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after a rough estimation of the value of Pp since two curves of the
conventional scheme and the fixed linear one meet only once around
Pp of 0.4. We need to determine whether or not the value of Pp is
greater than 0.4. The second choice of Fig. 10(c) is to select one result
after two parallel decoding processes of the conventional scheme and
the fixed linear scheme. We will choose either decoding output without
block error notification such as cyclic redundancy check (CRC) error.
This would require more power due to parallel decoding but no
estimation of the Pp value.

V. CONCLUSION

An OCHM scheme [1], [2] has been proposed as a novel statistical-
multiplexing scheme for orthogonal downlink to accommodate more
low-activity bursty users than the number of orthogonal downlink
codewords. OCHM can cause perforations among symbols, which
degrade the performance of channel decoding when the perforation
probability is high. We propose new LLR conversion schemes that
improve the decoding performance in perforation environments. The
schemes require a simple conversion function between channel de-
modulator output and channel decoder input. We propose several
types of LLR conversion functions. The proposed schemes reduce
the required Eb/N0 value by up to 10 dB when the value of Pp is
high. The piecewise linear (suboptimum) conversion scheme yields
performance similar to the exact (optimum) scheme and reduces
computational complexity. In these LLR conversion schemes, esti-
mation of the perforation probability is required. Therefore, several
estimation methods are proposed. The fixed linear LLR conversion
scheme without estimation of the perforation probability is proposed
to avoid accurate estimation. Combination of the conventional and
fixed linear conversion schemes does not require an exact estimation
of the perforation probability. However, performance is similar to the
(suboptimum) linear conversion scheme.
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Limited Feedback Diversity Techniques
for Correlated Channels

David J. Love and Robert W. Heath, Jr.

Abstract—Employing multiple antennas at the transmitter is a
well-established technique for providing diversity advantage in wireless
systems. Transmit beamforming relies on the assumption of current chan-
nel knowledge at the transmitter, which is unrealistic when the forward
and reverse links are separated in frequency. One solution to this problem
is for the receiver to send a small number of feedback bits that convey
channel information to the transmitter. Feedback design techniques have
been proposed over the past few years, but they were derived using the
assumption of spatially uncorrelated Rayleigh fading. This correspondence
addresses the design of limited feedback beamformers when the channel
is correlated.

Index Terms—Beamforming, diversity methods, limited feedback,
multiple antennas.

I. INTRODUCTION

Multiantenna transmitters can provide reduced error rates and
increased capacities by mitigating the effects of multipath fading
caused by the channel. Closed-loop techniques obtain these benefits by
adapting the transmitted signal using forward-link channel knowledge.
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Unfortunately, obtaining knowledge of the current channel at the
transmitter is unrealistic in systems using frequency division duplexing
because the forward and reverse links are separated in frequency.

One solution to this problem is the use of limited feedback, where
the receiver conveys current channel conditions to the transmitter
over a limited capacity feedback channel [1]–[10]. Limited feedback
beamforming algorithms work by using a codebook of beamforming
vectors that is designed offline, fixed for all channel realizations,
and known at both the transmitter and the receiver. Codebook design
techniques were derived in [4] and [5] by thinking of the codebook
vectors as points in the Grassmann manifold. This analysis is specific
to the assumption of spatially uncorrelated Rayleigh fading models,
however, and does not extend to the correlated case. This corre-
spondence proposes techniques for the design of limited feedback
beamformers in correlated Rayleigh models. We propose a codebook
design technique that uses a modified Grassmannian line packing
codebook. Grassmannian line packing codebooks were derived in
[4] and [5] for spatially uncorrelated channels. A similar result was
presented independently in [11].

We will use the following notation. We use ∗ to denote conjugate
transposition, | · | to denote absolute value, ‖ · ‖ to denote the vector
two norm, E[·] to denote expectation, arg min (arg max) to represent
a function that returns a global minimizer (maximizer), R to denote
the set of real numbers, C

Mt to denote the set of Mt length complex
column vectors, Ω to denote the set of Mt-dimensional unit vectors,
Re{·} to denote a function that returns the real part of a complex
number, and CN (0, 1) to represent the complex Gaussian distribution
where the real and imaginary portions are independent and identically
distributed (i.i.d.) N (0, 1/2).

