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Equal Gain Transmission in Multiple-Input
Multiple-Output Wireless Systems

David J. Love Student Member, IEEEBNnd Robert W. Heath, JiMember, IEEE

Abstract—Multiple-input multiple-output (MIMO) wireless (EGT), and maximum ratio transmission (MRT) have been
systems are of interest due to their ability to provide substantial ysed to exploit the diversity available from the multiple-input
gains in capacity and quality. This paper proposes equal gain gjngle-gutput (MISO) wireless channel. On the other hand,

transmission (EGT) to provide diversity advantage in MIMO f t ith ltio| t v at th .
systems experiencing Rayleigh fading. The applications of EGT O SyStems with muiiple antennas only at tne feceiver, com-

with selection diversity combining, equal gain combining, and bining schemes such as selection diversity combining (SDC),
maximum ratio combining are addressed. It is proven that systems equal gain combining (EGC), and maximum ratio combining

using EGT with any of these combining schemes achieve full (MRC) have been used to obtain diversity advantage from the

diversity order when transmitting over a memoryless, flat-fading ; : i la. :
Rayleigh matrix channel with independent entries. Since, in gﬁgﬁsgr)ndmg single-input multiple-output (SIMO) wireless

practice, full channel knowledge at the transmitter is difficult to ] o ]
realize, a quantized version of EGT is proposed. An algorithm o~ When antenna diversity is employed at both the transmitter

construct a beamforming vector codebook that guarantees full and receiver, the multiple-input multiple-output (MIMO)
diversity order is presented. Monte—Carlo simulation comparisons  channel encountered in the memoryless case is a matrix.
with various beamforming and combining systems illustrate the Beamforming and combining can be used in MIMO communi-
performance as a function of quantization. - - -
cation channels, however, the beamforming vector and receive
Index Terms—biversity methods, equal gain transmission combining vector must now be jointly designed to maximize
(EGT), multiple-input multiple-output (MIMO) systems, Rayleigh  ha receive SNR. MIMO MRT and MRC were addressed in [7]
channels. . . . .
and shown to provide full diversity order. Systems using SDT
and MRC were studied in [8], and also shown to provide full
|. INTRODUCTION diversity order. Designing MIMO beamforming and combining
NTENNA diversity has been shown to improve meaxectors is nontrivial, and in many cases, njvolves an optimiza-
ﬁHon problem that can not be easily solved in real-time systems.

signal strength and reduce signal-level fluctuations EGT h dest t " lf . s th
fading channels [1]. These benefits are a direct result of tfge as more modest transmit ampiifier requirements than
Y

fact that sufficiently spaced antennas encounter approximat [RT, since it does not require the antenna amplifiers to modify

independent fading channels. Antenna diversity can be utiliz ampllj[udes of .the transmitted signals. This property allows
g@gxpenswe amplifiers to be used at each antenna as long as
e

at the transmitter and/or receiver. Receive antenna diver ;
gains are carefully matched. For example, SIMO EGC and

systems intelligently combine the multiple received copies . .
provide a higher average receive signal-to-noise ratio (SN SO EGT have already been considered as low-complexity al-

(see [2]-[4], and the references therein). Transmit anten hénat]lcves to MR;: apd M§ T rgspthect!vely (see [2],f[i/]ll_l\[/llé] and
diversity is more difficult to obtain, since it requires eithef"® re er'encest erein). espl'.[et'e Importance o com-
channel-dependent beamforming or channel-independ jnication systems, the application of EGT to these systems
; : as not yet been addressed.
space—time coding [5], [6]. hi EGT bined with either SDC
Classical wireless research focused on the case wherd S paper we propose » combine W't (.a't er Sb%,
antenna diversity was employed exclusively at either t c, or.MRC at the receiver, to.p.rowde full diversity °rd¢r n
transmitter or receiver. When multiple antennas are onl IMO ereless systems.tra'nsmlttlr.\g over me'moryle.ss, inde-
available at the transmitter, beamforming techniques such dent and identically distributed (i.i.d.) Rayleigh fading chan-

selection diversity transmission (SDT), equal gain transmissiEﬁ S: We jointly solve _for_ t_he optimal l_aeamformmg and com-
Ining vectors by maximizing the received SNR. For the cases

considered, it is possible to find the optimum combining vector
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One problem encountered during implementation of MIS! A
and MIMO beamforming systems is that full channel knowledc 3 Vi
LMt

is required at the transmitter to design optimal beamformir Bit Stream,

) N » Wi ny 21
vectors. In many systems, such as those using frequency-d
sion duplexing, it is impossible to obtain complete channel il . _‘ y2. I
formation at the transmitter. One solution to this problem is (™ ;. > 2 M R

| s

let the receiver design the beamforming vector and then send|

°
vector to the transmitter [13], [14]. Since infinite resolution it o ¢ ! ¢
impossible, it is preferable to quantize the set of possible bea g '? EW
forming vectors into a codebook and then send only the coc W“_ . Wit Mars T
book entry of the desired beamforming vector. Quantized MF update 4.§>j

