1.1.5 COMPLEX VARIABLES

Definition

Cartesian coordinates z = (X,Y)
Polar coordinates z=R/0

R = x2—|—y2 x = R cos 6
6 = arctan(l) y = R sin 0

X
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Alternate representation

define j = (0,1) =1 /n2

then z = x + jy

Additional notation
Re{z} = x
Im{z} =y
|z| =R
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Algebraic Operations

Addition (Cartesian coordinates)

Z) =X +Jy1

Zg = X9 + J¥o

21 + 29 = (X1 + X9) + i(y1 + v2)
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Multiplication (Polar coordinates)

21 =Ry /0y
23 = Ry /02

2129 = R1Ry /01 + 0y
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Special Examples

1. 1=(1,00=1/0"

2. —1 =(—1,0)=1 /180"

3. 2=(1/90°)=1/180° = —1
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Complex Conjugate

* .
2 =X — ]y

—R /=0

Some useful identities:
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Complex Exponential

Taylor series for exponential function of real variable x

Replace x by j6:

.2 - M3 - M4 +0\9
: 0 0
d0 =1 1o 4O, U9 T L) i L) vy

9 3! 4! 5!
92 ot . 0 6
—a-L L - S )

= cosf + j sin 0
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|| = \/coszﬁ + sin?0 =1 / o
€

%\ ,
lk 1

. i - R
/ew = arctan [smﬁ] =0 ©
— cos 6

-1

Alternate form for polar coordinate representation of
complex number:

Z:R_/_G_:Reje

Multiplication of two complex numbers can be done via
usual rules for multiplication of exponentials:

17y = (Rye”)(Ryed®) = R Rpe! )
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Complex Exponential Signal
CT x(t)=Ae¥t)

P(t)=w,t+6 instantaneous phase

, d.| . .
dy(t) =w, ra ] instantaneous phasor velocity (frequency)
dt sec.
Alm
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Im{x(t) }=Asin(w, t+0)
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is phasor velocit
DT  x(a] Al (wan +0) wq 18P city

in radians/sample

Example:
wqg = 7/3
6 = /6
ImA
APD
x(2) s 0 X(0), X(6)
1 T\ TO
Al TA Re
x(3)". #x(5)
Alx@)
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Aliasing

The ability of one frequency to mimic another.

jwit jwot
For CT case, €' = &“% for all t < w; = wy.

In DT, U — em g wy = wy + 27k.

Let’s examine a specific case of this relation.
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Consider

Im
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In general, if w; = 7 + A and wg = — (7 — A), then

_ e_](—7r + A)n
_ o i(m— A)n
= Xg(n)

We will see this relation again when we analyze the

effect of sampling.
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