This correspondence is organized as follows. Section II reviews
the beamforming framework. Section III is based on Grassmannian
line packing. Monte Carlo beamforming simulations are presented in
Section IV. We conclude in Section V.

II. SYSTEM OVERVIEW

Consider a beamforming Mt antenna transmitter that sends an Mt-
dimensional complex vector

xk = fsk

at the kth channel usage, where sk is a single-dimensional real
(sk ∈ R) or complex (sk ∈ C) symbol and f is an Mt-dimensional
beamforming vector. Because the receiver is assumed to have one
antenna, the beamforming vector f can be thought of as a transmit
version of the combining vectors studied for receive diversity in [12].
Omitting the channel use index k, this yields a baseband input–output
relationship of

y = |h∗f |s + n (1)

where h is an Mt × 1 channel vector and n is a noise term distributed
according to CN (0, N0). We will assume that the transmitted constel-
lation is normalized such that Esk

[|sk|2] = E .
The channel h∗ will be modeled as a correlated Rayleigh channel,

where

h = Rg

with g being an Mt × 1 vector with i.i.d. CN (0, 1) entries and RR∗

denoting the spatial correlation. We restrict the minimum singular
value λmin of R to be greater than zero and the maximum singular
value λmax of R to be less than or equal to 1. We will assume that
the receiver has perfect knowledge of h and that the transmitter has no
knowledge of the current realization of h orR other than the quantized

channel information carried by a low-rate feedback channel from the
receiver to the transmitter.

In order to use this feedback channel, the vector f will be restricted
to lie in a codebook F = {f1, f2, . . . , fN}. The receiver will choose
f from F using knowledge of h and convey the vector back to the
transmitter using log2 N bits of feedback. We will assume that the
feedback is designed offline and that the correlation matrix R is
static. This will allow the codebook to be designed as a function of
the correlation matrix R. This would also allow the codebook to be
adapted to the channel correlation in the event that R is known to the
transmitter.

The beamforming vector will be chosen to maximize the average
receive signal-to-noise ratio (SNR) given by

SNR =
|h∗f |2E

N0

=
γ2

rE
N0

. (2)

This corresponds to choosing

f = arg max
f ′∈F

|h∗f ′|2. (3)

Note that the average transmitted symbol power conditioned on f
is given by ‖f‖2E . In order to constrain the transmit power, we will
require that ‖f‖ = 1. This means that the codebook F is a finite set of
unit vectors.

Note also that γr is phase invariant. This follows because |h∗f | =
|ejθh∗f | for any θ ∈ [0, 2π). For any unit vector f , γr ≤ ‖h‖. This
bound on γr is achieved with fopt = h/‖h‖. The optimal solution,
however, is not unique because of the phase invariance.

The generalized Lloyd algorithm is now a standard tool in feedback
codebook design and has been successfully used for the design of
limited feedback in spatially uncorrelated channels [1], [9]. The Lloyd
algorithm can be applied to correlated channel feedback design by
designing a codebook F to minimize the average distortion

dLloyd(F) = E

[
‖h‖2 − max

1≤i≤N
|h∗fi|2

]
. (4)

The algorithm can be easily implemented by generating Qtest test
channels and iteratively redefining the codebook.

III. GRASSMANNIAN CODEBOOK DESIGN

While the Lloyd algorithm is fairly simple, it does not give a con-
crete criterion as to the properties that the codebook should possess.
This section will present a simple codebook design that allows the
codebook to be easily modified when R changes.

Note that an optimal beamforming vector is given by

fopt =
ejθReg

‖Reg‖ (5)

where θ ∈ [0, 2π) and eg = g/‖g‖. Because the matrixR is fixed, the
only random parameter that the optimal beamforming vector depends
on is the vector eg . Similarly, we can represent the codebook vectors
in F as

F =

{
Rc1

‖Rc1‖ , . . . ,
RcN

‖RcN‖

}
(6)
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where ci ∈ Ω for all i. Therefore, we will design the codebook in this
scenario to minimize the average loss in SNR given by

dgrass(F)=E

[
min

1≤i≤N

(∣∣∣∣g∗R∗ Reg

‖Reg‖

∣∣∣∣
2

−
∣∣∣∣g∗R∗ Rci

‖Rci‖

∣∣∣∣
2
)]

.