A

for MISO systems was addressed in [13], while MISO qual
tized equal gain transmission (QEGT) was discussed in [1. | & > Wi Feedback Pur Zwy
QEGT has also been chosen as one of the closed-loop be..... it

forming techniques in wideband code-division multiple accesy |
(W-CDMA) [15]. Due to the difficulty of finding the optimal

beamforming vector in beamforming and combining systems, ) ) _
MIMO quantized beamforming represents a much more diffPstracted from the discussions by assuming that the channel

cult problem than in MISO systems [23]. is conste_mt over severql transmi;sions. The data re_ceived by the

Since full channel knowledge is often not available at tH&h receive antenna, is multiplied byzy, (2 € € with - de-
transmitter, we propose and study MIMO QEGT. We develop &9ing conjugation). The weighted output of each of Migre-
algorithm for QEGT codebook construction that guarantees fafp've antennas_ is then combined to pr_oduc_féhls formulatlon
diversity order for memoryless, i.i.d. Rayleigh fading channe@/l0Ws the equivalent system to be written in matrix form as
given that a sufficient number of bits are allocated for feedback.

Block diagram of a MIMO beamforming and combining system.

This minimum number of bits depends directly on the number z = (z""Hw)s +z"'n (2)
of transmit antennas. We show that when the number of bits

allocated for feedback is equal tog, M;, the beamforming With w = [w1 ... wa,]" 2z = [21 ... za ]’ n =
scheme performs, on average, identically to SDT. Animportat: ... nas, ]", andH denoting theM,. x M, matrix with

side benefit of QEGT is that the optimal beamforming vect@oordinatek, ) equal toh,, ; where” denotes transposition and
can be found through a low-complexity brute-force search, sdenotes conjugate transposition. We e&lHw the effective
opposed to a nonlinear optimization. channel. For optimum performanoe,andz should be chosen
This paper is organized as follows. Section Il reviews MIM@s a function of the channel to minimize the probability of error.
communication with beamforming and combining. Basic The nearest neighbor union bound on the symbol-detection
performance properties of MIMO beamforming and combiningrror probability can be stated [16] as
systems are presented in Section Ill. We discuss EGT systems
with SDC, EGC, and MRC in Section IV. We propose MIMO a2 e
QEGT and provide a full-diversity codebook design method Pe < N.Q T 9 ©)
in Section V. In Section VI, we show simulation results that
verify the performance analysis of EGT and QEGT SyStenWhereNe

) . : ) is areal constant that is the average number of nearest
We provide some conclusions in Section VII.

neighbors per symbolf,;, is the minimum distance of the
transmit constellation normalized to unit energy,is the re-

II. SySTEM OVERVIEW ceive SNR, and) is the Gaussiaf)-function. Note thafV, can

A MIMO system using beamforming and combining is illusbe adjusted in order to provide a close approximation to the ac-

trated in Fig. 1 withAZ, transmit antennas antf, receive an- tual probability of error [16]. Since th@-function is a mono-
tennas. A symbos (s € C, the field of complex numbers) is tonically decreasing function ant),;, is assumed fixed, mini-
multiplied by weightw; (w; € C) at thelth (1 < [ < M,) mizingthe bound requires that we maximize the SNR. It follows
transmit antenna. The signgl received by theith (1 < k£ < from (2) that

M,.) receive antenna is given by

2
zH

2
M, &lz" Hw|? (EdlwlE) |
"}/,r, = =
Yk = <§ hk.,lwl> s+ ng (1) 1213 No No

=1

HW

llwll2

4)

where|| - || is the matrix two-norm| - | is the absolute value,
wherehy, ; is a memoryless fading channel that is constant ovendé&; is the transmitted symbol’s energy. Notice that (4) does
several channel uses and distributed accordifg\f¢0, 1), and not vary with||z||2, therefore, without loss of generality we can
ny is a noise term distributed accordingdd/ (0, Ny). We as- fix ||z||2 = 1. We also can see that the transmitter transmits with
sume that,; is independent of; ; if k£ # iorl # j, andny is total energyt;||w||3. Therefore, due to power constraints at the
independent of; if k # . Note that time dependence has beetnansmitter, we can takpw||» = 1. With these assumptions, the
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instantaneous receive SNR,, can be expressed as w and z, respectively, we can, therefore, conclude that for
any channel matri, the effective channel gain of a useful
_ottr system i . Lemma lgives us an upper boun
&I (5) MRT/MRC system ig|H]J3. L bound
No onT, for EGT systems.
whereT', = |z Hw]? is the effective channel gain. Itis often difficult to compute m_eanlngful, closed-form ex-
T . . . L2 pressions for the average probability of symbol error (average
Maximizing I",. is a multidimensional optimization problem. , )
taken with respect to the channel [4]) even for much simpler

