 1 -~ /I\ B 1 1 1
0 b 2t ®
Decimator

To prevent aliasing due to downsampling, we prefilter the signal to
bandlimit it to highest frequency wy = 7/D.

The combination of a low pass filter followed by a downsampler is
referred to as a decimator.

t i
[ | D=4

1 1 1 e
0 2n/D 2n(2)/D  2r(3)/D 2T ®

H(el?)
1
1 L 1 1 1
0 2n/D 2n(2)/D  2n(3)/D 2T ©
V(ei©)
1 /__
I 1 \ 1 \ 1
0 2n/D 2n(2)/D  2n(3)/D 2T ®
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With prefilter

Y(e) |

Without prefilter

Y(e) |
1 1 1 /’I\ 1 1 1 -
0 b 2T
Upsampling

_ [ z(n/D), n/D is an integer
y(n) = { 0, else

Y (ed¥) = Z (n/D)e~3“"™ (n/D) is an integer
= Z sp(n)z(n/D)e 7"

Let m=n/D = n=mD
Y (ed@) Z sp(mD)xz(m)e” 7™ but sp(mD) =1

LY () = X(erD)
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X(ei) J
1
1 1 1 1 1 1
0 b 2 o
Y(el?) J
1D
D=4
1 1 1
0 2n/D 2n(2)/D  2m(3)/D 21 ®
Interpolator

To interpolate between the nonzero samples generated by upsampling, we
use a low pass filter with cutoff at wy = 7/D.

The combination of an upsampler followed by a low pass filter is referred
to as an interpolator.

l :
x(n) | v(n) - 1 y(n)
( ): —-» H(eio) —%——»
{ 1
e |
V(ei©)
1/D
D=4
1 1 1 t
0 2n/D 2n(2)/D  2n(3)/D 2n o
H(el®)
1 |—
1 L 1 1 1
0 2nt/D 2n(2)/D  21(3)/D 2T ®

r

1 1 1 1 1
0 27t/D 2n(2)/D  21(3)/D 2 ®
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Time Domain Analysis of an Interpolator

y(n) = v(k)h(n - k)

k
v(k) = sp(k)x(k/D)
let {=k/D = k=D

y(n) = 32 a()h(n — (D)

¢

h(n) = 1 /7r H(e?¥)ed“m dw
2 J_,

1 7T/D

= — el dw
2 —x/D

1 1 w

t=n/2m

D 2D 30 4D 5D 6D

97
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Chapter 5

Z

Transform (ZT)

5.1 Chapter Outline

In this chapter, we will discuss:

1.

2.

Derivation of the Z transform

Convergence of the ZT

ZT properties and pairs

ZT and linear, constant coefficient difference equations
Inverse Z transform

General Form of Response of LTT Systems

5.2 Derivation of the Z Transform

. Extension of DTFT

. Transform exists for a larger class of signals than does DTFT

Provides an important tool for characterizing behavior of LTI
systems with rational transfer functions

Recall sufficient conditions for existence of the DTFT

99
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LY Ja(n)]? < oo
n
or

2. Z |z(n)| < oo

e By using impulses we were able to define the DTFT for periodic
signals which satisfy neither of the above conditions

Example 1
Consider z(n) = 2"u(n)

A x(m)

32+ °
28 1
244
20+
16 + .
124
81 [

4+ .
-o—o—o——'Lf——r—o-—+—+—>
321012345 n

It also satisfies neither condition for existence of the DTFT.

Define z(n) = r~"x(n), r>2

X(n)

321012345 n
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Now

O

|M8

Z 2/r)"

n=

[}

Z| 1/ (2/r)=1orr>2

. DTFT of z(n) exists
X(e7) = F(n)eion

n=0
X(e) = S 2(re) )"
n=0
SN S 12(re?) Y < lorr>2
1 —2(resw)=1’

Now let’s express )?(ej“’) in terms of x(n)

eju.} § r e Jwn
- Z

Let 2 = re“ and define the Z transform (ZT) of x(n) to be the DTFT of
x(n) after multiplication by the convergence factor r~"u(n).

X(z) = X(¥) = Zx(n)z_"
For the example z(n) = 2"u(n).
1

Y=g

|z| > 2

It is important to specify the region of convergence since the transform is
not uniquely defined without it.
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Example 2

Let y(n) = —2"u(—n — 1)

y(n)
4 -3-2-1 A
_‘7} + + I ——
® . 1 2n
e 1-05
+-1

-1
= — Z PATANE

n—=-—oo

-1

Y(z)=— ) (z/2)7"

n=—oo

=Y G/
n=1

== (/2" +1
n=0

Y(z)= , 2/2 < lor |zl <2

1
1~
1-—2/2

. —2/2
C1—2z/2

Y(2)

So we have

n ZT _ 1
z(n) =2"u(n) = X(z) = 1_9,-1

y(n) = —2"u(—n —1) = Y(z) =
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1. The two transforms have the same functional form

2. They differ only in their regions of convergence
Example 3

w(n) =2", —oo<n < oo

43210123450

w(n) = z(n) —y(n)
By linearity of the ZT,

W(z)=X(2)-Y(2)
1 1

= — = O
1—-2271 1—-2271

But note that X (z) and Y'(z) have no common region of convergence.
Therefore, there is no ZT for

w(n) =2", —co < n < 0o

5.3 Convergence of the ZT

1. A series

0o
D> un
n=0
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is said to converge to U if given any real ¢ > 0, there exists an

integer M such that
N-1

Zun—U

n=0

<eforall N> M

Here the sequence u,, and the limit U may be either real or complex

o0
A sufficient condition for convergence of the series Z Uy, is that of

n=0
absolute convergence i.e.

oo
Z [un| < o0
n=0

. Note that absolute convergence is not necessary for ordinary

convergence as illustrated by the following example
The series

oo

1
— n_ —
S =~ ()
n=0
o0
is convergent, whereas the series Z — is not.
n=1 n

However, when we discuss convergence of the Z transform, we
consider only absolute convergence Thus, we say that

X(z) = Z xz(n)z="

n

converges at z = zq if
> laln)zg |—le n)lrg"
n

where 7o = |z0|

Region of Convergence for ZT

As a consequence of restricting ourselves to absolute convergence, we
have the following properties:
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P1. If X(2) converges at z = zp, then it converges for all z for which
|z| = ro, where rg = |20].

Proof:

Slem)z =Y z(n)lrg™

< 00 by hypothesis

P2. If z(n) is a causal sequence, i.e. 2(n) =0, n < 0, and X (z) converges
for |z| = ry1, then it converges for all Z such that |z| =r > r;.

Proof:
Z ‘x(n)z_"’ = Z |x(n)r—"
n=0 n=0

oo
<Y la(m)r™
n=0

< 00 by hypothesis

P3. If z(n) is an anticausal sequence, i.e. z(n) =0, n > 0 and X (z)
converges for |z| = rq, then it converges for all z such that |z| = r < ra.

Proof:

0

Yo )= =) la(=n)l
n=0

n=—oo

e
<Y la(-n)lry
n=0

< 00 by hypothesis

P4. If z(n) is a mixed causal sequence, i.e. z(n) # 0 for some n < 0 and
x(n) # 0 for some n > 0, and X (z) converges for some |z| = r¢, then
there exists two positive reals 71 and ro with 1 < g < rq such that X(2)
converges for all z satisfying r1 < |z| < 7a.

Proof:

Let x(n) = z_(n) + x4 (n) where 2_(n) is anticausal and z(n) is causal.
Since X (z) converges for |z| = 9, X_(z) and X (z) must also both
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converge for |z| = rg.

From properties 2 and 3, there exist two positive reals 1 and ro with

r1 < 1o < rg such that X_(z) converges for |z| < ro and X, (2) converges
for |z| > ry.

The ROC for X (z) is just the intersection of these two ROC’s.

Example 3
a(n) = 27"u(n)
z) = ZQ“"'Z‘"

-1 00
Z 2”Z_n+22_"2:_n

n=—oo
e
1 1
- —_— 1 -
1—2-1z + 1—2-1z-1
2712l <00 2727l < 0
|z| <2 |z| >1/2
Combining everytl;ing
—327°/2
X(z) = 2/ 1/2 < |2] < 2

1—-5271/24 272’
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5.4 ZT Properties and Pairs

Transform Relations

1.

Linearity

a1z1(n) + agxa(n) 27 a1X1(2) + a2 Xa(2)

. Shifting

x(n — ng) z 27" X(2)
Modulation

zhz(n) @ X (z/20)
Multiplication by time index

ZT d
na(m) 25 22 [x(2)

Convolution

z(n) *y(n) & X (2)Y (2)

Relation to DTFT
If Xz71(z) converges for |z| = 1, then the DTFT of x(n) exists and

Xprrr(€Y) = Xzr(2)],_ e

Important Transform Pairs

1.

2.

zT

o(n) = 1, all z
a™u(n) @ ;, |z| > a
1—az"1
—a"u(—n —1) @ ;, || <a
1—az"!
ZT az”!
nau(n) = —————, |z| > a
(I —-az™1)
zr  az!

—na"u(-n—1) % |z] <a

(1—az"1)%
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5.5 ZT,Linear Constant Coefficient
Difference Equations

1. From the convolution property, we obtain a characterization for all
LTI systems

X(n) LTI Y(n)
System

e impulse response: y(n) = h(n) * z(n)

e transfer function: Y (z) = H(z)X (2)

2. An important class of LTI systems are those characterized by
linear, constant coefficient difference equations

M N
y(n) =Y ax(n—k) =Y hey(n ()
k=0 {=1

e nonrecursive
N=0
always finite impulse response (FIR)

e recursive
N>0
usually infinite impulse response (IIR)

3. Take ZT of both sides of the equation

M N
y(n) =Y ax(n—k) =Y bey(n )
k=0 =1
M N
Y(z)= Z arz "X (z) - Z bez Y (2)
k=0 =1
M
Z akz_k
k=0

N
1+ Z bgzie
(=1

_ Y&
X (2)

H(z)
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4. M >N
Multiply numerator and denominator by z™.

