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 1. Consider the random signal with first order probability density function 

 

		
fX(x)=

1
9 x

2 , 0≤ x ≤3
0, else

⎧
⎨
⎪

⎩⎪
. (1-1) 

For this random variable, consider an optimal 2-level quantizer defined by the 
following memoryless input-output mapping Q(⋅)  

 

		
Q(x)= y0 , 0≤ x < x1

y1 , x1 ≤ x ≤3
⎧
⎨
⎪

⎩⎪
. (1-2) 

We showed in class that the optimal quantizer satisfies the following set of coupled 
equations:1 

		

y0 =ϕ0(x1)=
xfX(x)dx0

x1∫
fX(x)dx0

x1∫
, y1 =ϕ1(x1)=

xfX(x)dxx1

3
∫

fX(x)dxx1

3
∫

, x1 =φ( y0 , y1)=
y0 + y1
2 . (1-3) 

For the specific density function given by Eq. (1-1), evaluate the integrals in Eq. (1-
3) to obtain closed form expressions for the functions ϕ0 (x1) , ϕ1(x1) , and φ(y0 , y1) . 

2. This is a continuation of Problem 1 above. We discussed in class a simple iterative 
procedure for determining a set of values for x1 , y0 , and y1  that simultaneously 
satisfy Eq. (1-3), which is provided in the statement of Problem 1 above. Note that 
for this simple problem, you may be able to analytically solve for these values in 
closed form. However, in general, one would need to use an iterative procedure. So 
the purpose of this problem is to develop such an iterative procedure. 
Write a Matlab or Python program to implement this procedure. Execute the 
program, and run it until you obtain satisfactory convergence. Turn in your code 
and plots of x1 , y0 , and y1  as a function of the iteration number. 

3. This is a continuation of Problem 2 above. From your solution to this problem, you 
know the parameters for a 2-level quantizer that minimize the mean-squared 
quantization error 

 
		
ems = E Q(X )− X⎡⎣ ⎤⎦

2{ }= Q(x)− x⎡⎣ ⎤⎦
2
fX(x)dx0

4
∫ , (3-1) 

for a random signal with first order probability density function given by Eq. (1-1) 
(See statement for Problem 1 above) But you still don’t know what is the actual 
mean-squared error yielded by that quantizer. This can be a messier computation 
than that of determining the optimal quantizer itself. There are at least three ways to 
do it: (1) Directly evaluate Eq. (3-1) above possibly by using a symbolic equation 
solver. (2) Numerically perform the integral in Eq. (3-1), by approximating the 
integral as a summation. (3) Generate a sequence of sample values x1,..., xN  that 
obey the density function given by Eq. (1-1) for a suitably large value of N , 
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quantize each one according to Eq. (1-2) (from statement for Problem 1 above), and 
compute the mean squared quantization error. This latter procedure is known as 
Monte Carlo simulation; and it is the approach that you will use to solve this 
problem. 
Matlab and Python provide functions to generate random samples from several 
different distribution functions, but not the random variable X  given by Eq. (1-1). 
To get samples of this random variable, assume that U  is a random variable 
uniformly distributed on the interval [0,1] . It is possible determine a function θ(⋅)  
such that the random variable X = θ(U )  has density function given by Eq. (1-1). 
You can then use the Matlab or Python function that generates samples of a random 
variable uniformly distributed on [0,1]  to generate X . 

 a. Following the approach discussed in the supplementary document 
“Generating Random Variables with Arbitrary Distributions,” which may be 
downloaded from the ECE 438 course website in the folder titled 
“Supplementary Materials”, determine a function θ(⋅)  such that the random 
variable X = θ(U )  has density function given by Eq. (1-1). Sketch or plot 
fX (x) , FX (x) , and θ(u) . 

 b. Using the approach discussed above, generate 50 samples of the random 
variable X  with density function given by Eq. (1-1). Use a histogram function 
to plot the density of your data. You can easily generate your own histogram 
function by the following procedure: 

  As an example, suppose there are 10 bins, indexed from 0 to 9. The interval 
for the k-th bin would be [3k/10, 3(k+1)/10), except that for the 10-th bin with 
index k = 9, the interval would be [3k/10, 3(k+1)/10] to catch cases where the 
random variable has value 3. Define a 10-element array h[k], k = 0,1,...9, and 
set all of its elements initially to 0. Then, as you generate instances of the 
random variable X, increment the count of the element of h corresponding to 
the bin k, for which the interval contains the sample X. Finally, after you have 
generated all the instances of the random variable, you can just divide each 
bin count by the total number of instances. 

  On the same axes, plot the target density function given by Eq. (1-1). Also, 
generate plots for 500, 5,000, and 50,000 data points, and comment on the 
effect of increasing the number of data points. 

 c. Quantize each of the 50,000 samples of X  using the uniform quantizer given 
by Eq. (1-2) with		y0 =0.75, x1 =1.50, y1 =2.25 , and compute an estimate of 
the root-mean-squared error for this quantizer. 

 d. Quantize each of the 50,000 samples of X  using the quantizer given by Eq. 
(1-2) with the optimal values for x1 , y0 , and y1  that you determined in 
Problem 1, and compute an estimate of the root-mean-squared error for this 
quantizer. Compare your answer with the root-mean-squared error for the 
uniform quantizer that you determined in part (c). 