We will, therefore, employ standard linear programming termjz N . Ny
nology in dealing with the maximization. Recall that the set oveér”vIO EGC systems [4], [10]-[12], [19]. We will, therefore, in

which a cost function is optimized is called tfeasible sef17]. stead use the metrics of diversity order and array gain [1]. A

We will denote the set of all possible beamforming vectors as tﬁz\Stem s said t(_)_have array gaflnanc_i d_lversny orded if _the
.average probability of symbol error is inversely proportional to

beamforming feasible set and the set of all possible combimgﬂg INo)P for £/Ny > 0
t 0 t 0 .

vectors as the combining feasible set. } . .
The beamforming feasible set defines the set over which t Lemma 2: Let. Tris I, be the effect|\{e channel gains and
1, Do be the diversity orders for two different MIMO beam-

beamforming vector is chosen. Whencan be any unit vector, formi -
. . ! forming and combining systems.If,., > T, for all H, then
the beamforming scheme is called MRT. A beamformm% > D
1 Z 2.

scheme Whire each transmit anterinhas weightuw, with Proof: The nearest-neighbor upper bound tells us that for
|wi| =1/ M is denoted by EGT. Ifw is constrained to be a large & /Ny, the probability of symbol error is a decreasing

column ofI,,,, the M; x M, identity matrix, the beamforming function of the effective channel gain. Thereforel'jf > T
* 1 = T2

scheme is called SDT. -
In MIMO systems, the combining vectors need to be chosigg{ any channeH, then the average probability of symbol error

. .. . X heme 1 will alw. I han the aver r ili
in addition to the beamforming vectors, perhaps underdlﬁ‘erer\f Scheme always be less than the average p obab ty

. : . ; .~ of symbol error for Scheme 2. Thus, there does not exist a
constraints. A receiver wherecan be any unit vector is using . /N 0 such that the average probabilities of symbol error
MRC. An EGC receiver constrains each receive antenna wei Iﬁ{ 0

. . golree uivalent. We can, therefore, conclude ihat> D,. m
2y to have|zx| = 1/V/M,. A receiver wherez is a column of ) . A= Lo
. ) An important corollary that we will use later in upper
I, is using SDC.

In this paper, EGT and EGC are considered. T iarglrjnn(tjr:?sgjlgrfn?;vers,lty order of MIMO EGT systems follows
definition of EGT allows us to expressv as w = — . .

LTI — LT 0 6 jore 1T Corollary 1: ForanyM, x M,. wireless systems using beam-
(1/vMy)e = (1/vMy) [e e L. e, forming and combining, the diversity order is always less than

Tr

T
whered = [61 6> ... Ou,] andby. € [O’ZW)i As well, o equal toM, M, when transmitting over a memoryless, i.i.d.
EGC vectors can be expressedzas= (1/\/M,,)e1¢, where Rayleigh fading matrix channel
r .
d=1[d1 ¢2 ... éum. ] ande; € [0,2m). Proof: By Lemma 1 the effective channel gain of

It is important to note that uniqueness is not guaranteed IQRT/MRC systems, which are known to have diversity order
any beamf_ormmg and combmmg scheme. ML_JIt|pI|cat|on of th}’?/lth (see [7] and [20]), will be greater than or equal to the
beamforming vectow by e’¢ and the combining vectas by effective channel gain of any othéf, x M, beamforming and
¢’? with £, € [0,2m) does not changg',.. For this reason, combining system. Therefore, hyemma 2for anyM, x M,
when optimizing a cost function, we will definergmax \yireless system using beamforming and combining, the diversity
to return the set of global maximizers. We Ia'ter exploit thigrger is always less than or equallté. M, when transmitting
nonuniqueness to reduc_e the size of the solution set and t%ramemoryless, i.i.d. Rayleigh fading matrix channel. m
the amount of feedback in the QEGT system. ~ In our diversity advantage proofs we will also lower bound

These transmission and combining methods can be e diversity order. The following lemma provides an important
termixed together to suit different system requirements. jésytin the theory of beamforming and combining wireless sys-
beamforming method A is used at the transmitter and coRgsms transmitting over i.i.d. Rayleigh fading MIMO channels.
bining method B is used at the receiver, we will call this an | emma 3: If the beamforming feasible set and combining
A/B system. feasible set of ai/, x M, beamforming and combining system

containM; and M, orthogonal vectors, respectively, then the
1. SYSTEM PERFORMANCE system has a diversity order 8f, M, when transmitting over