M
Z a2 Mk
k=0

N
2N+ Z ngN_[]
(=1

H(z) =

5 M <N
Multiply numerator and denominator by zV.

M
ZN_M E akZM—k
k=0

H(z) =

N
2N+ Z bpzN Tt
=1

6. By the fundamental theorem of algebra, the numerator and
denominator polynomials may always be factored

e M >N

7. Roots of the numerator and denominator polynomials:

® ZE€TOS 21, ..., 2\

e poles p1,...,pN
e If M > N, have M — N additional poles at |z| = co
o If M < N, have N — M additional zeros at z =0

8. The poles and zeros play an important role in determining system
behavior

Example

y(n)=z(n)+z(n-1) — %y(n —2)
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Y(2)=X(2)+ 21X (2) - %zsz(z)
Y (z) 1+271
H = =
(2) X(z) 143272
zeros :z1 =0 20 =-—1

poles : p1 = j/V2 p2=—j/V2

Im(z)
3

O— —
-1 1 Re(z)
X
1T
_z(z+1)
=25

_ z(z+1)
(2 =3/V2(z+i/V2)

Effect of Poles and Zeros on Frequency Response

Frequency response H (e/*)

h(n) “ET Hprpr(e?®) = H(e®)

h(n) 22 Hyp(z2)

Hprrr(e??) = Hyr(e?*)

n HZT(Z)Zn

> LTI |3
System

Let z = e/%.
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= H(ej“) = HZT(ejw)
Assume M < N.
M

2N-M H(z — 2k)

H(z) = k=1

(2 — pe)

Qi w(N=M) H(ejw _ Zk)

emb

H(elY) = ~
H (€’ — pe)
M :.
H e’ — zi|
[H ()| = K
| — pe
=1
M N
ZH(e?%) =w(N — M) + Z L(e?Y — zg) — Z Z(e?? — py)
k=1 =1
Example
z(z+1)
H(z) =
) (z—j/\/ﬁ)(zjtj/\/i)
() = ]

O e = j/V2lle + 5 /V2 ,
LH(E9) = wt L(e +1) = L& — j/V2) — L + j/V2)
Contribution from a single pole




H (30| — lallbl
jal =2

b =1

el = 1+%: 2
TN

|H(el%)| = 4 =1.33

H(el%) = Li+ 2b— /8- /d
Zi=0

Zb=0

/¢ = arctan (%)
Zd= L&
ZH(e%) =0
w=m/4

Im(z)
A

CHAPTER 5. Z TRANSFORM (ZT)
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5‘]_7

4 = \/— Vi

|H(e?™/4)| = 1.65
H(W“)—4a+4b—éc—4d
/@ = 22.5°

b = 45°

/8=0

Zd = 63.4°

ZH(eI™/*) = 4.1°

w=m/2

|H(ej7r/2)| _ \‘ﬂ@

] = v2

b =1
@zlfﬁ
jd =1+ 75

|H(e7™/?)| = 2.83
H(eI™Y) = @+ /b— /é— 2d
£d = 45°

b = 90°

£8=90°

Zd = 90°

ZH(eI™/?) = —45°

General Rules

1. A pole near the unit circle will cause the frequency response to
increase in the neighborhood of that pole
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2. A zero near the unit circle will cause the frequency response to

decrease in the neighborhood of that zero

5.6 Inverse Z Transform

1. Formally, the inverse ZT may be written as

x(n) = ]2% %X(z)z”fldz
c

where the integration is performed in a counter-clockwise direction

around a closed contour in the region of convergence of X (z) and

encircling the origin.

. If X(2) is a rational function of z, i.e. a ratio of polynomials, it is

not necessary to evaluate the integral

Instead, we use a partial fraction expansion to express X (z) as a
sum of simple terms for which the inverse transform may be
recognized by inspection

4. The ROC plays a critical role in this process

5. We will illustrate the method via a series of examples

Example 1

The signal z(n) = (1/3)"u(n) is input to a DT LTI system described by

y(n) = a(n) —x(n— 1)+ (1/2)y(n - 1)

Find the output y(n).

What are our options?

e direct substitution

Assume y(—1) = 0.

y(0) = 2(0) —z(-1) 4+ (1/2)y(-1) =1 -0+ (1/2)(0) = 1.000

y(1) =z(1) —z(0) + (1/2)y(0) = 1/3 — 1 + (1/2)(1.0) = —0.167
y(2) =x(2)—x(1)+(1/2)y(1) =1/9—-1/3+(1/2)(—0.167) = —0.306

y(3) = 2(3)—x(2)+(1/2)y(2) = 1/27—1/9+(1/2)(—0.306) = —0.227
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e convolution

= > h(n—ku(k)

k=—o00

Find impulse response by direct substitution.
h(n) =6(n) —dé(n—1)+ (1/2 h(n —1)

B(O) =1 -0+ (1/2)(0) =
h(1)=0—-1+(1/2)(1) = —1/2
h(2)=0-0+(1/2)(-1/2) =-1/4
h(3)=0—-0+(1/2)(-1/4) =-1/8
Recognize h(n) = §(n) — (1/2)"u(n — 1).

k=—o00
n—1
= (1/3)"u(m) — (1/2)" 32 (2/3) un — 1)
k=0
= 1/ un) - (12" )

=4(1/3)"u(n) — 3(1/2)"u(n)
e DTFT

z(n) = (1/3)"u(n)

= T
_ 1 Jw
1 3€

h(n) = 6(n) = (1/2)"u(n — 1)

H(e¥)=1- {1 N 1}

T__
_ 1 Jw
1 5€
1—e v

=1
_ 1, —jw
1 26

115
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Y (/) = H(e’*)X ()

1—e ¢
T (- e @)1 - feiw)
1—e v
T 1- Semiw 4 fe—iw?
1 [" 1—e v .
vin) = o /_7, 1- %e*a‘w: Togun®

o /T

What is the region of convergence?
Since system is causal, h(n) is a causal signal.

= H(z) converges for |z| > 1/2.

1—2z71

1271 — 3271

(1-

ROC[Y (2)] = ROC[H(z)] N ROC[X (2)]
=z:|z| >1/2
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Ir/ny //////

I\

Partial Fraction Expansion (PFE)

(Two distinct poles)
1—271 - Ay I Aq
(-5 1- 1=l

To solve for A; and As, we multiply both sides by (1 — %z_l) (1 —

to obtain
1—2t=A (1—2271) + A (1—3271)
1=A 44, A =-3
—1=-141-14, Ay=4
SO

1—2z1 -3
(1-izhHa-371) 1-

l—z'=-3(1-22"1)+4(1-3%271)

Now

y(n) =y1(n) + ya2(n)

Possible ROC’s

where
-3 1
Vi(2) = ———, |2l < = >1
)= o Bl < g or k> 3
4 1 )
YQ(Z):l_% - |Z|<§0r |z| > 3

117
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and

ROCIY (2)] = ROC[Y1(2)] N ROC[Ya(2)]

:{z:|z>;}

Recall transform pairs:

Consider again

1—271
(1-5271) (13271
-3

- 1—%2*1 17%2*1

Y(z) =

There are 3 possible ROC’s for a signal with this ZT.

L Im()

Y
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Case II:
3 S5
Possible ROC’s
-3 1 1
Yi(z) = 1_7%2_1, |2] < 5 or |z| > 5
4 1
Ya(z) = @, 2] < 3 or 2| > 5
and

ROC[Y (2)] = ROC[Y1(2)] N ROC[Ya(2)]
. ROCIY(2)] = {2 : |2] < 3}
ROC[Ya(2)] = {z: |2| > §}

-3 251 3 (;) u(—n _ 1)

_ 1.1
1 5%

Case III:

1
2| < 3
ROCIY: ()] = {z 2] < ;}

ROC[Ya(2)] = {z 2| < ;}

119
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Summary of Possible ROC’s and Signals

1—2z71
Y(Z) = 1 1
(1 — =z ) (1 37 )
ROC Signal
T<T] —3 (5)"u(n) +4(3)" u(n)
P<lEl<3 | 3() uln-D+4(3) un
<3 [30G) un—1-4(F) ulzn-1)

Residue Method for Evaluating Coefficients of PFE

1—2z71 . Ay I Aq
CF 3o T T

Y(z) =

A =
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Example 2 (complex conjugate poles)

144171

z=—]

_ L
2 27

check

2(1-3) , 30+3) _30-3)(+5=)+501+3) (-5
1—j271 1+ 5271 (I—jz=H(1+42z71
144271
(1 —=jz=h) (1 +5271)

e Note that A; = A3
e This is necessary for y(n) to be real-valued

e Use it to save computation
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Example 3 (poles with multiplicity greater than 1)

14271
Y(z) = 1 D)
(1-5271) " (1—271)
1
recall
n ZT az™?
na"u(n) & ————, |z > |q]
(1—-az"1)
Try
1 —|—Z_1 Ay Ao

1,-1)\2 N 1_12+1_271
(1-2z"1)"(1-2"1) (1-3z71)

14271
Al = —— = -3

1 1-— 271 _1
2
14271

Ay = T =8

(1 - 52: ) z=1
check

-3 N 8  B(l—zh)+81—z"14522)
2 R 2 ~
[REESTENEE (b))

5— 527142272
(1-327H)a-271
14271
(1-1z-1) (1 -2

+

General form of terms in PFE for pole p, with multiplicity my
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A, my Ag,mp — 1 Ag, 1
(L=pez=1)™ (1 = ppz=1)™" .

Now we have
14271 Ao Aiq Az

(-3 070-=) (G- @3 Toa
Al,g = —3, AQ =8

14271
1—271

differentiate with respect to z~

e () e () e

1
= Al’g + Al,l (1 — 22_1> + AQ (

1

let z = 1
2 2
A171 = —272 =4
(1-2)
Example 4

(numerator degree > denominator degree)
_ 14272
- 1,1 1,92

Y(z)

reduce degree of numerator by long division so

14272 _ 9 3—271
1—l,-1_1,—2 " +1—1z*1—1z*2

In general, we will have a polynomial of degree M — N.

