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Abstract— Multiple-input multiple-output (MIMO) wireless  spatial multiplexing is sensitive to ill-conditioning of the
systems use antenna arrays at both the transmitter and receiver channel matrix.
to provide communication links with substantial diversity and ca- Premultiplying the transmitted data streams by a precoding

pacity. Spatial multiplexing is a common space-time modulation tri h based h | inf fi .
technigue for MIMO communication systems where independent matrix, chosen based on channel information, IS one way

information streams are sent over different transmit antennas. t0 guard against rank deficiencies in the channel and to
Unfortunately, spatial multiplexing is sensitive to ill-conditioning improve error rate performance. The basic idea of precoding
of the channel matrix. Precoding can improve the resilience of js to use some form of channel knowledge at the transmitter
spatial multiplexing at the expense of full channel knowledge at to customize the transmitted signal to the eigen-structure
the transmitter - which is often not realistic. This correspondence . .

proposes a quantized precoding system where the optimal pre- of the matrix channel. Precoding has be_en prop_osed based
coder is chosen from a finite codebook known to both receiver ON knowledge of the full channel state information at the
and transmitter. The index of the optimal precoder is conveyed transmitter [3], [4], first-order statistics [5], [6], or second-
from the receiver to the transmitter over a low-delay feedback order statistics of the channel [7]-[11]. The full gains from
link. Criteria are presented for selecting the optimal precoding precoding are achieved with full channel state information

matrix based on the error rate and mutual information for . this all the t itted si 1o b tomized based
different receiver designs. Codebook design criteria are proposed Since this allows the transmitted signal {o be customized base

for each selection criterion by minimizing a bound on the average ©OnN the eigen-structure of the matrix channel. In time division

distortion assuming a Rayleigh fading matrix channel. The design duplex systems with suitable ping-pong time, full channel

criteria are shown to be equivalent to packing subspaces in the state information may be available. In frequency division

Grassmann manifold using the projection two-norm and Fubini- q,nj1ex systems, however, full channel state information must

Study distances. Simulation results show that the proposed systemb d th h a feedback ch L This is i tical

outperforms antenna subset selection and performs close to e conveye rough a teedback channel. _'S_ IS Impractical,

optimal unitary precoding with a minimal amount of feedback. ~ though, due to the number of channel coefficients that need
Index TermsDiversity methods, Grassmannian subspace pack- t0 be quantized and transported to the transmitter over limited
ing, MIMO systems, Quantized precoding, Rayleigh channels, bandwidth control channels.

Spatial multiplexing, V-BLAST. In this correspondence, we propose a solution to the prob-
lem of precoding for spatial multiplexing systems with limited
feedback capacity. The essential idea is that the transmit pre-

l. INTRODUCTION coder is chosen from a finite set of precoding matrices, called

Multiple-input multiple-output (MIMO) wireless channels the codebook, known to both the receiver and the transmitter.

created by exploiting antenna arrays at both the transmitfgh€ receiver chooses the optimal precoder from the codebook
and receiver, promise high capacity and high quality wirele&s 2 functhn of f[he current. chanr)el state mformgtlon and
communication links [1], [2]. Exploiting the benefits offereoser_'ds_ the binary index of this matrix to the transmitter over
by MIMO channels requires choosing a space-time modulati@nimited feedback channel. We address two key problems
scheme and receiver algorithm that provide a sensible pg}_tms correspondence: (|)_.select.|on of the .optlmal precoder
formance and complexity tradeoff. Along these lines, spatigP™ the codebook and (i) design of optimal codebooks.
multiplexing, where a bit stream is demultiplexed into muItipIéNe assume that the channel IS statlstlcglly d?SC”bed by the
substreams that are sent over different antennas, is a praclril?z{fOWban_d uncorrelate_d Rayleigh matrix fading model and
space-time modulation technique that permits a choice of Otht th_ere is zero delay in the f_eedba_\ck_channel. For codeword
timal, near-optimal, and suboptimal receivers. Unfortunate§€!€ction, we propose selection criteria based on the error
probability [3], [12]-[14] and mutual information [15]-[17].
This work was supported in part upon work supported by the Tex%é/e ConS'der.bOIh ma)“mgm “ke"hPOd (ML) (pptlmal but h"gh
Advanced Research (Technology) Program under Grant No. 003658-06iplementation complexity) and linear receivers (suboptimal