Given no design constraints on the formwobr z, the nearest- memoryless, i.i.d. MIMO Rayleigh fading channels.
neighbor union bound tells us that the optimal solutions are the Proof: Let A/B denote a beamforming and combining
beamforming vector and combining vector that maximize Mmethod satisfying the orthogonality conditiorGorollary 1
Since we assume th&tandN, are fixed, this simplifies to max- tells us that the diversity order is upper boundedMyM;.
imizing the effective channel gaili,. Lemma 1gives a clear Let U; be anM; x M; matrix whose columns are th&f,
upper bound ofT,.. orthogonal beamforming vectors, aid, be an M, x M,

Lemma 1: The SNRy, is maximized whem andw are the matrix whose columns are th&/, orthogonal combining
left and right singular vectors @, respectively, correspondingVvectors. Letl’, ., be the effective channel gain for a beam-
to the largest singular value & with T, = ||H]||3. forming and combining system that uses only the columns

The proof ofLemma s given in [18]. Since MRT and MRC of U, as beamforming vectors and the columns@f as
pose no restrictions other than unit two-norm on the vectof@mbining vectors. The orthogonality of the columns and the
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unit two-norm requirement allow us to write tHat? U; = I, Substituting the expression = (l/s/Mt)ejo into (8), we
andUZ U, = I,;,, meaning thalU; andU, are both unitary. find that
Let T, . denote the effective channel gain of the original

system. Since the columns &f; are contained in the beam- L - M, ; io, 9
forming feasible set of the original system, and the columns of T e, M, Z bm,n€ ©)
U,. are contained in the combining feasible set of the original n=l
system, we can conclude tiat . > T, forany channelre- Notice thatT', is bounded by
alizationH. Therefore, the diversity order of the original system )
is greater than or equal to the diversity order of the restricted or- 1 [ »
< _ J0n
thogonal system. o T, < (Juax or Z | ne
For any channel realizatiodH, we have that n=1
2 M, 2
T, ., = max max |(UT)7HnH(Ut)n| _ 1
1<m<M, 1<n<M, = Jnax ar 2—21 [P,
= max max (Ufl HUt) (6) B
1<m<M, 1<n<M, m,n —L||H||2 (10)
with (Uy),, denoting the:th column ofU,, and(U/HU,) M, -

denoting the(m,n) entry of UFHU,. We assumed thal where|| - || is the matrix sup-norm.
was a complex normally distributed random matrix whose en-The sup-norm can be rewritten in terms of the rows
tries were all independent. By the invariance of complex normgé IH|oo = maxi<m<nr, | (HT) |1, where || - |
random matrices to unitary transformation [2H]js equivalent js the one-norm ana(ﬁT) is the transpose of the
in distribution toU;"HU,. Therefore mth row of H. Therefore, the bound in (10) is achiev-
2 able by letting® = ¢ — phase((HT), ), where
13%?5% 1%2?5»@ [Pl () K € argmaxi<m<w, ||(HT)m |1’ ¢ € [0,27), and the
g _ _ o function phase: CM: — [0, 27)M+ returns the phase of each
with = denoting equivalence in distribution. entry of a vector.

The distribution equivalent system defined in (7) is the one \yje now have an expression for the optimal EGT vector when
that chooses the pair of antennas with the largest gain chanegh s employed. In this case, with an arbitrary
This is a selection diversity transmission and combining system.

These systems are known to provide a diversity ordérpi/, W — 1 o (E=phase((HT) ) \vith

3], [22]. VM,

We have now upper and lower bounded the diversity order of

Torth —

T
the A/B system byM, M,. We can conclude that any system Ke e, I (| )m||1 : (11)
using a beamforming feasible set and combining feasible set _ ) )
with A, andM, orthogonal vectors, respectively, has a diversity/ith this beamformer, the receive SNR is
of order M, M,. [ ] 9
" &L, &||H
_&n, _&|HE )

IV. EQUAL GAIN TRANSMISSION(EGT) No M:No

In this section, we will consider EGT in conjunction with UsingLemma 3we can also comment on diversity order.

SDC, EGC, and MRC. We will address the design of the beam-'heorem 1:The diversity order of a MIMO system using

forming vectors and the diversity performance for each of tee ! and SDC isV/, M, when transmitting over memoryless,
combining schemes. i.1.d. MIMO Rayleigh fading channels.