M—N _, M-N
Z B2+ 7L Z Brdé(n — k)
k=0 k=0
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5.7 General Form of Response of LTI
Systems

If both X(z) and H(z) are rational

Y(2) = H(z)X(2)
_ 'pH(z)} {PX(Z)_

_QH(Z) QX(Z):

_ Pg(2) Px(z)
Ny Nx
[T -=pf=t) | [T -2
L{=1 1 Le=1

Y(2) =+ Bre)
(1-p="")
=1

Py (z) = Py(2)Px(2)

Ny = N + Nx

p}/ is a combined set of poles pf and pgf .
Drop superscript/subscript Y.

Accounting for poles with multiplicity > 1

P(2)

D
[0 -pe=h)™
/=1

Y(z) =

D - number of distinct poles

D
N:ZMZ
=1
For M < N
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e Each term under summation will give rise to a term in the output

y(n)

e It will be causal or anticausal depending on location of pole relative

to ROC

e Poles between origin and ROC result in causal terms
e Poles separated from origin by ROC result in anticausal terms

e For simplicity, consider only causal terms in what follows

Real pole with multiplicity 1

A S

T A
Tlnmﬂ

|1 l I1 A 'e(z)
Tlm(z)

1 | "1 ﬁe(l)
T Im(z)

1 | 1 Rew

012345678 n

A

012345678 n

012345678 n
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Complex conjugate pair of poles with multiplicity 1

A A* Z7-!
A n A* *\N
e T At + A ) )

[Ap™ + A (p*)" uln] = [|Ale?“A (|ple’“P)" + |Ale™ 4 (|ple ™7 “P)"] u(n)
= 2|A||p|" cos(Lpn + LA)u(n)
e sinusoid with amplitude 2|A||p|™

1. grows exponentially if |p| > 1
2. constant if p=1
3. decays exponentially if |p| < 1

e digital frequency wy = Zp radians/sample

e phase ZA
Examples
im() 2T,
/// \\\ .
/ N~ . )
I! \//X’(‘ ﬁn/{ . .
.1\\ \%}1\ Re(z) 103 5 7,9 1 B isen Mo
\\\ %,/ o,
2 Al
f
4 r
* o il
~ | \
*\ Pl (|
[

A f N

VAR VARY: YRTRY

il

!

) ¥

2y !
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Real Pole with multiplicity 2

A Zgl 2
(1—pz1) '

Recall na™u(n) p

(1= a2
51
(1 _il)z = (A/p)z [(1 —ppzl)Q] — ;(n+1)pn+1u(n+1)

7
6
5
4
Tlm(z) 2
1
f *—>
1 | 1 Re® 01234567 n
A
7 4 L]
6 4
5 + °
4 4
3 + .
T Im(z) % 1
ettt
X — 141234567
-1 | 1 Re(z) 24
34
-4 + .
54
-6 T °
7+

e Similar results are obtained with complex conjugate poles that have
multiplicity 2

e In general, repeating a pole with multiplicity m results in
multiplication of the signal obtained with multiplicity 1 by a
polynomial in n with degree m — 1
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Example
A z77? n
m = A(n+1)(n+2)p"u(n)

Stability Considerations

e A system is BIBO stable if every bounded input produces a
bounded output

e A DT LTT system is BIBO stable < » _ [h(n)| < oo

. Z |h(n)] < oo < H(z) converges on the unit circle

e A causal DT LTI system is BIBO stable < all poles of H(z) are
strictly inside the unit circle

Stability and the general form of the response

1. real pole with multiplicity 1

Ap™u(n) is bounded if |p| <1

2. complex conjugate pair of poles with multiplicity 1

2| A||p|™ cos(£Lpn + ZA)u(n) is bounded if p| < 1

3. real pole with multiplicity 2

A(n + 1)p"u(n) is bounded if |p| < 1



Chapter 6

Discrete Fourier

Transform (DFT)

6.1 Chapter Outline

In this chapter, we will discuss:

1. Derivation of the DFT

2. DTFT Properties and Pairs

3. Spectral Analysis via the DFT

4. Fast Fourier Transform (FFT) Algorithm

5. Periodic Convolution

6.2 Derivation of the DFT

Summary of Spectral Representations

Signal Type

Transform

Frequency Domain

CT, Periodic

CT Fourier Series

Discrete

CT, Aperiodic | CT Fourier Transform Continuous
DT, Aperiodic | DT Fourier Transform Continuous
DT, Periodic Discrete Fourier Transform | Discrete

129
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Computation of the DTFT

oo

X(ed¥) = Z x(n)e Ien

n=—oo
In order to compute X (e/), we must do two things:
1. Truncate summation so that it ranges over finite limits

2. Discretize w = wy,

Suppose we choose

~ z(n), 0<n<N-1
1. x(n):{ 0’( ) eloe

2. wy =2rk/N, k=0,..,N—1

then we obtain
X(k)= Y @(n)es2mkn/N
n=0

This is the forward DFT. To obtain the inverse DFT, we could discretize

the inverse D2TFT:
2(n) = & / X ()6 du
0

W — Wy = —2]’\7/“
27 27_[_ N-1
dw — — E
0 N
k=0

X(e/) — X (k)
ejwn _ ej27rk/N
This results in

1.
N X(k)e]%rkn/N

k=0

[

e Note approximation sign

1. truncated x(n) so )?(k) ~ X (eI27k/N)

2. approximated integral by a sum
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Alternate approach
e Use orthogonality of complex exponential signals

e Consider again
X(k) =Y @(n)e72mkn/N
n=0

e For fixed 0 < m < N — 1, multiply both sides by e/27%"/N and sum

over k
N-1 N—1[N-1
X (k)ed2mkm/N — [ ﬂn)e—jzwkn/z\/] pi2mkm /N
k=0 k=0 Ln=0
N-1 N—1
— %(n) Z 67]27Tk(n7m)/N
n=0 k=0
Nl . 1— e—j?ﬂ(n—m)
- z(n) [1 — ejQ,r(nm)/N]
n=0
N-1 N-1
X(k)e>mem N =% " F(n)Ns(n —m)
k=0 n=0
= Nz(m)
N
:f(m) — N X(k)ej%rkm/N
k=0
Summarizing
N-1
X(k) — x(n)eijﬂ'kn/N
n=0
1 = _
z(n) = N 2 X (k)ed2mkn/N

where we have dropped the tildes
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6.3 DFT Properties and Pairs

1. Linearity

ayz1(n) + agza(n) PET a1 X1 (k) + aa X5 (k)
2. Shifting

2(n =) "5 X (k)emizrtno/
3. Modulation

x(n)es2mkon/N PET X (k= ko)

4. Reciprocity

X (n) "5 Nz(—k)

5. Parseval’s relation
N-1 | N1
> () = N > IX (k)P
n=0 k=0

6. Initial value
N-1

> z(n) = X(0)

n=0

7. Periodicity
xz(n 4+ mN) = x(n)for all integers m
X(k+¢N) = X (k) for all integers ¢

8. Relation to DTFT of a finite length sequence
Let zo(n) #0 only for 0 <n < N —1

ro(n) VT Xo(e?)
Define x(n) = Z xo(n +mN)

DFT
«—

z(n) "= X(k)

Then X (k) = Xo(e/2*/N)
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Transform Pairs

1. z(n)=46(n), 0<n<N-1

x(n) X(k)
1 DFT 1900000000000

...........

0 Nln Nk

X(k)=1, 0<k< N —1 (by relation to DTFT)
2. z(n)=1, 0<n<N-1
X (k)= Ndék, 0<k<N —1 (by reciprocity)

x(n) X(k)
1900000000000 DFT 1

...........

3. z(n) = ef?mhon 0 <n<N-1

X(k)=Né(k —kp), 0<k<N —1 (by modulation property)

N

4. z(n) = cos(2nkon/N), 0<n< N -1
X (k)=
(k)=

Neky Nl k

5. 2(n) = 1, 0<n<M-1,0&n<N-1
“TT 0, else
i (1y 1 1o SIN[2TEM /(2N)]
X (k) = ¢d 288 (ar—1) 72827k M /(2N)]
(k) = % sin[2rk/(2N)]

6(k — ko) +6(k — (N —ko))], 0<k<N -1

(by relation to DTFT)

133



134 CHAPTER 6. DISCRETE FOURIER TRANSFORM (DFT)

6.4 Spectral Analysis Via the DFT

An important application of the DFT is to numerically determine the
spectral content of signals. However, the extent to which this is possible
is limited by two factors:

1. Truncation of the signal - causes leakage

2. Frequency domain sampling - causes picket fence effect
Truncation of the Signal

Let x(n) = cos(won)
Recall that

X (e7%) = rep,, [10(w — wp) + T (w + wp)]

x(n) | X (el9)
1 DFT
4 . T
o .o o. .o «> T 1
— t +3
o e 1 0 T -0 @
0, 2
14
1, 0<n<N-1
Also, let w(n) = { 0. else
Recall W (e/*) = e IwN-1)/2 LH(WNQ)

sin(w/2)
Note that W (e/¥) = W (el @+27m)) for all integers m.