2001, the National Instruments Foundation, the Samsung Institute of Appligght [ower implementation complexity). The optimal precoding
Technology, and the SBC Foundation. This paper was presented in part

at the 415" Annual Allerton Conference on Communication, Control, and/atrx can be‘_ easily chosen using our selgctlon criteria by
Computing, Monticello, IL, Oct. 1-3, 2003, the IEEE Military Communicatiorsimply searching through all codebook matrices. We address

Conference, Boston, MA, Oct. 13-16, 2003, and the IEEE Global Telecompdebook design for each of the proposed selection criteria. By
munications Conference, San Francisco, CA, Dec. 1-5, 2003.

D. J. Love is with the Center for Wireless Systems and Applications, Sch(gpundmg the average distortion, we show that the codeword
of Electrical and Computer Engineering, Purdue University, 465 Northwestegelection criteria imply that codebooks should be designed
Ave., West Lafayette, IN 47907 USA. (email: djlove@ecn.purdue.edu)  sych that the constituent matrices are maximally spaced. The
R. W. Heath, Jr. is with the Wireless Networking and Communications Grou . . .

Department of Electrical and Computer Engineering, The University of Tex§4Stance measure is not Euclidean distance but rather subspace

at Austin, Austin, TX 78712 USA. (email: rheath@ece.utexas.edu). distance on the Grassmann manifold. Specifically we show



that, depending on the receiver, optimal codebook designs are ha Y Yot

subspace packings in the Grassmann manifold using either the Xt Y %

projection two-norm or the Fubini-Study distance. Ve Vector
Limited feedback precoding has been considered in the past X2 Y Y ® "2 | Decoder

extensively for the cases of transmit beamforming [18]-[20], Vector . 1 . l\jﬂ?( 5

precoding for space-time block codes [21]-[23], and covagtsrean E"(‘;Odef T . Vi .

ance quantization [24], [25]. As well, antenna subset selection Modulatol e .

can be viewed as an important example of limited feedback Fol.

precoding where the optimal subset of transmit antennas is X )

computed and conveyed to the transmitter (see for example Decoder

[12], [15], [17], [26]-{28]). The random vector quantization from & using K?L

work in [29] is another form of limited feedback precoding. binary index

Our correspondence proposes a natural generalization of this Yo Choose

existing limtied feedback work. from F
This correspondence is organized as follows. Section I Send binary codebook index

reviews the precoded spatial multiplexing system model. Cri-

teria for choosing the optimal matrix from the codebookig. 1. Block diagram of a limited feedback precoding MIMO system.

is presented in Section lll. Design criteria for creation of

the precoder codebook are derived in Section IV. Section V

illustrates the performance improvements over no precodinvghereH is the channel matrix and, is the noise vector. We

unquantized precoding, and antenna subset selection usisgume that the entries Bf are independent and identically

Monte Carlo simulations of the symbol error rate. Conclusiomsistributed (i.i.d.) according t€A(0,1) and the entries of

are presented in Section VI. vy, are independent and distributed according’#d(0, Ny).
Notation: We use” to denote transpositiorf, to denote The received vector is then decoded by a vector decoder,

conjugate transpositiort;! to denote matrix inversiont to assuming perfect knowledge @F, that produces a hard

denote the matrix pseudo-inverdg, to denote thelM x M decoded symbol vecta.

