22 March 2023 Name:

ECE 438 Exam No. 2 Spring 2023

. You have 50 minutes to work the following four problems.
. Be sure to show all your work to obtain full credit.
. The exam is closed book and closed notes.

o Calculators, smart phones, and smart watches are not permitted, and must be put
away.

1. (25 pts) Consider the causal DT system with the following transfer function
1-1z7
-]
Suppose that the input to this system is given by

x[n]= (%j u[n].

a. (5) Find the ZT X(z).Be sure to state the region of convergence.
b.  (10) Find the partial fraction expansion for Y(z).

c.  (10) Based on your answer to part (b), find the output y[n].



1. (25 pts) Consider the causal DT system with the following transfer function

Suppose that the input to this system is given by

1

n
X[n] = (E) u[n].
a. (5) Find the ZT X(Z). Be sure to state the region of convergence.

b. (10) Find the partial fraction expansion for Y(z).

c. (10) Based on your answer to part (b), find the output y[n].

Solution:

a. Using the transform pair

atufn] & ————,1z] > [al
1—az?
We have
1 1
X(z) = 1_—%2_1.|Z| >3

(3 pts: ZT result, 2 pts: ROC)

Y(z) = H(2)X(z) =

(3 ) (-3

(2 pts)
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Y(z) =

1 1
(1+227) (1-377)
c. There are three possible ROCs for this Y(z).

5

(1_12_1) < y,[n]

g ZT
() < yn], Y2 (z) =
2

(1+ Z

1) ROC{Y(z) }={z: |z] >% }, then y; [n] and y,[n] are both right-sided

Let Yl (Z) =

Use ZT pair
1—az-1’ lz| > |a]

n

o = (1) o 2

(2

ROC{Y(z)} = ROC{H(2)}
intersection ROC{X(z)}

or ROC{Y(2)} = ROC{Y_1(2)}
intersection ROC{Y_2(z)}

The statement that the
system is causal means that
ROC{H(2)} = {z: |z| > 1/2},
since h[n] = ZT{-1}(H(z)}
must be right-sided. So
ROC{Y(2)} = {z: |z| > 1/2} is
the only possibility in this
case, i.e. nothing can be left-
sided. So please remove
cases 2) and 3).

2) ROC{Y(z) }={z §< |z]< % }, then y; [n] is left-sided and y,[n] is right-sided.

For y, [n], use

ZT
—a"u[-n—-1] & 1——aZ_1'|Z| < |a|



allebach
Pencil

allebach
Text Box
both sides

allebach
Pencil

allebach
Text Box
Therefore,

allebach
Text Box
ROC{Y(z)} = ROC{H(z)} intersection ROC{X(z)}

or ROC{Y(z)} = ROC{Y_1(z)} intersection ROC{Y_2(z)}

The statement that the system is causal means that ROC{H(z)} = {z: |z| > 1/2}, since h[n] = ZT^{-1}(H(z)} must be right-sided. So ROC{Y(z)} = {z: |z| > 1/2} is the only possibility in this case, i.e. nothing can be left-sided. So please remove cases 2) and 3).



nin) = 21 (~3) ul-n-1]

n n

o = =33 wen-1 -4

3) ROC{Y(z) }={z |z|<§ }, then y,[n] and y,[n] are both left sided.

use

ZT
—a"u[-n—1] &

——. Iz < lal

vl = —2-D(3) ul-n-1]

n n

6/ 1 1/1
y[n] = _§<_§> u[—n—1] +§<§> u[-n—1]
(2 pts: three ROCs)

(4 x 2pts: 4 ZT results)
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2. (25 pts) Fast Fourier Transform Algorithm

a. (2) Calculate the approximate number of complex operations (COs) required to
compute a 9-point DFT by directly evaluating the 9-point DFT sum. Here a
complex operation is taken to mean 1 complex addition and 1 complex
multiplication.

b. (8) Derive a complete set of equations to show how a 9-point Discrete Fourier
Transform (DFT) can be calculated in two stages via decimation-in-time.

c. (8) Draw complete flow diagram for your 9-point DFT

d. (3) Based on your answer to part (c) above, list the complete ordering of the 9-
point input to your 9-point FFT algorithm.

e. (4) Based on your answer to part (c) above, calculate the approximate number
of complex operations (COs) required to compute a 9-point DFT using your
FFT algorithm.
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3. (25 pts) Spectral analysis via the DFT

Consider the 32-point signal x[n]= cos( 27;;3) n], n=0,..,31.

a. (6) Determine an exact expression for the 32-point discrete Fourier transform

(DFT) X[k |,k=0,..,31 of this signal.

b. (2) Determine the approximate values of & where you would find the peaks in
the DFT.

c. (1) Are there any leakage or picket fence effects in this case? Why or why not?

Now consider the 32-point signal x[n]= Cos( 27227) nj, n=0,..31.

d. (11) Determine an exact expression for the 32-point discrete Fourier transform
(DFT) X©» [k], k=0,...,31 of this signal in terms of the function
sin(wN /2)

.
psine, (@) == @/2)

. Be sure to specify the value for N .

e. (4) Determine the approximate values of & where you would find the peaks in
the DFT.

f. (1) Are there any leakage or picket fence effects in this case? Why or why not?
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4. (25 pts) Consider a random variable X with density function

1.5x%*, —-1<x<1

0, else

S = {

a.  (4) Carefully sketch by hand the density function f, (x) . Be sure to
dimension both axes.

b. (9) Find the mean and variance of X .

c.  (8) Suppose we generate a new random variable Y = Q(X) by quantizing X
according to the following 3-level uniform quantizer:

2 1
—%> —1Sx<—§

— 1 1
Q(X)— 0 —ESX<§

<x<l

w o

1
’ 3

. . . . 2
Determine the approximate mean-squared quantization error € = E {|Y -X ‘ }

AZ

using the expression € =—
approx 12

d. (4) Use your answers from parts (b) and (c) to calculate the approximate
signal-to-noise ratio due to quantization.
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(a) The plot is attached below.

(2 pt) Correct plot. (1 pt) Horizontal axis. (1 pt) Vertical axis.
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(b)
! ) 15 4
(3 pts) ux = E[X] x - (Lbx")dx = = |2, =0
-1
! 1.5 3
(3 pts) E[X?] = / 2% (1.52%)de = ——2°|' | = =
1 5 5
2 2 2 _ 3 23
(3 pts) 03[ X]| = E[X?] — E[X]* = E (0)* = E= 0.6
(c) For the given 3-level quantizer:
2 2
max — “min 37\ 3 2
(4pts) A = ¢ @ = 3 (=3) z
I did not ask for this; so No. of Levels — 1 3—1 3
we should not include it. A?
It will cause confusion. (4 pts) €approc = — = 1/27

(d)

E

Totety

EX7]

approx

~ 10.3342 dB
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I did not ask for this; so we should not include it. It will cause confusion.
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