(W(e)

—| 2N n o

Now let x¢(n) = z(n)w(n) t-truncated
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By the product theorem
_ 1 (7 . .
X, (e?) = 27/ W (e? @™ X (e?")dp
a —T

1 4 .
" or / W (&7 )repan [w6 (1 — wo) + 76(p + wo)ldp

) 1 [7 )
Xu(e) = o= [ W) mo (s — wo) + 71 + wo)ld
1 i .
=5/ W (e “=M)§(u — wo)dp

+ W (@) 6 (1 + wo)dp

—T

X (e7¥) = % [W(ej(w—wo)) + W(ej(wwo)ﬂ

x(n) | X(e9)
N2
le,
[ ] [ ]
—4-0-0——-01—1—110-1-0-00-00-0-0-0 >
o oN-I n l i”il T -0, O
[ Y ]
1 . 4N n

Frequency Domain Sampling

Let
xp(n) = Z xt(n 4+ mN) r-replicated

Recall from relation between DFT and DTFT of finite length sequence
that

Xr(k?) — Xt(ej27rk/N)
[W(ej(zwk/zv—ww) n W(emwk/mwo))}

N =

Consider two cases:
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Xt(n)‘
14
. .
B e s o S S S
12345678 n
*
.14 i

1. wg = 27ky/N for some integer ko
Example: kg =1, N =8, wog=7/4
1 . )
Xr(k‘) — % [W(eJZﬂ-(k:—ko)/N) + W(ejQTr(k+k0)/N>i|
Example: kg =1, N =8

X, (k)
IX¢(ei)]

0123 456 78 Kk

| ] |
0 TC 2T

In this case:

Xk =5

as shown before. There is no picket fence effect.

[6(k — ko) +6(k — (N —ko))], 0<k<N-—1

2. wo = 2wkg/N + 7 /N for some integer ko

Example: kg =1, N =8, wy=37/8

x (o) | X ) |
1 1
(N R s ‘l\ ” LN f\.
_ AL ITANLIA
B e e o o S 4—&—;&——&4—0—’—0—6—'—!—-‘-—&4—0—4—»
1n23456§s3 n » fesfgsegs \ I
.1 i \./ \\ .1\\. !.‘/ \.! .\-‘
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4 X (k)|
/_' |Xt(ej°))|
— LA
01 2345¢6 78k

Picket fence effect:
e Spectral peak is midway between sample locations

e Each sidelobe peak occurs at a sample location

1. Both truncation and picket fence effects are reduced by increasing N

2. Sidelobes may be supressed at the expense of a wider mainlobe by
using a smoothly tapering window

6.5 Fast Fourier Transform (FFT)
Algorithm

The FFT is an algorithm for efficient computation of the DFT. It is not a
new transform.
Recall

N—
XM (k) =" a(n)e >Nk =0,1,.,N-1
=0
Superscript (N) is used to show the length of the DFT. For each value of
k, computation of X(k) requires N complex multiplications and N-1
additions.

—

3

Define a complex operation (CO) as 1 complex multiplication and 1
complex addition.

Computation of length N DFT then requires approximately N2 CO’s.

To derive an efficient algorithm for computation of the DFT, we employ a
divide-and-conquer strategy.
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Assume N is even.
N-1
— E x(n)efj%rkn/N
n=0

N—-1

N-1
X(N)(k): Z x(n)eijWkn/N+ Z w(n)efj%rkn/N
n=0,even n=0,odd
N/2—1
_ Z x(2m)e—j27rk(2m)/N

n Z (2m + 1)e92mk@m+1)/N

XWMN(k) =

N/2—1 N/2—1

Z x(2m)e_j27rkm/(N/2) +e—j27rk/N Z m(2m+1)e_j2”""'m/(N/2)
m=0 m=0

Let xo(n) = z(2m), m=0,..,N/2-1
z1(n)=z(2m+1), m=0,.,N/2-1

Now have

XM (k) = XN (k) + e 2N XN () k=0, N -1

Note that XéN/2)(k) and X£N/2)(k) are both periodic with period N/2,
while e=727%/N ig periodic with period N.

Computation
e Direct
XM(k), k=0,..,N—1 N? CO’s
e Decimation by a factor of 2
XV (k) k=0,..,N/2—1  N2/4CO’s
XV, k=0,.,N/2—1  N2/4CO’s

XM (k) = XD (k) 4 e=2mk /N XN () k=0, ,N—-1 N
CO’s
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Total

N2/2+ N CO’s

For large N, we have nearly halved computation.

Consider a signal flow diagram of what we have done so far:

x(o) ] XO(NIZ) (0) X(N) (0)
\ /WN"
x(2) Napt. [ %™ @) X (1)
¢t oo | W /Wnl :
x(N-2) X (N2-D) X (N/2-1)
WNN/2-1
X" 0 W
x() __| 1 Oy XO (NR)
X / >< ™ (N/2+1
x(:3) ~ Nll)zeu : Dy X0 (N/2+1)
o XM (N2-1) N
x(ND) 1 oy X0 (N-1)

Wy =e 20N

If N is even,we can repeat the idea with each N/2 pt. DFT:

X (0)

\ / X, (1)

x(0)

x(4) N/4 pt.

¢« o+ | DT
x(N4) |

x(

x(6) | Nipt.

' ' DFT
x(N2)

W/ X, (Ni-1)

>< \ X, (N4

? \ X, (Ni+1)

If N = 2M we repeat the process M times reulting in M stages.

X, (NI21)
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The first stage consists of 2 point DFT’s:

1
X(2)(k) _ Z x(n)e—j27rkn/2

Flow diagram of 2 pt. DFT Full example for N=8(M=3)

x(0) X @ (0)
x(1) X @ (1)
=e- 21t/2 W 1_
x (0) X(s) )
. >o§ ANV/2
x (6) ><W20= : \><><f X® (3)
szl L 2 W’
x(1) X(s) @
>< SV
- X AN
x(7) >§Wzl= Lw; / \T—Wg X® (7)
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Ordering of Input Data

Normal Order Bit Reversed Order
Decimal | Binary | Binary Decimal
0 000 000

0
1 001 100 4
2 010 010 2
3 011 110 6
4 100 001 1
) 101 101 )
6 110 011 3
7 111 111 7

Computation (N = 2M)
M =log, N stages

N CO’s/stage

Total: Nlog,N CO’s

1016 |

104 [—
1012 |—
1010 —
108 —
106 —
104 —
102

A L

1 10 100 103 104 105 106 107 108 109 1010
Length of DFT (N)

Complex Operations (CO)

Comments

e The algorithm we derived is the decimation-in-time radix 2 FFT

1. input in bit-reversed order

141
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2. in-place computation

3. output in normal order
The dual of the above algorithm is the decimation-in-frequency
radix 2 FFT

1. input in normal order

2. in-place computation

3. output in normal order
The same approaches may be used to derive either

decimation-in-time or decimation-in-frequency mixed radix FFT
algorithms for any N which is a composite number

All FFT algorithms are based on composite N and require O(N log
N) computation

The DFT of a length N real signal can be expressed in terms of a
length N/2 DFT

6.6 Periodic Convolution

We developed the DFT as a computable spectral representation for DT
signals. However, the existence of a very efficient algorithm for calculating
it suggests another application. Consider the filtering of a length N signal

x(n) with an FIR filter containing M coefficients, where M << N

M-1
y(n) =Y h(m)z(n —m)
m=0

Computation of each output point requires M multiplications and M-1

additions.

Based on the notion that convolution in the time domain corresponds to

multiplication in the frequency domain, we perform the following
computations:

e Compute X (k) Nlog, N CO’s

e Extend h(n) with zeros to length N and compute
HWMN)(E) Nlogy N CO’s

e Multiply the DFT’s
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e YIM(k) = HM (E) XM (E) N complex mutliplications
e Compute inverse DFT

y(n) = DFT~Y{Y™)(k)} Nlog, N CO’s

Total: 3N logy N CO’s + N complex multiplications

The computation/output point is 3 log, N CO’s+ 1 complex
multiplication.

How Periodic Convolution Arises

e Consider inverse DFT of product Y[k] = H[k] X [k]
e ,
y(n) = = 3 HEX [k
k=0
e Substitute for X[k] in terms of x[n]
1 Nl N-1
_ = —j2rkm/N j2wkn/N
y(n)—Nk H[k]{Zx[m]e J }e]

=0 m=0

e Interchange order of summations

N-1 1 N-1 ‘
y(n) = 3 alm] {N > H[k]eﬂ’”“(”m)/N}
m=0 k=0
N-1
= x[m]h[n —m]
m=0

e Note periodicity of sequence h[n]
h[n —m] = h[(n — m) mod N]
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Periodic vs. Aperiodic Convolution

Aperiodic convolution

202 46 8m 202 46 8§m

OO 0-0—-0-0—-0—0 o> O 06— 0—-0—0—-0—

—8642024681012m

1 ® & & »
6 8 1012 n

Periodic convolution (N=9)

yln] = h hl(n —m)modN]z[m|

m=0

,_A
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x[m] h[m]
1_0%...0 1.0%.. i

0.5 0.5 '75.1:7
50 2 46 8 m 50 2 4 6 8m
h[(n - m) mod N ]
o.. ® 1.0 o..
° .o. 0.5 .o.
T oo L oot i 1 1 1 eee
n-9 n n+9 m
x[rn]
1.0 oo oo
0.5
*2%0 2 a4 6 8 m
yin]
- 24/7 e * -
.
- L ]
- L 3

—IS -6 -4 —'2 O 2 4 o6 8 10 12 7

Comparison

Aperiodic convolution

-8 -6 -4 -2 0 2 4 6 8 1012 n
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Periodic convolution (N =9)

yln]
n . 24/7 o ¢ u

. _16/7} o .

8 -6 4 -2 0 2

Zero Padding to Match Aperiodic Convolution

Suppose x[n] has length N and h[n] has length M. Periodic convolution
with length M+N-1 will match aperiodic result

= M=7
x{m] N=5 hm]
1.0pec0e 1.0 i
0.5 0.5 ..‘Tfln
. . .,
2 0 2 4 6 8m 2 0 2 4 6 8m
h[(n-m)mod 11 ]
°® e 1.0 .0.
[ ]
-A--Q'.T.... O..S.A-'.'.... .
n-11 n n+11 m
x[#2]
1.0 ® ®o o
0.5
2TTETAT S0 2 a4 e tEtioT iz
yinl]
e ® 24/7 - ®
© 16/7F o © °. -
- 8/7 e e
..... P o m M hd




Chapter 7

Digital Filter Design

7.1 Chapter Outline

In this chapter, we will discuss:
1. Overview of filter design problem
2. Finite impulse response filter design

3. Infinite impulse response filter design

7.2 Overview

e Filter design problem consists of three tasks
1. Specification - What frequency response or other
characteristics of the filter are desired?

