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Abstract— Transmit beamforming and receive combining are Over the past several years, it has become interesting to
low complexity, linear techniques that make use of the spatial consider wireless systems using multiple-input multiple-output
diversity advantage provided by transmitters and/or receivers (MIMO) wireless communication links that employ multiple

employing multiple antennas. There has been a growing interest ¢ t the t itt d . In th t
in designing beamforming schemes for frequency division du- 2M€NNas at the transmitler and receiver. In these Systems

plexing systems that use a limited amount of feedback from beamforming and combining are employed simultaneously,
the receiver to the transmitter. This limited feedback conveys and thus the beamforming and combining vectors must be

a beamforming vector chosen from a finite set known to both jointly designed, see e.g. [3]-[7]. Obtaining exact probability
the transmitter and receiver. These techniques often use a set of of error expressions that can be easily analyzed for MIMO

beamforming vectors where the probability of error expression b f . d bini ¢ is often difficult. if not
can not be easily formulated or bounded. It is of utmost eamiorming and combining systems IS often difficult, It no

importance to guarantee that the sets of beamforming and impossible. For t'his reason, the asymptotic measures.of array
combining vectors are chosen such that full diversity order is gain and diversity order are often used to allow different
achieved. For this reason, necessary and sufficient conditions on diversity schemes to be compared.

the sets of possible beamformers and combiners are derived that Diversity order has been derived for many specific cases

guarantee full diversity order in correlated Rayleigh fading. . . -
Index TermsBeamforming, combining, correlated fading, di- of MIMO beamforming and combining systems transmitting

versity methods, MIMO systems, Rayleigh channels, transmit- Over memoryless and uncorrelated Rayleigh fading MIMO

receive diversity. channels such as maximum ratio transmission (MRT) and
maximum ratio combining (MRC) [3], [4], selection diversity

transmission (SDT) and MRC [5], equal gain transmission

. INTRODUCTION (EGT) and MRC [6], equal gain transmission (EGT) and

_ , _ . ._selection diversity combining (SDC) [6], EGT and equal gain

Tra_nsm|t beamforming and/or receive _comblnlng are I'n_e%mbining (EGC) [6], and for various quantized beamforming
techniques that have_ been shown to improve mean Sig0Bhemes [6], [7]. In each of these systems the beamforming
strength and reduce signal level fluctuations in fading channglgsctor is chosen from some set of possible beamforming
[1]. Wireless researchers studying beamforming and combifs.tors and the combining vector is chosen from some set of
ing over the past 40 years have concentrated primarily 88qgjpie combining vectors. These sets might be uncountable

their application to single-input multiple-output (SIMO) OfMRT, MRC, EGT, EGC, etc.) or finite (see for example the

multiple-input single-output (MISO) wireless systems Wh_er%uantized techniques in [6], [7]). Despite this work, the exact
muItlpIel antenngs are ut|I|.z.ed exclusively at thg tr"’msm'ttﬁl}operties that the set of possible beamforming vectors and the
or receiver. While probability of error expression analysiset of possible combining vectors must possess to guarantee

is difficult for these systems, there are many cases WhefR yiersity order in transmit and receive correlated Rayleigh
exact results can be derived (see [2] and the referenqgéing has not yet been derived.

therein). These expressions are invaluable to system deS|gner|§Or this reason, we derive the necessary and sufficient con-

becau_sg they allow easy comparisons betvyeen beamform@igons on the sets of beamforming and combining vectors that
combining, and other vector channel signaling schemes.  vio|q )| diversity order when transmitting over memoryless,
o , correlated Rayleigh fading channels. The uncorrelated result
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1. SYSTEM OVERVIEW AND PRELIMINARY ANALYSIS only in the sense ofH, averaging is still done over the