identity matrix, || - ||» to denote the matrix two-nornf,- || » to In this correspondence, the receiver chooses a precoding
denote the matrix Frobenius norm-) to denote the trace of matrix F from a finite set of possible precoding matrices
a matrix, det(-) to denote the determinant of a matri* to F = {F,F»,...,Fy} and conveys the index of the chosen

denote them-dimensional complex vector spac@\ (0,0%) precoding matrix back to the transmitter over a limited capac-
to denote the complex normal distribution with independeity, zero-delay feedback link. We assume that e®tle F

real and imaginary parts distributed according\f@0, o2 /2), has unit column vectors that are orthogonal. This assumption
UMy, M) to denote the set of\f;, x M matrices with is not especially restrictive since it follows from the form
orthonormal columns);{A} denotes the™ largest singular of the optimal, full channel knowledge precoders derived in
value of A, argmin , (argmax ,) to denote a function that [3] assuming a maximum singular value constraint Bn
returns a global minimizer (maximizer) over the séf and Thus the proposed codebook will satisfy S (M, M).

card(-) to denote the cardinality of a set. To simplify implementation, we will typically assume that
bits of feedback are available; thus, the codebook consists of
Il. SYSTEM OVERVIEW N = 2B matrices int/(M,, M). The fact that the sef is

The proposed system is illustrated in Fig. 1. A bit streamiscrete allows the receiver to solve fBrby computing the
is sent into a vector encoder and modulator block where it$slection metric of interest for each of thé = 27 codebook
demultiplexed intoM different bit streams. Each of th& entries. The limitation of the codebook 25 matrices allows
bit streams is then modulated independently using the sathe system designer to constrain the precoding overhead and
constellationV. This yields a symbol vector at timg of to take full advantage of the limited feedback channel.
Sk = [Sk.1 Sk2 --- sk,M]T. For convenience, we will assume To illustrate the concept, consider a codebook that corre-
that Es, [sksi] = Iu. sponds to antenna subset selection [12]. Such a codebook
The symbol vectors, is then multiplied by anM; x M  would consist of the(l‘]f;) matrices consisting oM columns
precoding matrixF (which is chosen as a function of theof I,,. Notice that each set of/ columns ofI,;, is an
channel using criteria to be described) producing a lengtfement ofi/(M;, M). Naturally, antenna selection precoding
M, vector x; = /% Fs; where &, is the total transmit can be directly implemented in a IiJrSited _fee_dback system
energy, M, is the number of transmit antennas, ahig > /. because a total feedback of orfliog; (/)1 bits is required.
We assume throughout the correspondence Hat> 7. Unfortunately, the performance is highly limited because (i)
Assuming perfect timing, synchronization, sampling, and tRé columns off’ are restricted to being/ columns ofI,,
memoryless linear matrix channel, this formulation allowdnd (ii) the size of the codebook is limited By and M;. It

the baseband, discrete-time equivalent received signal to igf interest to remove any restrictions about the nature of the
written as elements of the codebook as well as the number of elements in

Es an effort to come closer to the gains of approximately-optimal
Ye =\ 77 EFse + Vi () precoding.



The primary goal of this precoding is to improve the overallhe computation ofl,,in, zr requires a search ovéfa’”diM>)
system performance using a sub-optimal receiver (though wectors.
do consider optimal ML decoding as well for completeness). Using (3), the minimum Euclidean distance criterion is to
For example, precoding can allow an easily implemented lingaick F from the codebookF for a givenH assuming thavV
receiver to outperform optimal decoding at the expense of hd &, /Ny are fixed according to the following criterion.
using more transmit antennas and (ii) requiring channel infd#L-SC: ML Selection CriterionPick F such that
mation at the transmitter. It should be noted that depending F — aremax do.. @)
on the SNR and the antenna configuration, feedback may not N F%Ef min, -
be needed. Using feedback to improve the data rate of
forward data path can cause a significant overhead on
reverse path. When the SNR is high, it is well-known thq
feedback is not needed to achieve capacity and the feedba
overhead will be detrimental. We do not consider the effect of )
feedback overhead on the system. B. Linear Receiver

As well, we assume thad/ is fixed.We do not vary the Linear receivers apply al/ x M, matrix G, chosen accord-
dimensionality of the transmitted data vector as a functidhg to some criterion, to produ&®, = Q (Gy) whereQ(-)
of the channel matrix. This kind of adaptation will causés @ function that performs single-dimension ML decoding
a large increase in both transmit and receive complexity. far each entry of a vector. Criteria will be presented for two
should be noted, however, that varyidg can dramatically different forms ofG: zero-forcing and minimum mean square
improve the system performance. Readers are referred to [80)or. For a zero-forcing (ZF) linear decod€, = (HF)".
for discussion on this kind of adaptation. When a minimum mean square error (MMSE) linear decoder