2. Approximation - What are the coefficients or, equivalently,
poles and zeros of the filter that will approximate the desired
characteristics?

3. Realization - How will the filter be implemented?

e Consider a simple example to illustrate these tasks.
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x(t) X[n] y[n] y(©)

—— A/D Convertor Digital Filter D/A Convertor—

Filter Design Example

e An analog signal contains frequency components ranging from DC
(0 Hz) to 5 kHz

e Design a digital system to remove all but the frequencies in the
range 2-4 kHz

e Assume signal will be sampled at 10 kHz rate

Specification

e Ideal analog filter

H,( /)
1.0
0.0 ' : L
0o 1 2 3 4 5 fkHz
e Ideal digital filter
0, =2n(f,1 )
Hy(0) ‘
1.0
0.0 ! ! Ly
Yo F ¥ 4 g orad/sample
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Filter Tolerance Specification

é
é
7

wpl, Wpy - lower and upper passband edges
wsl,Wsy, - lower and upper stopband edges
07,0, - lower and upper stopband ripple

€ - passband ripple

Approximation
e Design by positioning poles and zeros (PZ plot design)
Imz A

3x/5 J 2m/S5
X

4m/5 X nl5
-1 1 Rez
-47/5 X -m/5

3n/5 —j1| 2nl5
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Magnitude of H(w)

Angle of H(w) (rad)

e Transfer function for PZ plot filter

(2 — ejrr/lO) (2 — ej37r/10) (2 — ej97r/10)
(z— 0.86j5”/10) (z — 0.86j7”/10)
(2 — e—jTr/lO) (2 — e—j37r/10) (2 — e—j97r/10>

(2 — 0.8¢=757/10) (z — 0.8¢=477/10)

H(z)=K

X

Choose constant K to yield unity magnitude response at center of
passband

e Frequency response of PZ plot filter

1.5 : ; ; .
— — — Ideal

Ly Actual - 7 i
05 X Pole : |

' O Zero |

0 0 0.1 0.2 0.3 04 0.5

o (cycles/sample)

2

0

-2

1 0 1 + 1 x; 1 0
0o — 01 _ 02 0.3 04 05
® (cycles/sample)

e Comments on PZ plot design

1. Passband asymmetry is due to extra zeros in lower stopband
2. Phase is highly nonlinear

3. Zeros on unit circle drive magnitude response to zero and
result in phase discontinuities

4. Pole-zero plot yields intuition about filter behavior, but does
not suggest how to meet design specifications:
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H

7 ”1111”::uuunnnunuﬂy

8

N

N

NN
M.
NS

I ) 7

Realization

e Cascade form of transfer function

(z _ ejw/lO) (z _ ejSﬂ'/lO) (z _ ej97r/10)
(z— 0.8615”/10) (z — 0.8617”/10)

(z _ e—jrr/lO) (z _ e—jS‘n-/lO) (z o e—j97r/10>

(Z - 0.8@*157T/10) (z - 0.86*17”/10)

H(z)=K

X

Cascade Form Realization

e Cascade form in second order sections with real-valued coefficients

H(z) = K[2? — 2cos(n/10)z + 1]
22 —2cos(37/10)z + 1
[22 — 1.6 cos(5m/10)z + 0.64}
22 —2cos(97/10)z + 1
[22 — 1.6 cos(7m/10)z + 0.64}

e Convert to negative powers of z

H(z) = K[1 — 2cos(n/10)z + 277
1—2cos(3m/10)z71 + 272
{1 — 1.6 cos(5m/10)z=1 + 0.64z—2}
1 —2cos(97/10)2~ 1 + 272
[1 — 1.6 cos(7m/10)z=1 + O.64z2]

(Ignoring overall time advance of 2 sample units)

e Overall System
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H(z) B () 1 @ —

e Second order stages

i=1,2,3

Y [n] = [n] + a1;1; [n — 1] + QQiZi[Tl — 2} + blzyz [n — 1] + bgiyi [TL — 2]

x(n) Z—l x(n-1) Z_l x(n-2) N Z_l y(n-1 Z_l yWn-2)

a ) v

yn)
Parallel Form Realization
e Expand transfer function in partial fractions
H(z) =
ao1 + a1z ! age + a12z”"

do+diz™t + dyz?
0o+diz7" +daz +1—b11z_1—5212_2 1—biaz=1 —byoz—2
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H1(Z)

= H,(2)

> H3(Z)

Direct Form Realization

Multiply out all factors in numerator and denominator of transfer

function ) .
ag+ a1z + ... +agz”

H =
(2) 1—byz7l — ... —byz*
x(”) > Z-l Z_l — 000
Y \
&
000
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7.3 Finite Impulse Response Filter Design

Ideal Impulse Response

e Consider same ideal frequency response as before

Hy(w)
1.0
0.0 ' : —
0 z 2z 3 4 5 o rad/sample

e Inverse lleF;rF
hln] = —/ H(w)e?*"dw

2 J_,

1 —2n/5 an/5
hin] = — / 7" dw —|—/ e’ dw

2m —4n/5 27 /5

1 —j2mn/5 —jdmn/5 jdmn /5 —j2mn/5

h[n]:_2 {[ej —e’ }—F[eg —e™’ ]}

j2mn
hn] =
21 {67]’371%/5 |:ej7rn/5 o efjwn/5:| + 6]'371'71/5 |:€j7rn/5 - efjﬂn/5:|}
j2mn

. 1 , 1
hln] = {6]3”"/5551110 (%) + ejgm/“r’gsinc (7;)}

hin] = 0.4 cos(3mn/5)sinc(n/5)
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0.4cos(37n/5)
0.5

el ] T LTl [l Dl 1%
Uzl—l lalél l l&‘éi l lul l l&‘él J, lwl l La

20 20 =T 0 10 20 30 N
sinc(n / 5)
000006072222 ?Tﬂ TT‘? L

I35 3550 Loy

o 20 0 0 10 20 30 N

Hn]=0.4cos(37mn/ 5)sinc(n/5)

0c 0000200 r\QO o?yjéifo OQ Q0000 Q.
055 20 0 0 10 20 30 N

Approximation of Desired Filter Impulse Response by
Truncation

e FIR filter equation
M—1
y[n] = Z amx[n —mj
m=0

e Filter coefficients (assuming M is odd)
m = hideal[m - (M - 1)/2]7 m = O,...,M —1

Truncation of Impulse Response

Ideal Impulse Response

0.4

0.2F

-0.2+

045 20 -10 0 10 20 30
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Truncated Impulse Response (M = 21)

0.4 T J
0.2}
of QT 9, {0
’ T
0.2}
045 20 0 0 10 20 30
S deal
S 1T Actual A =l 1
—§ I
=] b
a 0.5 ;
g e/ L I
) 0.1 0.2 03 0.4 0.5
 (cycles/sample)

..’§ T T T T ]
2 r

3

= 0 \ {’
G

o

QL -2

) . . . ‘

< 0 0.1 0.2 0.3 0.4 0.5

o (cycles/sample)

Frequency Response of Truncated Filter
Analysis of Truncation

e ideal infinite impulse response - hjgeqr[n)]

e Actual, finite impulse response - hgetuai[1]

e Window sequence - w(n]

1 ,n|<(M-1)/2
w[n]:{o ,else

e Relation between ideal and actual impulse responses

hactual [n] = hideal [TL}’U}[TL]
1 T
Hactual(w) = %/ Hideal(/\)W(w - )\)d}\

—T
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Effect of Filter Length

Magnitude of H(w)
e —
<
1l
m s ), ﬁ 4

00 0.1 02 03 0.4 0.5
o (cycles/sample)

DTFT of Rectangular Window

n=(M-1)/2

W= Y e

n=—(M-1)/2
let m=n+(M-1)/2

M-1
=} edlm—(M=1)/2
m=0

91— elwM
1—ew
sin(wM/2)
sin(w/2)

_ e(M=1)/

157
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sin(wM/2)
1F :
o)
25 0 27t
sin(w/2)
1F ; _

o \—/\
15x 0 2m
sin(wM/2)/sin(w/2)

10

st |
ot ‘ i
—27T o 27T

o (radians/sample)
Graphical View of Convolution

1 T
Hactual(w) — %/ Hideal()\)W(w — )\)d)\

A

Higea()

>V

0 w5 2ms 3m5 4wS

W(w-A)
Hactualo")
2n/M
=k

0 w5 25 35 Aws m A

Relation between Window Attributes and Filter
Frequency Response

Parameter | W(w) H,etyal(w)
Aw Mainlobe width Transition bandwidth
) Area of first sidelobe | Passband and stopband ripple
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12 ' ‘ ]
1 Hactual((’))
0.8
0.6
0.4
02 _LS
0 \/\ /]
0.2 -t
0 w5 | 205 | 3m5 4nS mo@
W(w)—\
N/ "o
&
Ao

Design of FIR Filters by Windowing

e Relation between ideal and actual impulse responses
hactual [n} - hideal[n]w[n]

e Choose window sequence w[n| for which DTFT has

1. minimum mainlobe width

2. minimum sidelobe area
e Kaiser window is the best choice

1. based on optimal prolate spheroidal wavefunctions

2. contains a parameter that permits tradeoff between mainlobe
width and sidelobe area

Kaiser Window

LBA-[(n=a)/a]) 2] o - N« — 1
wn] = Io(B) ’ ==
0, else
a=(M-1)/2
Iy(.) zeroth-order modified Bessel function of the first kind
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lem T

074 6 8 10 12 14 16 18 20

=

W 11

0 10 12 14 16 18 20 n

ol

g
g Al
0% 8101214161820“

o 0

s

3

5 B=0 ‘ ‘ ‘

=100y 01 02 03 04 05
o (cycles/sample)

o 0

s

oy o T

2A0g—57 02 03 04 05
o (cycles/sample)

o 0

o

B

5 (B=6 ‘ K ‘

2051 02 03 04 05
o (cycles/sample)