A memoryless, Rayleigh fading MIMO system with/, Nnoise and transmitted symbol. For any given symbol, the
transmit antennas and,. receive antennas using beamformingverage transmitted energy conditioned on the beamformer is

and combining can be represented by the input/output relatiéiven by |w/|3€, so in order to make proper transmit power
ship comparisons we will fiX|w||2 = 1 throughout the paper. The

yi = (z*Hw)s; +z*n (1) expression in (3) is also unchangedziﬁ; multiplied by any .
nonzero complex number. Therefore without loss of generality
where s, is a single-dimensional redk;. € R) or complex et ||z, = 1. After beamforming and combining, this system
(s € C) symbol transmitted at thé" channel useH is can be analyzed as a single antenna system with fading channel
an M,. x M, channel matrixw is a lengthM; column vector z*Hw, noisez*n, and effective channel gaif, = |z*Hw|2.
representing the transmit beamforming veckads a lengthM,. We will assume that, H, andw are all known perfectly
column vector representing the receive combining veet0s, ¢ the receiver. The transmitter is only required to have
a IgngthMr column vector re_presgnting the system’_s_additiv%qo\,\”edge of the chosew. Thus this analysis applies to
noise, and” represents conjugation and transposition. Thg;stems where the transmitter has no channel information and
noise is modeled as having entry n, distributed according v js designed at the receiver then conveyed to the transmitter
to CN(0, No) with n,, independent ofn, for p # g. The  gyer a limited feedback channel.
transmit constellation is assumed to be normalized such that itrhe instantaneous probability of symbol error for any mod-
has expected value given Wy, [|s|’] = £ where|-| denotes jation scheme can be written as the conditional probability
absolute value. As well, we assume that, ., [sr"si] = 0 of symbol error for an additive white Gaussian noise (AWGN)
whenk 7 1. _ o channel given the receive SNR, denotedra$Error | 7,).
The sets that beamforming and combining vectors age AWGN probability of error functior®,(Error | 7,.) will
chosen from play an important role in the beamforming angh g decreasing function of,. The average probability of

combining scheme. The set over which a cost function égmbo error is thus given by taking the expectation with
optimized is called thdeasible sef11] of the optimization. respect toH as

We will call the set of all possible beamforming vectors the
beamforming feasible send the set of all possible combining Ps(Error) = Eu[Ps(Error | 7,)]. 4)

vectors thecombining feasible sefor example, an SD system Jo minimize the conditional probability of error, we assume
uses a beamforming feasible set consisting of the columns, of P y ’

the M, x M, identity matrix and a combining feasible seég?t_lfng rr:g:il\\//eerr tﬁgﬁosseens dtshtig/icfuwaln S z thfat m.aX|m|zcta
consisting of the columns of th&f, x M, identity matrix. ' : ! plimal beamtorming vector
The correlated Rayleigh fading assumption will be e)%_o the transmitter. Note that in the case where the beamforming
pressed by modeling the MIMO fading as Iﬁf{let:jleni(:t:sérﬂg:‘t?éézllfa\c/:iclt:)ci)trs,can be conveyed using only a
H=R} QGRlT/ 2 (2) Obtaining exact expressions f@,(Error) with arbitrary
125,12 ; ] ) i combining schemes and constellations is quite difficult. De-
whereRp = R~ R~ is the receive covariance matrix andyjte this fact, it is necessary to verify the system is making
Ry = R)/’R}/*" is the transmit covariance matriG is a use of the full M, M, independently fading channels that
random matrix with the(p, q) entry of G, g, 4, distributed are available over the MIMO link. For this reason, it is of
according toCN/(0, 1) with g,, 4, independent of,, 4, for interest to bound the diversity order of the beamforming and
p1 # p2 O ¢1 # q2. This model was first proposed incombining scheme. A MIMO wireless system is said to have
[8] and experimentally verified in [9]. This model has alseliversity orderD andarray gain A if the average probability
been proposed by the IEEE 802.11 task group N [10]. In thé§ symbol error decreases inversely proportional4os-)®
paper,we will assume that botlRr and Ry are full rank. as £ — oo [12].
Note that wherRy = Tyy,, with I, denoting theM; x M;  MRT/MRC and SD wireless systems have been proven for
identity matrix, andRp = Ly, the system model representinany cases to maintain full diversity order. MRT/MRC was
the uncorrelated MIMO Rayleigh fading system. Thus thgjqressed in [3], [4] for M-ary phase sift keying (M-PSK), M-
analysis applied to this correlated model obviously applies gy quadrature amplitude modulation (M-QAM), and M-ary

the uncorrelated case. o _ amplitude modulation (M-AM). SD systems were addressed
The channel will be modeled as a quasi-static fading cha@y \-pSK [13] and M-QAM [14].