Problem Statement The objective of this correspondencds usedG = [F*H*HF + (NoM /&)1y ' F*H*.
is to solve the two key problems that are needed to effectivelyl) Minimum Singular Value:We will characterize the av-
design and implement a limited feedback precoding systegrage probability of symbol vector error performance using
as proposed in Fig. 1. The first is to develop algorithms féhe substream with the minimum SNR following the results
selecting the optimaF from F as a function of the error given in [12]. It was shown in [12] that the SNR of tfé"
probability or mutual information. This is the codeword osubstream is given by

Sriving a closed-form solution téL-SC is difficult since
minimum distance depends on the constellation as well as
c?< channel realization.

precoder selection problem. The second is to determine how to (ZF) E,
select a good codebodgk, based on a distortion measure that SNRy, ~ MN. [F*H*HF]—I (%)
accounts for the fact that the channel is uncorrelated Rayleigh 0 k.k
fading. This is the codebook design problem. for the ZF decoder and
(MMSE) _ Es
[1l. PRECODING CRITERIA SNRy ~ MNo[F*H*HF + M Ny /E Xy, L !
In this section, we discuss the criteria used for choosing the ’ (6)

optimal precoding matrix from a given codebook. We outlinfor the MMSE decoder, wherA,;}c is entry (k, k) of A~1.
criteria based on minimizing the error rate for the maximunm [12] it is shown that in order to minimize a bound on the
likelihood or linear decoder and on maximizing the mutualverage probability of a symbol vector error, the minimum
information. When illustrative, we derive the optimal matrixsubstream SNR must be maximized.

overU (M, M). Using a selection criterion based on the minimum SNR
requires the computation of the SNR of each of thé
A. Maximum Likelihood Receiver substreams and the estimation of tfig/Ny. The computa-
The ML receiver solves the optimization problem tional complexity combined with the possibility of estimation
5 9 error makes the minimum cumbersome to implement. For this
~ . s reason, [12] shows that the minimum SNR for ZF can be
o asregvrxrzlﬂl/}l vk M HEs @ bounded using
A closed-form expression for the probability of symbol vector SN Rf}ﬁf )= min SN R,(CZ ) @)
error is difficult to derive. One approach is to observe that 1sksM
the probability of symbol vector error can be upper bounded > A2, {HF} &s (8)
for high signal-to-noise ratios (SNR) using the vector Union M Ny

Bound [31]. This approach is motivated by the fact that thehere\,,;, {HF} is the minimum singular value dfiF.
Union Bound provides an adequately tight prediction of the We use (8) to obtain a requirement for choosidgrom F
probability of error for large SNR. Since we assuf@’N, for a givenH. We have assumed th#&t and&, /N, are fixed.
to be fixed, the Union Bound is solely a function of theMSV-SC: Minimum Singular Value CriterioRick F such that
receive minimum distance,,;,, z of the multidimensional _ ‘ }
constellationV™ [13], which is given by F= a;gfélﬁx Amin {HF: }. ©)

Es This criterion provides a close approximation to maximizin
VIS IHF (51— s2) 2 (3) ; - :

dmin,R = min
s1,82E WM sy #£sy

the minimum SNR for dense constellations. The reason for



this is that asard(W

) grows large, the probability of an errorset ¢/ (M;, M) for subsequent comparisons. In [3], various

vector lying collinear to the minimum singular value directiortonstraints or¥,,, were considered along with various mean

goes to one.
Optimal Unquantized Precoder
For comparison purposes, we also derlg,, € U(M,;, M)

squared error cost functions based MBE(F,,.). Since we
restrict our search t&,,, € U (M;, M) we will consider the

constraint in [3] where the maximum eigenvalueky,.F;,,

that maximizes\yin { HF ,,; }. Note that when the feasible $et is unity. Note that all matrices i{(M;, M) satisfy this

is U(My, M), Fop: is not unique. For example, ¥,,; max-
imizes Apin {HF,,: } then so doe,,, U for any U (M, M).
Let the singular value decomposition Bf be given by

H=V,ZV, (10)

whereVy € U(M,,M,), Vr € U(My, M), and X is an
M, x M, diagonal matrix with\;,{H} denoting thek™" largest
singular value ofH, at entry(k, k).