(7)

This expression can be bounded as in (8)–(11), shown at the bottom of
the page, where (8) uses the fact 1) that (a2 − b2) = (a + b)(a − b)
for real numbers a and b, and 2) |g∗R∗v| ≤ ‖Rg‖ for any unit vector
v, (10) follows from expanding (8) and using

‖Reg‖2 + ‖Rci|2
‖Reg‖‖Rci‖ ≥ 2

and (11) uses the fact that ‖Rg‖ ≤ ‖g‖.
The minimization over θ in (11) takes into account the phase

invariant properties of γr . The distortion in (11) is further bounded as

dgrass(F) ≤ 2Mtλmaxλ
−1
minE

[
min

1≤i≤N
min

θ
‖ejθeg−ci‖

]

≤ 2Mtλmaxλ
−1
min

(
2−2E

[
max

1≤i≤N

∣∣e∗
gci

∣∣]) 1
2

(12)

where λmax is the maximum singular value of R.
It was shown in [5] that the modified correlation |e∗

gci| is a subspace
correlation because it only depends on the column space of eg and ci.
The column space of a vector is a one-dimensional (1-D) subspace or
line. Thus, just as in [4]–[6], we should think of F as a codebook of
lines rather than a set of vectors. The set of lines in theMt-dimensional
complex vector space is known as the Grassmann manifold G(Mt, 1)
[5]. A distance between points on G(Mt, 1) can be defined by the
sine of the angle between the corresponding lines in C

Mt [13]. For
example, if P1, P2 ∈ G(Mt, 1) with corresponding unit vectors v1,
v2 ∈ C

Mt , then

δ(P1,P2) =

√
1 − |v∗

1v2|2. (13)

Line packing is a different problem than traditional spherical coding
(see, for example, [14]). While our codebook can be viewed as a
collection of points on the sphere, these points are actually only

representative vectors of lines (i.e., we are interested in the vector
column space rather than the vector itself).

The reformulation in (6) is actually using a form of companding
to compress Reg . The basic idea of companding is to transform a
source for quantization and then transform it back before usage [15].
Our compander works by designing a quantizer for eg . It was shown
in [4] and [5] that the bound in (12) can be minimized by designing
{c1, c2, . . . , cN} using Grassmannian line packing. Grassmannian
line packings would design a codebook {c1, c2, . . . , cN} such that
mink �=l δ(Pck

,Pcl
) (where Pck

is the column space of ck) is maxi-
mized. A line packing can be designed using numerical [16], [17] or
analytical [18], [19] techniques. The single-antenna noncoherent code
designs in [16] lead to a particularly simple design algorithm.

A companding approach would then use the codebook obtained
from multiplying each element of {c1, c2, . . . , cN} by R. This ap-
proach, however, does not maintain our unit vector power constraint
requirement. Thus, we will normalize our codebook to enforce the unit
vector requirement.

Therefore, to perform the codebook design, we will take a two-step
approach of designing a codebook for a spatially uncorrelated source
and then rotating the codebook. This leads to the following criterion.
Correlated Grassmannian Beamforming: Design F by picking

{c1, c2, . . . , cN} that maximize

δmin = min
1≤k<l≤N

√
1 − |c∗

kcl|2

and set

fi =
Rci

‖Rci‖ .

This criterion actually allows the system to adjust the limited feed-
back beamforming to current correlation conditions. The transmitter
spatial correlation matrix can sometimes be estimated at the trans-
mitter without any additional feedback. This would allow only one
beamforming codebook, which is designed using the Grassmannian
beamforming criterion in [5], to be stored in a system because the same
codebook could be adapted to any transmit correlation structure.