nel. The vectorsz and w will be chosen for each channel
realization in order to minimize the instantaneous probability

of error. For a fixed channel realizatid, the received signal
will have an SNR given by We will now present necessary and sufficient conditions

9 on the beamforming and combining feasible sets. For con-
_ |lz*Hw|*E T,E : - N 5
Yy = e = ——— (3) venience, the effective channel gdih = |z*Hw|* will be
112 No No used instead of;,. to simplify notation.
with ||-||2 denoting the 2-norm. We will call the terin, in (3) Theorem 1:A wireless system employing beamforming
the effective channel gaiof the effective single-input single- and combining over memoryless, correlated Rayleigh fading
output channel. Note that this SNR expression is instantanea@hsnnels provides full diversity order if and only if the vectors

[1l. NECESSARY ANDSUFFICIENT CONDITIONS



in the beamforming feasible set sp@d!: and the vectors in dimension)M.. Suppose thaff,, M, < M, M,. We can then

the combining feasible set spdh'". find an M, x M, matrix V that spansSy, and anM,. x M,
Proof: We will first prove the sufficiency of the condi- matrix U that spansSz with V*V =1, andU*U =1,,..

tions. Suppose that the beamforming and combining vectdtar both matrices, we can construct square unitary matNces

span CM¢ and CM-, respectively. Note that the diversityandU by concatenating!; — M,, and M,. — M, orthonormal

order will always be less than or equal fd; M, because vectors toV andU respectlvely.

there are onlyM,; M, independently fading parameters. Let Therefore,

W denote the beamforming feasible set afiddenote the

comblmn feasible set. We can construct an invertible matrix L = Iax max |z" Hw|*

weW zeZ

B = Ri/°W = Ry’ [w; wa -+ way,] wherew; € W < max_ max ﬂ|d*U*GVa|
for aII z We can 5|m|IarIy construct an invertible matrix ~ am*a=ld:d*d

1/2* 1/2* —
C=Ry"Z=Ry" [z1 2 zy, | Wherez; € Z for all _ max  max J U GV
i. Slnce the matrlces are invertible, we can define a singular a:a*a=1d:d*d=1
value decomposition of each matrix

B=V,AV} and C=U,®Uj} ) = WX Jmeax A ‘( 0 ) ( )
2
where V;, and Vi are M, x M, unitary matrices,A is a = B|G s 10 |5 ()]
diagonal matrix with diagonal entrieg > Xy > ... > Ay, > ~
g g 08 2 Az > ... 2 A, where 3 = |Rr||, |Rrll,, 0 and 0 are zero vectors, and

0, Uy, and Ui are M, x M, unitary matrices, andp is c s ih trix f qf the fi
a diagonal matrix with diagonal entries, > ¢, > ... > (L:1.,1:01,,) FEPresents the matrix formed from the firet,
b > 0 rows and M, columns of G. The expression in (9) is the
r ; effective channel gain for ai/,, x M, MRT/MRC system
For this system, ) . .
with an array gain shift. Therefore,

', = max max |z*Hw|’
weW zeZ

PS(ETTOT) Z EG |:Ps (ET"I"O’I" ||RTH2 ||RR2’VTMRC)
> max max ‘z HWq’
1<p< M, 1<q< M, (10)