Filter Design Procedure for Kaiser Window

1. Choose stopband and passband ripple and transition bandwidth
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2. Determine paramter §
A= —-20log,d

0.112(A — 8.7) , A>50
B =< 0.5842(A —21)%4 +0.07886(A —21) ,21 < A <50
0.0 ,A <21
3. Determine filter length M
M= it
4. Example
Aw = 0.17 radians/sample= 0.05 cycles/sample
60 =0.01
B=34
M =456

Filter Designed with Kaiser Window

igea[1]

T

057510 15 20 25 30 35 40 45 n

0.5

Q @ &'(L?n ¢o -] Q

0 oseossesstmsestzonalry

wln]

O-SQTmﬁTWWWHWWWM g

0 5 10 15 20 25 30 35 40 45 7

—_

hactual [ n]

T

0575 70 15 20 25 30 35 40 45 n

0.5

Q Q a

0 a

of o
] ié é(L [
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Kaiser Filter Frequency Response

0o 01 02 03 04 05
 (cycles/sample)
1.01

—
(=3

- O
W

T

154
o
O
G

IHactual(("))I

099,

01 02 03 04 05
o (cycles/sample)

M =47

8 =34

6 =0.01 = —-40 dB
Aw = 0.05

wg = 0.175

wpr = 0.225

wWpy = 0.375

Wey = 0.425

Optimal FIR Filter Design

e Although the Kaiser window has certain optimal properties, filters
designed using this window are not optimal

e Consider the design of filters to minimize integral mean-squared
frequency error

e Problem:
Choose hgctyal[n] = —( —1)/2,...,(M —1)/2 to minimize
= 7/ |Hactual 1deal( )| dw
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Minimum Mean-Squared Error Design

e Using Parseval’s relation, we obtain a direct solution to this problem

1 s
= % . |Hactual(w) - Hideal(w)|2dw
= Z |hactual [TL] — hidear [TLH2
(M—1)/2
= Z |hactual [n] - hideal [n]|2
n=—(M-1)/2
—(M+1)/2 00
+ Z |hideal[n]|2 + Z |hideal[n]|2
n=-—oo n:(M+1)/2

e Solution
Set hactual[n] = Ridear[n], n=—(M —1)/2,...,(M —1)/2
Minimum error is given by

—(M+1)/2 S
E= > l|uaalll’+ D |hiealn]?
n=—o0 n=(M+1)/2

e This is the truncation of the ideal impulse response

e We conclude that original criteria of minimizing mean-squared error
was not a good choice

e What was the problem with truncating the ideal impulse response?
(See figure on following page)

Minimax (Equi-ripple) Filter Design
e No matter how large we pick M for the truncated impulse response,
we cannot reduce the peak ripple

e Also, the ripple is concentrated near the band edges

e Rather than focussing on the integral of the error, let’s consider the
maximum error

e Parks and McClellan developed a method for design of FIR filters
based on minimizing the maximum of the weighted frequency
domain error
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o
(=T
T T

Magnitude of H(w)
o o o~
<
I
- S }_ ﬁ N

0 0.1 0.2 03 0.4 0.5
a!
M =381
0.5
09 0.1 02 03 04 05
o (cycles/sample)

Effect of Filter Length: Parks-McClellan Equiripple
Filters

1 F
=21
’§ 051 M
N 0 o ) ) ) ) B
E 0 0.1 0.2 0.3 04 0.5
2]
=
o 1t
& M =41
O 057
& ol )
- . ‘ ‘ ‘
Q 0 0.1 0.2 0.3 0.4 0.5
8
& qf
= | M =81
i, 05
0 . , . .
0 0.1 0.2 0.3 04 0.5

o (cycles/sample)
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Kaiser Parks McClellan
0

10 M=47 M=47

10! 10"
2 107 107
=1 3 3
T 10 10
- 4 4
° 1070 025 05 10 0.5
=
= K Irvaye 1.01W=47
&b 1005 1.005
= | 1

0.995 0.995

0.9, 025 o0s %% 025 05

o (cycles/sample)

7.4 Infinite Impulse Response Filter Design

IIR vs. FIR Filters

e FIR Filter Equation
yln] = apzn] + a1zin — 1] + ... + ap—1z[n — (M — 1))

e IIR Filter Equation
y[n] = apzn] + arx[n — 1] + ...apr—12[n — (M — 1)] = byy[n — 1] —
bay[n — 2] — ... — byy[n — N]|

e IIR filters can generally achieve given desired response with less
computation than FIR filters

e It is easier to approximate arbritrary frequency response
characteristics with FIR filters, including exactly linear phase
Infinite Impulse Response (IIR) Filter Design:
Overview

e IR digital filter designs are based on established methods for
designing analog filters

e Approach is generally imited to frequency selective filters with ideal
passband/stopband characteristics

e Basic filter type is low pass
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e Achieve highpass or bandpass via transformations

e Achieve multiple stop/pass bands by combining multiple filters with
single pass band
IIR Filter Design Steps
e Choose prototype analog filter family

1. Butterworth
2. Chebychev Type I or 11
3. Elliptic

e Choose analog-digital transformation method

1. Impulse Invariance

2. Bilinear Transformation

Transform digital filter specifications to equivalent analog filter
specifications

e Design analog filter

Transform analog filter to digital filter

Perform frequency transformation to achieve highpass or bandpass
filter, if desired

Prototype Filter Types

Analog Butterworth Filter

0.8

0.6

0.4

0.2

Frequency Response | H(w)!

Frequency @



7.4. INFINITE IMPULSE RESPONSE FILTER DESIGN 167

Analog Chebychev Type I Filter

08 \ :

Frequency Response | H(w)|

Frequency @

Butterworth . Chebychev Type

1

2 08 08

X 06 06

- 4

y 0.4 g2

g 02 N=8 - N=8 |

g o0 0

8 . .

& Chebychev Type II Elliptic

S 1

g 08 08

% 06 06

S 04 04

-

02 N=8 1 02 N=8§
0 0

Frequency @

Transformation via Impulse Invariance

e Sample impulse response of analog filter

haln] = The(nT)

H, = —
aw) =Y Ha(f=K/T)|
k f=—
27T
Note that aliasing may occur

Impulse Invariance

e Implementation of digital filter
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1. Partial fraction expansion of analog transfer function
(assuming all poles have multiplicity 1)

Ho(s) =Y Ak

S— S
k=1 k

2. Inverse Laplace transform

ha(t) = Z Apetlu(t)
k=1

3. Sample Impulse response

N
haln] = The(nT) =T Z Ape " Ty (nT)
k=1
N

=T Awjuln), pr ="
k=1
4. Take Z transform
N

Hy(z) = Z ikl

= 1=z
5. Combine terms
Ha(2) ap+ a1zt + .ap_1zm M1
zZ) =
d T+biz-t+byz2+ . byzN
6. Corresponding filter equation

yln] = apxn] + arx[n — 1] + ...apr—12[n — (M — 1)] — bry[n —
1] = bay[n — 2] — ... — byy[n — N]

Impulse Invariance Example

e Design a second order ideal low pass digital filter with cutoff at
wg = m/5 radians/sample (Assume T=1)

1. Analog cutoff frequency

fe= 54 =01Hz

we = 27 f. = /5 rad/sec
e Use Butterworth analog prototype

0.3948

Ha(s) = [s — (—0.4443 + j0.4443)][s — (—0.4443 — j0.4443)]
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e Apply partial fraction expansion

—70.4443 J0.4443

Ha(s) = [s — (—0.4443 + j0.4443)] ' [s — (—0.4443 — j0.4443)]

e Compute inverse Laplace Transform

ha(t) _ [7]'0.44436(70'4443+j0‘4443)t +j0.44436(70‘44437j0'4443)t}u(t)
e Sample impulse response
haln] = [7j0'44436(70.4443+j0‘4443)n

—I—jO.44436(_0'4443_j0'4443)"} uln]

= [0.4443(0.64170-4443)"
+50.4443(0.641e~79-4443)"] 4 [n]

e Compute Z transform

Ho(z) = —J0.4443 j0.4443
al2) = 1 — 0.6413¢704443 ,—1 " 1 _ ().6413¢—J0-4443 ;—1
0.24502 71

1—1.1581271 +0.41132~2

e Combine terms

0.24502 71

Hy(z) = . .
a(%) = 0. 6413670 885 ,-1)(1 = 0.6415¢ 70455,

e Find difference equation

y[n] = 0.2450z[n — 1] + 1.1581y[n — 1] — 0.4113y[n — 2]

Impulse Invariance Method-Summary

e Preserves impulse response and shape of frequency response, if
there is no aliasing

e Desired transition bandwidths map directly between digital and
analog frequnecy domains

e Passband and stopband ripple specifications are identical for both
digital and analog filter, assuming that there is no aliasing
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e The final digital filter design is independent of the sampling interval
parameter T

e Poles in analog filter map directly to poles in digital filter via
transformation pj, = e**7

e There is no such relation between the zeros in the two filters

e Gain at DC in a digital filter may not equal unity, since sampled
impulse response may only approximately sum to 1

Design of 2nd order digital
Butterworth filter via
impulse invariance

0.8

0.6

0.4

02]

Magnitude of Frequency Response

0o 05 1 15 2 25 3
, (rad/sec) or @y (rad /sample)

Bilinear Transformation Method

e Mapping between s and z
2 (1—z71
s=—| —
T\1+2z1

2 (1—2z71
) = | (155
. 1+ (T/2)s
- 1-(T/2)s
e Mapping between s and z planes

e Mapping between analog and digital frequencies
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Im(s) Im(z)

/ % Re(?)