One interesting byproduct is the relationship to traditional statistical
beamforming [20]. In statistical beamforming, the beamforming vector
f would always be set equal to the dominant singular vector of R
denoted by fsv . This can provide excellent performance in highly

dgrass(F) ≤E

[
min

1≤i≤N
min

θ

(
2‖Rg‖2

∥∥∥∥ejθReg

‖Reg‖ − Rci

‖Rci‖

∥∥∥∥
)]

(8)

=E

[
min

1≤i≤N

(
2‖Rg‖2

(
2 − 2

∣∣∣∣ e∗
gR

∗Rci

‖Reg‖‖Rci‖

∣∣∣∣
) 1

2

)]
(9)

≤E

[
min

1≤i≤N

(
2‖Rg‖2λ−1

min

(
‖Reg‖2 + ‖Rci‖2 − 2‖Reg‖‖Rci‖

∣∣∣∣ e∗
gR

∗Rci

‖Reg‖‖Rci

∣∣∣∣
) 1

2

)]
(10)

=E

[
min

1≤i≤N

(
2‖Rg‖2λ−1

min

(
‖Reg‖2 + ‖Rci‖2 − 2

∣∣e∗
gR

∗Rci

∣∣) 1
2

)]

=E

[
2‖Rg‖2λ−1

min min
1≤i≤N

min
θ

‖ejθReg −Rci‖
]

≤ 2Mtλ
−1
minE

[
min

1≤i≤N
min

θ
‖ejθReg −Rci‖

]
(11)
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Fig. 1. Probability of symbol error performance comparison on an 8 × 1
correlated channel system.

correlated environments. Interestingly, our technique can be designed
such that it always provides performance equal to or better than
statistical beamforming. This follows from the fact that the minimum
distance of the line packing C̃ = {c̃1, c̃2, . . . , c̃N} is equal to the
minimum distance of the line packing C = {Uc̃1,Uc̃2, . . . ,Uc̃N},
where U is an arbitrary Mt × Mt unitary matrix. Thus, we can design
our codebook by obtaining a line packing C̃ and then setting C equal to
the unitary rotated codebook with U designed such that Uc̃1 = fsv .

IV. SIMULATIONS

Three experiments were performed to measure the benefits of
taking correlation into account when designing limited feedback
beamformers.
Experiment 1: This experiment addresses the probability of symbol

error for an eight transmit antenna beamforming system. The corre-
lation was computed from [21] using three clusters and a 5◦ angular
spread. The results are shown in Fig. 1. The limited feedback code-
books were restricted to 6 bits of feedback. Codebooks were designed
using the spatially uncorrelated Grassmannian beamforming design
(from [4] and [5]), the Lloyd algorithm, and by rotating the spatially
uncorrelated Grassmannian beamformer as in Section III. The Lloyd
algorithm beamformer and the rotated Grassmannian beamformer
both perform approximately the same, more than 3 dB better than
the spatially uncorrelated Grassmannian beamformer. The full chan-
nel knowledge beamformer (i.e., maximum ratio transmission [12],
[22], [23]) is shown for comparison.
Experiment 2: The second simulation, shown in Fig. 2, demon-

strates the probability of symbol error performance of a four transmit
antenna limited feedback beamforming system. In this simulation, the
correlation matrix R was taken from the transmit “Micro Correlated”
measurements in [24]. Sixty-four (i.e., six feedback bits) vector code-
books were designed using the Lloyd algorithm and the correlated
Grassmannian beamforming algorithm. For comparison, a 6-bit spa-
tially uncorrelated codebook (designed from [4] and [5]) and perfect
channel knowledge maximum ratio transmission were also simulated.
Note that taking into account the correlation gives more than a
0.5-dB gain. The limited feedback-correlated beamformers perform
within 0.2 dB of full channel knowledge maximum ratio transmission.
Once again, the Lloyd algorithm and the correlated Grassmannian
technique perform approximately the same.

Fig. 2. Probability of symbol error performance comparison on a 4 × 1
correlated channel system.

Fig. 3. Comparison between correlated Grassmannian beamforming and
statistical beamforming on a 4 × 1 correlated channel system.

Experiment 3: Fig. 3 presents the probability of symbol error
performance for correlated Grassmannian beamforming and statistical
beamforming on a four transmit antenna limited feedback beamform-
ing system. The correlation matrix was designed to have singular
values of 1, 0.9, 0.8, and 0.7. Four feedback bits were used for
the limited feedback scheme. Note that in this scenario, statistical
beamforming performs dramatically worse than the limited feedback
technique. This is because the channel is only weakly correlated in
space. If the correlation were rank one, the performance of both
schemes would be identical.