Proof: Let U be the M; x M, point discrete Fourier
A. EGT/SDC transform (DFT) matrix where entrgk, ) of U is given by
gle/\/ﬁt)eﬂ”“/m. By our definition,UUY = I, soU is
unitary. The columns ol are all acceptable EGT vectors, so

of _its Iow-comple_xity implemer_wtation. A multiantenna receive{he beamforming feasible set contaihg orthogonal vectors.
using SDC requires only a switch that can choose betwiden The receive combiner uses the columnslgf as a feasible
different antenna outputs and a single radio chain. SDC is aISéJt thus, it containaZ, orthogonal vectors t;y definition. By

the only combining scheme where a general expression for {he : )
optimal EGT vector can be derived. %emma 3the EGT/SDC system has a diversity ordedéfM,.

As discussed in Section I, we wish to chooseandz in
order to maximizd’, = |z Hw|?. When SDC is employed at B. EGT/EGC
the receiverz is one of the columns dfy,, . Therefore '

It is often convenient to employ SDC at the receiver becau

While SDC is easily implemented, EGC receivers have been
M, shown to improve the average probability of symbol-error
th,nwn (8) performance [4]. EGCs require only moderate hardware
n=1 complexity, because each of the receive antennas weights is
where(Hw),, is themth entry of the vectoHw. restricted to have magnitude \/M,..

2

— 2 J—
T = 15%{2»1, |(Hw),,|” = 1§%a§)§ﬂr
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The gain of the effective channel for an EGT/EGC system canTheorem 3: A MIMO system using EGT and MRC has a di-
be bounded by versity on the order o, M; when transmitting over memory-

, less, i.i.d. MIMO Rayleigh fading channels.

s 1 | ¥ Proof: We have already shown in the proof ®heorem
|ZHHW| =L Z e~/ (Hw),, 1 that the EGT feasible set contaidd; orthogonal vectors.
m=1 Note that each column dfy, is a possible MRC vector. There-
1 M 2 fore, the MRC feasible set contaifng, orthogonal vectors. By
gy <Z |(HW),, |> Lemma 3an EGT/MRC system has a diversity of ordéf M.
" \m=1 ]
— I (13)

V. QUANTIZED EQUAL GAIN TRANSMISSION(QEGT)

where the inequality follows from the equal-gain prop- . .
erties of z. The bound in (13) is achievable when In real-world systems, EGT is not an implementable solu-

= (1//D,)ed(#tphase(Ew) \where o is an arbitrar tion for two majn reasons, complgxity and overhead. First, note
;Z)hase a(néle Je v y that the optimization problems in (14) and (16) do not have
Using the optimal EGC vectoE, = (1/M,)|Hw]?2. This c_Iosed-fo_rm soIL_Jtlons_ for arbitrary/,. gnd M,. _Implementa-

. 12 tion requires an iterative method, costing precious clock cycles.
can be rewritten for EGT a¥, = (1/(M,M,)) HHeJ Hl Convergence of such an iterative method to the global maximum
Therefore, the optimal phase vectbis given by is not guaranteed. Second, due to a limited feedback channel in

most systems, itis impossible to send back high-precision phase
(14) angles. Wireless systems must always limit control data over-
head in order to achieve large user data rates. If high-resolution
T ) hase angles were sent to the transmitter, this control overhead
The optimization problem defined by (14) has no knowa/ould overwhelm the limited feedback capacity.

?lmpge,f_ clczjsebd-folr;n S|O|Utl(;)n. Aga;mh, note thf’ﬂ the |S(t).lu' One solution is to quantize the set of possibjereating a
lon de ”?e y (14) %59 0€s nq ave a unique solu Iog&'/stem called QEGT. This quantizes the space of beamforming
In fact, if (1/v/M,;)e?? is an optimal EGT vector, then

ic 0 i vectors and eliminates the problem of finding the global max-

(1/v/My)e’*e’™ is also optimal for any, € [0,27) because jmum by using a brute-force search. As we show, the quantiza-

HHejo = lHejfejo . tion can be quite low, reducing feedback requirements, without
1

Theofem 2: A MIMO system using EGT and EGC achievegnuch performance sacrifice.

a diversity order ofVZ, M, when transmitting over memoryless, Suppose thaB bits of quantization are used for each phase.

i.i.d. MIMO Rayleigh fading channels. Complete phase vector quantization would reqiire; bits of
Proof: We have shown in the proof @heorem Ihat the Overhead. However, from (11), (14), and (16), a termef

EGT feasible set contains a set/df orthogonal vectors. Simi- ¢an always be factored out without loss of generality. Tidus,

larly, let V be theM, x M, unitary DFT matrix. Each column can be written in the for = [0 (8 — 61) ... (0ar, — 61)]".

of V is a possible EGC vector. Thus, the combining feasible sEierefore, ifB bits are used for each phase angle withithen

contains a set i/, orthogonal vectord.emma 3ells us that ©nly B(M; — 1) bits are necessary to defidd; — 1 antenna