2 ith
— max  max |(Ug): @U*GVLA(VR)‘ W ~ , €
1<p<M, 1<q< M, ’YTJMRC = HG(lﬂwzJiA{w)HQﬁO'
- 1<n;2<”§4 ey (UR(I)GAVR)(P,Q)’ ®)  Note that aniM,, x M. MRTIMRC system provides a

diversity order ofM,, M. Thus, the bounded system provides

Z L M, M |eGA|3 a diversity order less than or equal id,, M, and thus less
than M; M,.. Since this bound is true for arbitrarj%, we can
2 ]\/[t ¢M . Len N 19980, 9p.al” () conclude that the system does not achieve full diversitys

where(A )p represents thg" column of a matrixA, (A)(M) IV. SIMULATIONS

. . d .
's the (p, ¢) entry of a matrixA, and = denotes equivalence We present Monte Carlo simulations to verify our diversity
in distribution. Eg. (6) used the invariance of complex normal . . )

roofs. The beamforming and combining schemes in each case
matrices to unitary transformation [15], and (7) follows fro

the matrix norm bounds described in [16]. WeEr?( %?r;ﬁ;?ttt;édlra'lq?lgrzg eriment shows the importance of
Noting that the maximum over the entri¢s, ,|° is the P ' b P

: , spanningCM:. We simulated a2 x 1 system using BPSK
effective channel gain for SD systems, we thus have that with two different beamforming feasible sets. The probabil-

ity of symbol error results are shown in Fig. 1. The first
¢M Mﬂ’SD)] used a single vector feasible sp¥;}, and this system has
(8) been shown to have diversity order one. We also simulated
with £ a second order diversity system by using the feasible set
Vrsp = 1<r§)1§>]§[ 15;13}1%4 | pq\ Ny {wl,\/0.99wl + \/0.91W2} \.NhereWTWQ = 0. As Fig. 1
illustrates, even adding a highly correlated second vector to
This is the probability of symbol error for an uncorrethe feasible set guarantees full diversity order. The probability
Iated Rayleigh fading SD system with array gain shift off error performance of a two vector beamforming feasible
Tt 93, A1r, Which provides a diversity of orde¥l; M,. We  set consisting of w1, v/0.95w1 +1/0.05w5 } is also shown to
have thus proven that the system achieves a diversity ordetgefnonstrate the array gain from decreasing the correlation of
MM, the vectors in the feasible set. This agrees with the analysis
Now we prove necessity. Let the subspace spanned by gformed in [7].
vectors inV after multiplication byR;/*, denoted bySyy, Experiment#2: Fig. 2 demonstrates the probability of
be of dimension\/,, and the subspace spanned by the vectosgmbol error performance for various randomly generated
in Z after multiplication byR 1/2* , denoted bySz, be of beamforming and combining feasible sets otha2 wireless

P,(Error) < Eg [Ps (Error




over memoryless, correlated Rayleigh fading channels. These
conditions allow the diversity order of beamforming and
combining systems, which often are difficult to analyze an-
alytically especially in the limited feedback case, to be easily
verified without simulation. The proofs in this paper work for
any modulation scheme with provable full diversity order in
MRT/MRC and SD systems that transmit over memoryless
and uncorrelated Rayleigh fading channels. Future work in
this area could involve the analysis of the effect that the
beamforming and combining feasible sets play on array gain.
This has been looked at in detail for the uncorrelated case with
MISO [17] and MIMO systems [7]. Another interesting area
of future research is the diversity order of precoded space-
time block codes. In [18], we analyze necessary and sufficient
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N —©- Random diversity 0.99 corr
—#— Random diversity 0.95 corr
—>— Asymp diversity 1
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Fig. 1. Experiment showing the full diversity order of full rank beamformers
on a2 x 1 system.

(1]

system transmitting 16-QAM. The diversity order of a system

using a beamforming feasible set and combining feasible st
that span<€* andC?, respectively, is shown to be eight. When [3]
the beamforming feasible set only spans a two-dimensional
subspace the diversity order is seen to be four. Similarly when

conditions for full diversity order in precoded orthogonal
° space-time block coded systems.
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