V. SUMMARY AND CONCLUSION

We proposed a limited feedback beamforming technique for spa-
tially correlated Rayleigh fading channels. This new method can use
codebooks designed from a simple modification to the existing lim-
ited feedback beamforming (or Grassmannian beamforming) method
discussed in [4] and [5]. Monte Carlo simulation results show that
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this new approach provides substantial performance gains over limited
feedback beamformers designed for uncorrelated channels.

It is of interest to find efficient ways to search over these subspace
codebooks. Currently, a brute force search is used by computing the
beamforming gain for each possible codebook vector. It might be
possible to use other coding techniques to localize the beamforming
vector required for feedback to a small search sphere in the Grassmann
manifold.

REFERENCES

[1] A. Narula, M. J. Lopez, M. D. Trott, and G. W. Wornell, “Efficient use
of side information in multiple-antenna data transmission over fading
channels,” IEEE J. Sel. Areas Commun., vol. 16, no. 8, pp. 1423–1436,
Oct. 1998.

[2] G. Jöngren and M. Skoglund, “Utilizing quantized feedback informa-
tion in orthogonal space–time block coding,” in Proc. IEEE Global
Telecommunications Conf., San Francisco, CA, Nov./Dec. 2000, vol. 2,
pp. 995–999.

[3] E. G. Larsson, G. Ganesan, P. Stoica, and W.-H. Wong, “On the perfor-
mance of orthogonal space–time block coding with quantized feedback,”
IEEE Commun. Lett., vol. 6, no. 11, pp. 487–489, Nov. 2002.

[4] K. K. Mukkavilli, A. Sabharwal, E. Erkip, and B. Aazhang, “On beam-
forming with finite rate feedback in multiple-antenna systems,” IEEE
Trans. Inf. Theory, vol. 49, no. 10, pp. 2562–2579, Oct. 2003.

[5] D. J. Love, R. W. Heath, Jr., and T. Strohmer, “Grassmannian beamform-
ing for multiple-input multiple-output wireless systems,” IEEE Trans. Inf.
Theory, vol. 49, no. 10, pp. 2735–2747, Oct. 2003.

[6] S. Zhou, Z. Wang, and G. B. Giannakis, “Quantifying the power loss
when transmit beamforming relies on finite-rate feedback,” IEEE Trans.
Wireless. Commun., vol. 4, no. 4, pp. 1948–1957, Jul. 2005.

[7] W. Santipach and M. L. Honig, “Asymptotic performance of MIMO
wireless channels with limited feedback,” in Proc. IEEE Military
Communications Conf., Boston, MA, Oct. 2003, vol. 1, pp. 141–146.

[8] G. Jöngren and M. Skoglund, “Quantized feedback information in orthog-
onal space–time block coding,” IEEE Trans. Inf. Theory, vol. 50, no. 10,
pp. 2473–2486, Oct. 2004.

[9] V. Lau, Y. Liu, and T.-A. Chen, “On the design of MIMO block-fading
channels with feedback-link capacity constraint,” IEEE Trans. Commun.,
vol. 52, no. 1, pp. 62–70, Jan. 2004.

[10] R. S. Blum, “MIMO with limited feedback of channel state informa-
tion,” in Proc. IEEE Int. Conf. Acoustics, Speech, and Signal Processing,
Hong Kong, Apr. 2003, vol. 4, pp. 89–92.

[11] P. Xia and G. B. Giannakis, “Design and analysis of transmit-
beamforming based on limited-rate feedback,” in Proc. IEEE Vehicular
Technology Conf., Los Angeles, CA, Sep. 2004, vol. 3, pp. 1653–1657.

[12] M. K. Simon and M. S. Alouini, Digital Communications Over Fading
Channels. New York: Wiley, 2000.

[13] J. H. Conway, R. H. Hardin, and N. J. A. Sloane, “Packing lines,
planes, etc.: Packings in Grassmannian spaces,” Exp. Math., vol. 5, no. 2,
pp. 139–159, 1996.

[14] T. Ericson and V. Zinoviev, Codes on Euclidean Spheres. Amsterdam,
The Netherlands: North-Holland, 2001.