0 € arg max He'Y

Pe[0,.2m) Ve

‘1'

an EGT/EGC system has a diversity orded\df M, . m gains. Thus, by taking into account the nonuniqueness of the
beamforming vector, we have reduced the amount of feedback.
C. EGT/MRC Let W be the codebook, or set, of all possible QEGT vectors.

i i ati _ 9B(M;—1) i .
MRC provides the best performance among all combininForB bits of quantizationgard(W) = 2 , with card(.)

schemes, thanks to the absence of constraints placed on the s‘g?gf) ting cardinality. A brute-force search through the possible

possible combining vectors. The combining vector is designg(actors can be use.d to solve elther (11), (14), or (16.)' We must
specifically to maximize the effective channel gaiff Hw 2. now turn our attention to the design of the vectors within

For EGT/MRC systems, the effective channel gain can beg‘ qgantlza}['_uon sclherl;}e that does nbot ma:mtallrg_ full dlverfs:c%/
upper bounded by order is wasting valuable resources by not making use of the

full M,. M, independently fading channels arising from the mul-
H 2 2 2 _ 2 tiantenna system. Therefore, when using QEGT, it is imperative
27 Hw " < lzllz|[Hwll; = [[Hwl. (15) to maintain full diversity order for smalB. To proceed with the
codebook design, note that the proofsidleorems 1, 2and3
employ theM; x M, unitary DFT matrix. If our codebook al-
ways contains the columns of thd; x M; DFT matrix, then
we are guaranteed hyemma 3o have full diversity order for
SDC, EGC, and MRC. Therefore, 23:=1) > M, andU
denotes théll; x M, unitary DFT matrix, we will require that
Once again, the phase vectbis not unique, because can for all U;, there existsv € W such thatw = U;.
be arbitrarily multiplied by any unit gain of the forai¢ with By construction, the beamforming codebawik alwayscon-
¢ € 10,2m). tain the columns of thé/; x M, unitary DFT matrix when

The upper bound in (15) is achievablezif= Hw/||Hw||>.
Thus, the optimum phase vectbsolves

0 € arg max
Pel0,2r) M1

Hei? H2 . (16)
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T

—*— 1 bit QEGT/EGC

o —A— 2 bit QEGT/EGC

-+{ —0— 3 bit QEGT/EGC
—+— EGT/EGC

-8~ SDT/SDC

—©- MRT/MRC

B > log,(M,)/(M; — 1). We can conclude fromemma 3 "' S R SR S SEE B
that quantized systems such as QEGT/SDC, QEGT/EGC, a o RS BRI SRR,
QEGT/MRC obtain a diversity advantage of ordef,. M, if &
B Z (10g2 Mt> /(1\41/L — 1) ‘

The proposed algorithm uses a gt made up of the column
vectors of theRM,; x RM, DFT matrix truncated td/; rows
and scaled by/R, whereR is an integer that satisfieB8 >
(2BWMe=1)y /0. SinceM, divides RM;, the set; will con-
tain the set of column vectoid), of the M; x M, unitary DFT
matrix. The codebook then choosgP(M:=1) — A1) vectors
from Wy \Ws, with \ denoting set difference, that minimize an 2
absolute correlation requirement and adds themto W = 107
W, can then be used as a full-diversity transmitter codebool
The algorithm is given in its entirety below.

rage probability of symbol error

1. Fix a constant R such that RM, > 2B(M1), 0 2 4 T 10 2 1

2. Construct a matrix A where A consists

of the first M, rows of the RM,; x RM; uni- Fig. 2. Avera_ge prpbability_ of symb_ol error for X2 systems using
tary DFT matrix._ Scale this matrix by \/]—% I\?IIFE{(T;/-II;/IIEC(;:C with various weight quantizations, EGT/EGC, SDT/SDC, and
to guarantee unit vector columns.

3. Construct a set of vectors W;: where

thumb, we have found that QEGT using a total feedback of at
leastM; bits, or ratherB > M,/(M; — 1), provides perfor-
mance almost identical to unquantized EGT. Notice that when
B = (logy My)/(M; — 1), card(W>) = M,. In this case, the
beamforming feasible set will contain exactly, orthogonal
vectors. The following observation gives an exact performance
analysis for this case.

Observation: If B = (log, M;)/(M; — 1), the system is
equivalent in distribution to an SDT system with the same com-
bining scheme.