Re(s)

w, (rad/sample)

o, (rad/sec)

Bilinear Transformation-Example No. 1

e Design low-pass filter

1. cutoff frequency wg. = /5 rad/sample

2. transition bandwidth and ripple
Awg = 0.27 radians/sample= 0.1 cycles/sample
6=0.1

3. use Butterworth analog prototype

4. set T =1
|Hd(wd1)\ =1—c¢
|Hd(wd2)\ =0

e Map digital to analog frequencies

171
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we =  tan(wg/2)
wa1 =7/5—0.17
wa1 = 0.3168 rad/sec
w2 =7/5+0.17
wa2 = 1.0191 rad/sec

Solve for filter order and cutoff frequency

‘Ha(LUa)F = W
|Ho(wa1)| =1 —¢
[Ha(waz)| = 6
= llog[qH“(w“Q”_Q — 1)/(‘Ha(wal)|_2 — 1)]
v [2 log(wa2/wa1) W
— Wa?2

(|Ha(wa2)| 72 = 1)1/ CN)
Result

N=3

Wqe = 0.4738

Determine transfer function of analog filter

Ho(s)Ho(=5) = 17507

Poles are given by

T 21k

Y
T )
Sk = Wage <2 IN 2N _01,. 2N —1

i

Take N poles with negative real parts for H(s)
so = —0.2369 + 50.4103 = 0.4738¢727/3

1 = —0.4738 + 50.0000 = 0.4738¢/™

53 = —0.2369 — j0.4103 = 0.4738¢~727/3

Transfer function of anlaog filter

w3

Ha(s) = (S _ 30)(8 —acSl)(S - 52)
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e Transform to discrete-time filter

Ha(z) = H, [2 —c

T\1+2z1

wae(1+271)°
8(l—z271—s0)(1—271—s1)(1 — 271 —s9)
~0.0083 4 0.024921 +0.02492~2 + 0.008323

Hd(Z) =

~ 1.0000 — 2.0769z~! + 1.53432~2 — 0.39092 3

1
1—8
|
= |
;| /
N [
kS l /
i
! %
| s ‘—5
00 O Oy m

Digital Butterworth Filter Designed
by Bilinear Transformation

1
09F £=0.01
08f §=0.01
0.7 :
= 06 I 0y =0.3142 rad/sam
g |
‘8:, 051 @y, =0.9425 rad/sam
£oo4f
0.3 : N=3
02
01k - “:; __\. ®,=0.4738 rad/sec
[ I\ n I
0% o5 1 5 2 25 3

o, (rad/sample)

Bilinear Example No.2

e Design low-pass filter wg. = 7/5 rad/sample

173
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1 ‘ — ‘ -
I 2nd order digital Butterworth |
0.9 . :
filters designed for same
087 . cutoff frequency @,
07f \
= o06f
S ost
m’ﬂ Ny
= 04y ~—Bilinear Transformation|
0.3 “=—TImpulse Invariance |
027 e 1
0.17 )
00 o5 1 1s 2 25 3

, (rad/sample)

1. Cutoff frequency

2. Transition bandwidth and ripple
Awg = 0.17 radians/sample = 0.05 cycles/sample
6 =0.01

3. Use Butterworth analog prototype

4. set T =1

e Result:N =13

= 0
= 20F
N
— 40r
S 60k
= g0l
= oo ; . . . . . . . :
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
1.01 : . ‘ ‘ " : .
= 1.005 |
s
=
= 9905 | \

0.99 - ' - - - '
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

w, (cycles/sample)
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Frequency Transformations of Lowpass IIR Filters

e Given a prototype lowpass digital filter design with cutoff frequency
0., we can transform directly to:

1. a lowpass digital filter with a different cutoff frequency
2. a highpass digital filter
3. a bandpass digital filter
4. a bandstop digital filter

e General form of transformation H(z) = Hlp(Z)}gl =Gz

e Example - lowpass to lowpass

1. Transformaltion
2T —«
Zl=_ _
1—az1
2. Associated design formula
sin (70“?"6 )

6. gwc )

Oé:sin(
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Chapter 8

Random Signals

8.1 Chapter Outline

In this chapter, we will discuss:
1. Single Random Variable
2. Two Random Variables
3. Sequences of Random Variables
4. Estimating Distributions
5. Filtering of Random Sequences

6. Estimating Correlation

8.2 Single Random Variable

Random Signals

Random signals are denoted by upper case X and are completely
characterized by density function fx(x)

b
P(agxgb)z/ Fx(@)do
= fx(z)Az = P(z < X <z + Ax)

177
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The cumulative distribution function is Fx(x) =

/fx )dx

) dFX (@)

Cdr

Properties of density function

L. fx(xz) >0

2. /_Z fx(x)dx =

Example 1

What is the probability X <17

1
/ e Mdx
0

7)@

P(X <1)

B

=1-—¢?
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Expectation

E{¢(X)} = /g(x)fx(x)dx where g is a function of X

Special Cases:

1. Mean value
glz) ==x
X=E{X}= /xfx(x)dx

2. Second moment
g(z) = 2
X2 =E{X?%} = /l‘Qfx(.r)dl‘

3. Variance o
glx) = (X — X)?
Expectation is a linear operator
E{ag(z) + bh(z)} = aE{g(x)} + bE{h(z)}
sox =E{(X-X)}
9 B
-5 {X —2XX 4+ X }
- E{X*}-X°
Example 2

o0

E{X}= / \ze M dg
0

Integrate by parts

/udv:uv—/vdu

u=2 du=1 wv=—e du=Xe
oo 50 oo
/ \re Mdr = —xe”‘m|0 —|—/ e Mdr
0 0
1 oo
_ oo _
— _re )\:1:’ — Ze Az
0 Y o
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Example 3

E{Xx?} :/ Avle M dy
0
Integrate by parts

u=22 du=2r v=—e M duv=N M

oo 00 oo
/ 2 e Mdx = —xze_’\xlo +2/ xe Mz
0 0

2
Y

>
I
—
>
>

£)

1

X and Y have the same mean and same standard deviation

Transformations of a Random Variable

oY =aX+b

° ?:aY—‘y—b
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oy =E{(Y -Y)*}
= E{[aX +b— (X +1)]’}
= a2E {(X - X)?}

=a’o%

Fy(y) = P{Y <y}
=P{aX +b<y} assumea>0

p{ng;b}
()

o i) = 1hx (150

a

a

In general fy(y) = ’clz‘ fx (y - b)

8.3 Two Random Variables
1. Joint density function

b d
P{angbmchgd}Z/ / Ixy (z,y)dxdy

2. Joint distributi(;_n fuglction

Fxy(z,y) = Ixy (z,y)dzdy

3. Marginal densities

fx(z) :/fXY(xay)dy
fr(y) = /fXY(x,y)dI

4. Expectation

E{g(X.V)} = / / o y) fxy (2, y)dady
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5. Linearity
Efag(x,y) +bh(z,y)} = aE{g(x,y)} +bE{h(z,y)}

6. Correlation
g(z,y) =y

7. Covariance o -
g(z,y) = (- X)(y-Y) XY =E{g(z,y)}

8. Correlation coefficient

oxy = E{g(z,y)}
- pxy} - E{XY) - E{XV)+X 7]
OxXO0y
1

0X0y

(XY -X 7}
9. Independence

fxv(z,y) = fx(z)fy ()
=0%y =0and XY =X Y

Example 4

2, 0<y<z<l1

fXY(:Evy) = { 07 else
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x(X) 1

frly) 1

1 T
XY = / / 2xydxdy
z=0 Jy=0

1 x
= / x [/ 2ydy} dx
=0 y=0
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, 1 4
XT3 9
1
T
— o2
, XY -XY
Oxy = ox0y
_1/4-2/9
- 1/18
1
T2

8.4 Sequences of Random Variables

Characteristics

X1, X5, X3, ..., Xy denote a sequence of random variables

Their behavior is completely characterized by
P{ah <Xy <af,ah < Xo <af,..,2ly < Xy <ok}

:/ / / X1 Xar X (#1, T2, oy 2N )day, dxg, ... dry
Il Il l‘l
1 2 N

It is apparent that this can get complicated very quickly
In practice, we consider only 2 cases:

1. X1, Xs, ..., Xyare mutually independent

N
= fx, Koo Xn (T1, 22, ) = [ Fx, (20)
i=1
2. X1,Xs,..., XN are jointly Gaussian

Example 5

X1, X, ..., X, are i.i.d with mean px and std. deviation O'g(
N1, N, ..., N, are i.i.d with zero mean

Yi=aX; +N;



8.4, SEQUENCES OF RANDOM VARIABLES
E{Y;} = aBE{X;} + E{N;}
Y =aX
YI-F {(aXZ- + Ni)Z}
— X7+ N2

o2 =Y2 - (V)
=ad’X2+ o} —a® (X)

= a20§( + 012\[

2

=aX?

— 9

9 aX —a(X)
oxXy =
ox (ang( + 012\,)1/2
ox
= Q)
(w/a20§( +012V>

1

14+ I _
T o)

CLO’X

185
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X data
4 T T T T T T T T T
Xis i.i.d Gaugsian with unit variance and zero mean (N(0,1))
3r 4
2F 4
1 i
E
X
OF| 4
- ]
2 J
3 L L . L . . L L L
0 10 20 30 40 50 60 70 80 90 100
Sample No. n
Y data

5 T T T T T T T T T
[n] =a*X[n] + N[n], a= 1.00, N is i.i.d N(0,1)

Yin

4 L L I L L L 1 . I
0 10 20 30 40 50 60 70 80 90 100

Sample No. n
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X[n]

Scatter Plot
T

T T T T T

Correlation coefficient = 0.71

Xdata

T T T T T T T T T

Xis i.i.d Gaussian with unit variance and zero mean (N(0,1))

50
Sample No. n
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Y data
6 T T T T T T T T T
Y[n] =a*X[n] + N[n], a= 2.00, N is i.i.d N(0,1)
4 4
ok
T 5l <
5 0
2k ]
4 4
8 | . L . . . . L .
0 10 20 30 40 50 60 70 80 90 100
Sample No. n
Scatter Plot
6 T T T T ™
Correlation coefficient = 0.89
b i
2r o
:
£ - B
So
2 F .
s i
I I . . . |
-3 -2 1 1 2 3

0
X[n]
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Xin]

X data
3 T T T T T T T
X is ii.d Gaussian with unit variance and zero mean (N(0,1))
ot 1
1k
0
b i
2+ B
3 . . . . L . L . .
0 10 20 30 40 50 60 70 80 90 100
Sample No. n
Y data
30 T T T T T T T T
Y[n] = a*X[n] + N[n], a = 10.00, N is i.i.d N(0,1)
20 1
10
0
10 1
=20 1
.30 . L L . . . L L .
0 10 20 30 40 50 60 70 80 920 100

Sample No. n
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Scatter Plot

30
Correlation coefficient = 1.00

201

-20 -

-30,
-3 0
X[n]
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8.5 Estimating Distributions

So far, we have assumed that we have an analytical model for the
probability densities of interest.