[15] A. Gersho and R. M. Gray, Vector Quantization and Signal Compression.
Boston, MA: Kluwer, 1992.

[16] B. M. Hochwald, T. L. Marzetta, T. J. Richardson, W. Sweldens, and
R. Urbanke, “Systematic design of unitary space–time constellations,”
IEEE Trans. Inf. Theory, vol. 46, no. 6, pp. 1962–1973, Sep. 2000.

[17] D. Agrawal, T. J. Richardson, and R. L. Urbanke, “Multiple-antenna
signal constellations for fading channels,” IEEE Trans. Inf. Theory,
vol. 47, no. 6, pp. 2618–2626, Sep. 2001.

[18] T. Strohmer and R. W. Heath, Jr., “Grassmannian frames with applications
to coding and communications,” Appl. Comput. Harmon. Anal., vol. 14,
no. 3, pp. 257–275, May 2003.

[19] A. R. Calderbank, R. H. Hardin, E. M. Rains, P. W. Shor, and
N. J. A. Sloane, “A group-theoretic framework for the construction of
packings in Grassmannian spaces,” J. Algebr. Comb., vol. 9, no. 2,
pp. 129–140, 1999.

[20] E. Visotsky and U. Madhow, “Space–time transmit precoding with imper-
fect feedback,” IEEE Trans. Inf. Theory, vol. 47, no. 6, pp. 2632–2639,
Sep. 2001.

[21] V. Erceg et al., Indoor MIMO WLAN Channel Models, Sep. 2003.
IEEE 802.11-03/161r2.

[22] T. K. Y. Lo, “Maximum ratio transmission,” IEEE Trans. Commun.,
vol. 47, no. 10, pp. 1458–1461, Oct. 1999.

[23] E. G. Larsson and P. Stoica, Space–Time Block Coding for Wireless
Communications. New York: Cambridge Univ. Press, 2003.

[24] J. P. Kermoal, L. Schumacher, K. I. Pedersen, P. E. Mogensen, and
F. Frederiksen, “A stochastic MIMO radio channel model with expe-
rimental validation,” IEEE J. Sel. Areas Commun., vol. 20, no. 6,
pp. 1211–1226, Aug. 2002.

Error Probability of Bit-Interleaved Coded Modulation
in Wireless Environments

Ping-Cheng Yeh, Salam A. Zummo, and Wayne E. Stark

Abstract—The bit-interleaved coded modulation (BICM) method is ef-
ficient in mitigating multipath fading by providing time diversity. In this
paper, union bounds on the bit and packet error probabilities of the BICM
are derived. In the derivation, the authors assume the uniform interleaving
of coded bits prior to mapping them onto the signal constellation. This
results in a random distribution of the error bits in a codeword over the
transmitted symbols. This distribution is evaluated, and the corresponding
pairwise error probability is derived. Union bounds are functions of the
distance spectrum of the channel code and the signal constellation used
in the BICM system. The authors consider BICM systems operating over
additive white Gaussian noise (AWGN), Rayleigh, Rician, and Nakagami
fading channels. Results show that the new bounds are tight to simulation
curves for different channel models. The proposed bounds are general for
any coding scheme with a known distance spectrum.

Index Terms—Additive white Gaussian noise (AWGN), bit interleaved,
bit-interleaved coded modulation (BICM), coded modulation, convolu-
tional codes, fading channels, generalized fading, Nakagami, Rayleigh,
Rician, turbo codes, union bound.

I. INTRODUCTION

The growing demand for data communications require bandwidth-
efficient transmission techniques. A serious challenge to reliable com-
munication in wireless systems is the time-varying multipath fading
environment, which causes the received SNR to vary randomly. The
fading distribution depends on the environment. For example, if a line
of site (LOS) exists between the transmitter and the receiver in addition
to the multipath reception, the fading process can be modeled by a
Rician distribution [1]. Another popular fading model is the Nakagami
distribution [2], which provides a family of distributions that match
measurements in different propagation environments [3].

Coding and diversity techniques are methods used to mitigate the
effects of multipath fading. Coded modulation [4] jointly considers
error control coding and modulation to achieve high transmission rates
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