The proof of this follows easily from the distribution invari-
ance of memoryless, i.i.d. Rayleigh fading matrices to multipli-
cation by unitary matrices. The implication of this observation

The intuition behind this algorithm is to begin with ais that whenB = (log, M;)/(M; — 1), our algorithm becomes
codebook of onlyM; orthogonal vectors, and then add vectora modified selection diversity beamformer. The only difference
one-by-one to this codebook, such that the vector added at egcimat the beamforming vectors have been “rotated” by the uni-
step is “distant” from the current codevectors. We have showsry DFT matrix.
in Section Ill that for any. € [0, 27), the beamforming vectors
w ande’éw provide the same receive SNR. We will, therefore,
try to maximize the phase-invariant distanéebetween any
two vectors defined by

the members of W, are the columns of A.
4. Let the set W, be the columns of the

M,; x M; unitary DFT matrix.

5. Choose the vector w € W \W, such that
YV veW\W,, f(v)> f(w) where f is defined
as

17)

F(w) = ma [xwl.
Set W, = Whr U{w}.

6. Repeat 5 until card(Wy) = 2B(Mi—1),

VI. SIMULATIONS

For this section, we simulated the average probability of
symbol error with various antenna configurations and beam-
forming schemes. All simulations used i.i.d. Rayleigh fading

d(w1, w2) = Eel[r(l)i,rzlw) le - ej§w2||2 =V 2-2 |Wf1w2|

(18)

wherew; andw, are unit vectors. Thug,(w) returns the ab-

with hy; distributed according taCN(0,1). Monte—Carlo
simulations ran over 1.5 million iterations per SNR point.
Experiment 1:We considered anM; = M, = 2

solute correlation corresponding to the phase-invariant distaidéMO QEGT/EGC system with various values @ and

of the closest vector i/, to w [21].

R = 2B(M:=1) /M, soW; \ W, was the empty set at the con-

Two points are imperative to note about this algorithm. Firstjusion of the algorithm. Unquantized EGT/EGC, SDT/MRC,
as R grows large )V approaches an optimal equal gain codesDT/SDC, and MRT/MRC systems were also simulated. Each
book in terms of the cost function. Second,/asncreases, it simulated system used binary phase-shift keying (BPSK)
is possible to approach a true EGT system, since for any phasedulation. Fig. 2 shows the results from this experiment.
vector entryd;, k can be chosen, giveRM; and B such that Notice that all the quantized curves have a diversity order of
the error of|e’?s — ¢727+/(EM:)| goes to zero a® (and thus, four. The array gain between one and two bits of quantization
R) grows large. This shows that QEGT can perform arbitrariig approximately 0.6 dB. However, the array gain between
close to EGT. two and three bits of quantization is only about 0.08 dB. This

Selecting an optimaB requires making tradeoffs betweens indicative that QEGT approaches EGT performance3as
the amount of tolerable feedback and array gain. As a ruleiotreases.
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T
— 1 bit QEGT/MRC
—&- 2 bit QEGT/MRC

.| &= 4 bit QEGT/MRC

I
—— 4 bit QEGT/EGC

| -b- 3bit GEGT/MRC - SDT/SDC
~- EGT/MRC -~ SDT/MRC
....... = SDTMRC -6~ MRT/MRC

.=~ MRT/MRC

Average probability of symbol error
Average probability of symbol error

6
Eb/N0

Fig. 3. Average probability of symbol error forx2 systems using Fig. 4. Average probability of symbol error for X3 systems using
QEGT/MRC with various weight quantizations, EGT/MRC, SDT/MRC, andREGT/EGC with four bits of feedback per weight, QEGT/MRC with four bits
MRT/MRC. of feedback per weight, SDT/SDC, SDT/MRC, and MRT/MRC.

T T
—8- 4 bit QEGT/EGC
—A— 4 bit QEGT/MRC
Llliiiiiiiii| -« SDT/SDC B
11l =% SDT/MRC

©'| =&~ MRT/MRC

M,,a:2 -2

10 UL

Experiment 2: This experiment considered; =
beamforming and combining systems using QEGT/MRC witt
various values of3, unquantized EGT/MRC, SDT/MRC, and [N
MRT/MRC. All simulations used BPSK modulation. Fig. 3 , 7
shows the performance. It is important to note thatBoe 1,
the average symbol-error rate (SER) curve for a QEGT/MR(EMEN i NN
system is on top of the average SER curve for an SDT/MR(G | NN N
system. This verifies the observation presented for this speci
case. We took? = 2B(M:=1) /][, once again. The array gain
between one and two bits of quantization is approximately O.
dB. Once again, the gain of around 0.05 dB between two ar SN NG
three bits quantization is much smaller. The diversity order i DR
seen to be four, as expected.