This was reasonable for quantization. However, suppose we do not know
the underlying densities. Can we estimate it from observations of the
signal?

Suppose we observe a sequence of i.i.d rv’s
X1, X9, .0, XN
let E(X) = px

How do we estimate px?

| XN
X=X
n=1
How good is the estimate?

wx is actually a random variable, let’s call it Y

E{Y}:E{]lvfjxn}

= E{X}
= HX
N 2
{|Y uxl :E ( > IX, ux|>
n=1
1 N N
= 33 N 3B~ X — )
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How do we estimate variance?

R 1 & )
U%(:ﬁZ[Xn*MX]*[MAX*MXH

3
Il
o

2

X — px|® = 2pix — px] Z

n:l

I
=
WE

3
Il
—

| X
. A 2

+N;[NX fx]

- L X — px|” =[x — px)?
N

call thisr.v Z

B{z) =+ 3 0% — B {lix — nxl}
n=1

E{IMX —ux\Q} =E <
_ % ST ST B[ X — px][Xn — pix]}

2=

z MZ
e

~

So the estimate is not unbiased
We define unbiased estimate as:
. N
OXuny — N_1 Ox

N

T (K )2
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N
n=1
1 N N
= N {Z |Xn|2 _2@2)(71“‘/7)\(2}
n=1 n=1
1 2 2
= N Z | Xn ™ — p%
n=1
2 —

Estimating mean of a sequence of random variables

4 T T T T
Data is i.i.d. Gaussian with mean 1 and std. dev. 1

Data

...... a’a
— Sample Mean
------ Sample Mean +/- Sample Std. Dev.

-2 I ! ! L '
0 20 40 60 80 100
Sample No.

So far we have seen how to estimate statistics such as mean and variance
of a random variable.

These ideas can be extended to estimation of any moments of the random
variable. But suppose we want to know the actual density itself.

How do we do this?

We need to compute the histogram.

Consider a sequence of i.i.d r.v’s with density fx(z)
We divide the domain of X into intervals

L= {e:(h-YA<as (k1))
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We then define the r.v.’s

1, Xel

k _ ) k

Ut = { 0, else

We observe a sequence of i.i.d r.v.’s X,, n=1,..., N and compute the

corresponding r.v.’s UF

Finally we let

zk = % Zivzl Uy

Then since this r.v has the same form as the estimator of mean which we
analyzed earlier, we know that

E{Z"} = E{Uy}

1
2 _ 2
Oyn = NO'Uk

Now what is {U,’f}

E{U}} =1.P{X, € I} + 0.P{X,, & I};}
=P{X, €I}

(k)
= /( fx(z)dx

k—3)A
So we see that we are estimating the integral of the density function over
the range (k— ) A<z < (k+3)A
According to the fundamental theorem of calculus, there exists
(k—Ha<r<(k+3)A

such that
(k+1)a
Pema= [ s
=E{Z"}

Assuming fx (z) is continuous,

AsA— 0
E{Z"} = fx(T)A — fx(kA)A
defined as
)
¢ = ( gk) = Uk
o

Uk
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For fixed fx(z),UF = P{X € I;} will increase with increasing A so there
is a tradeoff between measurement noise and measurement resolution.

Of course, for fixed A and fx(z), we can always improve our result by
increasing N.

What is the variance of UF?

E{(U,’f)z} — 12P{X € I} + 2P {X ¢ I;}
—P{X e}
=U

s0 0 = Uy, — (Ux)? = Up(1 — Uy)
We would expect to operate in range where A is small so
ot A Uk

Histogram for 1.00e+05 i.i.d N(0,1) r.v. with DELTA = 0.05
2500 T T T T T T T

20001

1500
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8.6 Filtering of Random Sequences

Let us define pux(n) = E{X,}
rxx(m,n) = E{X, X,}
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Histogram for 1.00e+05 i.i.d N(0,1) r.v. with DELTA = 0.20
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Special case

A process is w.s.s. if
1. px(n) = px

2. rxx(m,n) =rxx(n—m,0) =rxx(n—m)

Convention:

rapla,b] = rag[b— al
Consider

Y[n] = Z hin — m)X[m]

E{Y,} =) hln—m]E{X,;}
If X,, is w.s.s

E{Y,} = Zh[n —m|ux

=Y hlnjux

= px|[x]is a constant
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To find ryy, we first define cross-correlation

rxy[m,n] = E{X,,,Y,}
=E {XmZh[n - k]Xk}
=> hln fk]E{Xka}
= Xk: hln — kJrxx [k —m]
let lik-m =k=m+l
rxy[m,n] = Zh n—(m+Drxx()

thnf 711")()(([)

Sorxy[m,n] =rxyn —m)
then

ryy|m,n] = E{Y,,Y,}

= E {YmZh[n - k]Xk}
k

h[n — /{J]Txy[m — k]

[
a\¢

letl=m-k= k=m-—1

Txy(l)

Z [n —

Z [n—m+rxy ()
Z n — — l Txy( l)
k

so ryy[m,n] = ryy[n —m]

summarizing:

If X is w.s.s, Y is also w.s.s

197



198 CHAPTER 8. RANDOM SIGNALS

Interpretation of Correlation

Recall that for two different random variables X and Y, we defined
covariance to be

%y = E{(X —ux) (Y — py)}

and correlation coefficient
2

PXY =
OxX0y

as measures of how related X and Y are,i.e whether or not they tend to
vary together?

Since X[m] and X[m + n] or X[m] and Y[m + n] are just two different
pairs of r.v.’s, we can see that

rxx|[n] = E{X[m]|X[m + n]}
rxy[n] = E{X[m]Y[m + n]}
are closely related to covariance and correlation coefficient.

Suppose X and Y have zero mean, these r.v’s have the same
interpretation. How related are X,,, and X4, or Y, and Y47

Let’s consider some examples:
Suppose X[n] is i.i.d with zero mean.

Since mean of a w.s.s process is just a constant offset or shift, we can let
it equal zero without loss of generality.

Then rxx|[n] = E{X[m|X[m + n]}

c%, n=0
rxx[n] = { O,X else

rxx[n] = 0%d[n]

Now suppose

Y[n] = Z 27" X [n —m)|

This is a filtering operation with
hin] = {27"[uln] — u[n — 8]}
We already know that

rxy[n] = h[n] * rxx[n]

o%hin]
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rxy[n] = E{X[m]Y[m + n]}
What about the sequence Y[n]?
Is it i.i.d?

Recall

ryy[n] = hln] * rxy[—n]
= h[n] * o%h[—n]
=% Z hin — m]h[—m]
=% Z hin + m]h[m)

m

4T —n+7
ryyln] =o% Y 2m(tmaTm =g Y a7
m=0 m=
1 272(7n+8)
29—
_ Ug{% [Q—n 2(n—16)}

n+7
— 0.3(2—71 Z 2—2(l—n)
=0

n+7 . 1 — 2-2(n+8)

=0%2" ) 27 =032 5
=0

4

— go_g([Qn _ 2—n—16]

199
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4. n>7
’I“yy[n] =0

Summarizing

0, n<—7
4
Lo —2n9) 1<
TYY[n] - %0_2 [2771 o 2(71*16)] 0<n<7
37X e
0, n>7
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8.7 Estimating Correlation

Assume X and Y are jointly w.s.s processes
E[X,]| = px

E[Yn] = ux

rxy[m,m+n] = E{X[m]Y[m + n|}
=rxy[n]

Suppose we form the sum

Zln] = % S X[m]Y{m +
Consider )

E{Zln]} = 1= 3 E{X[m]YTm +n])
B{Z)) = 55 3 rxvlal = rxvl)

So we have an unbiased estimator of correlation.

Let’s look a little more closely at what the computation involves:
Suppose we computed

rxy[n] = Z[n] for the interval —-N <n < N

1 M-—1
=7 2 XY+l

Forn=—-N

X[0)X[1]...X[M — 1]

Y[-N]Y[-N +1]..Y[-N + M — 1]
Forn=20

X[0)X[1]...X[M — 1]
Y[O]Y[1]..Y[M — 1]

Forn=N

X[0]X[1]..X[M —1]

Y[N]Y[N +1]..Y[N + M —1]

In each case, we used same data set for X, bu the data used for Y varied.
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Suppose instead we collect Z sets of data
X[0]..X[M —1]

Y[0]..Y[M — 1]

and use this data to compute estimate for every n
let Xi.[n] = X[n] {u[n] — uln — m]}

let Yi-[n] = Yn]{u[n] — u[n — m]}

Then let
:ZXtr }/trm"'n]
ATl
X[m|Y[m + n] {u[m + n] — ulm +n — M|}
m=0
M-
E{V] ]}:Z Y[m + n]} {u[m + n] — u[m + n — M|}
;"i?
= rxy[n] {um + n] — ulm +n — M|}
" M—1
=rxy|[n] {u[m +n] —ulm +n — M|}
m=0

So an unbiased estimate of correlation is given by
M—1

ZX 1Yir[m + n]

rxy[n
M—n

x Cover image taken from website
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