Experiment 3:In the third experiment, we tooks; = 2, :
M, = 3, and transmitted BPSK symbols. We considerec p 2 3 7 5 o 7 s °
QEGT/EGC and QEGT/MRC wittB = 4, which provide a oo
close approxmatlon o EGT/EGC and EGT/MRC performancgig. 5. Average probability of symbol error for X3 systems using
respectively. HereR was taken to be*~! = 8. SDT/SDC, QEGT/EGC with four bits of feedback per weight, QEGT/MRC with four bits
SDT/MRC, and MRT/MRC were also simulated. The resulif feedback per weight, SDT/SDC, SDT/MRC, and MRT/MRC.
are shown in Fig. 4. This plot shows that using MRC instead
of EGC at the receiver with EGT gives around a 0.8 dB gaiQEGT/MRC system wittB = 3 using 4-QAM, an MRT/MRC
The diversity order for all of the curves is seen to be six, as osgstem using 16-QAM, and a QEGT/MRC system with= 3
would expect. using 16-QAM. We used? = 103. All systems used/; = 2

Experiment 4:This experiment used/; = M, = 3 andM, = 4. For both modulation schemes, the MRT/MRC
with BPSK. The results are shown in Fig. 5. We considerexystem has an array gain of approximately 0.4 dB over the
QEGT/EGC and QEGT/MRC witl = 4, which again provide QEGT/MRC system.

a close approximation to EGT/EGC and EGT/MRC perfor- Experiment 6: This experiment illustrates the benefits of em-
mance, respectively. SDT/SDC, SDT/MRC, and MRT/MR@®Iloying transmitand receive antenna diversity over simply re-
were simulated for comparison. Here, we ta@k= 243. This ceive diversity. In Fig. 7, the average SER curves are shown
value of R led to a nonemptyV; \W, when the algorithm was for an M; = 1 and M, = 4 EGC system, aM; = 2 and
completed. The array gain difference between receive MRZ, = 4 QEGT/EGC system wittB = 3 andR = 102,

and EGC with EGT is around 0.6 dB. The diversity order foand anM; = 1 and M, = 8 EGC system. Each simula-
all of the plotted curves is nine. tion used 4-QAM. The 24 QEGT/EGC system outperforms

Experiment 5: This experiment shows that the performancthe 1x4 EGC system by approximately 3.4 dB at an error rate
of QEGT systems is independent of the modulation schenué.1072. The 2x4 QEGT/EGC system also provides eighth-
Fig. 6 shows the average SER for an MRT/MRC systeorder diversity compared with fourth-order diversity of the4l
using four-point quadrature amplitude modulation (4-QAM), EGC system. Thus, adding another transmit antenna provides

ol error

Average probabil

\Y
o,
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& S5 301 GEGTMRG (16-QAM)
H | -&= MRT/MRC (16-QAM)
- —#— 3 bit QEGT/MRC (4-QAM)
: -+++| =— MRT/MRC (4-QAM)
107"
é .....
210
:
L I\ O
10':5 0 5 10 15
Es/No [1]
Fig. 6. Bound and average probability of symbol error foddQEGT/MRC 2]
system with three bits of feedback per weight with various modulations.
[3]
10°
S Ul - 1x4EGC 4]
"""" | -~ 2x 4 QEGT/EGC
—~ 1x8EGC [5]
[6]
£
2 | 71
g (8]
< | @

[10]

15 [11]
Fig. 7. Average probability of symbol error for ax2 QEGT/EGC system  [12]
with three bits of feedback per weight, x4 receive EGC system, and x 8
receive EGC system.

[13]
substantial performance gains. The8 EGC system also pro-
vides eighth-order diversity and provides approximately a 1. 14]
dB array gain over the 24 QEGT/EGC system. This perfor-
mance increase comes at greater cost, becausexBsyistem
requires three more antennas than thel 3ystem. [15]

[16]

VIl. CONCLUSION

In this paper, we examined EGT for MIMO wireless systemsl17]
operating in memoryless, MIMO Rayleigh fading channels. We1g)
specifically examined the design and performance of EGT when
used with receive SDC, EGC, or MRC. We showed that in each
of these cases, the beamforming and combining system obtaipg,
full diversity order. We proposed a quantized version of EGT for
systems without transmitter channel knowledge. We presented
a codebook design method for QEGT that guarantees full divel[?ol
sity order.
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The primary performance limitation of QEGT derives from
the equal gain assumption. In other work [21], [22] we show
that quantized MRT provides further performance improvement
atthe expense of a signal peak-to-average ratio increase. A thor-
ough probabilistic analysis of Rayleigh fading MIMO chan-
nels is needed in order to understand the performance of quan-
tized beamforming systems [21], [22]. Another point of future
interest is the derivation of exact expressions for the average
probability of error for MIMO equal gain systems. Many pa-
pers have derived closed-form probability of error expressions
for the SIMO equal gain case [4], [10]-[12], [19], but there has
been little work on deriving exact probability of error expres-
sions for MIMO EGT systems.
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