Lemma 1:An optimal precoder ovet{(M;, M) for MSV-

SCis F,,; = Vi whereV, is a matrix constructed from the Once againF ., is not unique because:(MSE

first M columns ofVg. B

Proof: LetF = [F,,; f1 ... far,_a) WhereF*F =T,
It is clear that the matrif*H*HF is a Hermitian matrix and
F:,H*HF,, is obtained fromF*H*HF by simply taking
the principle submatrix corresponding to the fiigtrows. By
the Inclusion Principle[32],

)\min{H} - )\]\,{t{H}
S AIIliIl{HFO[)t}

= /\J\l{HFopt}
< Aw{H}.

Here the M™ singular value refers to the singular value at

entry (M, M) of the ordered diagonal matrix. For the case
where M,. < M,, there will be M,. different singular values.

BecauseM < M,, the M™ singular value is well-defined.

This upper-bound can thus be achieved'jf,, = Vi. [ |
2) Minimum Mean Squared ErrorPrevious work [3] has

considered improving the overall system performance by mini-

constraint, but belonging té{(M;,
condition for this constraint.

It was shown in [3] thaF ,,,,; that minimizegr(MSE(F,:))
or det(MSE(F,,,;)) under this maximum eigenvalue constraint
is Fo,r = V. Therefore we can state the following lemma
as a consequence.

Lemma 2:(Scaglione et al [3]) A matri¥,,; € U(M,;, M)
that minimizes either of the two cost function§MSE(F ,,:))
and det(MSE(F,t)) is Fopt = V.

E(F om)) =

( OPtU))

M) is not a necessary

tr(MSE(F,,:U)) and det(MSE(F ;) = det(MSE
for any U € U(M, M).

C. Capacity

In the context of antenna subset selection for spatial multi-
plexing systems, the mutual information (or capacity) has been
used to formulate a precoder selection criterion [15], [16].
When the transmitter precodes with before transmission,
the equivalent channel [HHF. Thus the mutual information
assuming an uncorrelated complex Gaussian source @#ven
and a fixedF is

I(F) = log, det (IM +

FHHF> . (13)

M Ny
Therefore we can state a capacity inspired selection criterion
as follows.

Capacity-SC: Capacity Selection CriterioRick F' such that

F = argmax I(F;). (14)
F,cF

mizing some function of the mean squared error (MSE) matiioe that we call this selection criteriorCépacity-SC for

MSE(F,G)=E

o) o)

where the expectation is taken owgrandv;. When MMSE
linear decoding is used, we express the MSE as

Es
MN,

Using (11) we derive a selection criterion for choosiFg
from F.
MSE-SC: Mean Squared Error CriteriofRick F' such that

F = argminm (WE(FZ)) (12)
F.€F

i

—1
MSE(F) = i/[(IM-i- FHHF> .11

wherem(-) is eithertr(-) or det(-).

consistency with previous works [12], [15], [16].

Optimal Unquantized Precoder

It is possible to find the optimal unquantized precoBgy;
U(M;, M) for the Capacity-SCcriterion.

Lemma 3:A precoder matrix¥,,, € U(M,, M) that max-

imizes I(F,,;) is given byF,,; = V.
Proof: Note that maximizing
log, det (I M+ 37 F;jptH*HFopt) is equivalent to

*
Fopt

F*

opt

maximizing det ( Iy + 37 H*HFo,,t) and thus

minimizing ~ det (IM+MN H*HFopt) The

latter expression differs frondet (MSE(F)) by a constant
scale factor. It therefore follows from Lemma 2 that
= Vi maximizesI(F,). [ |

Note that minimizing the MSE does not specifically mean B‘ecause of the relationship MSE-SC it is easily seen that

reduction in the probability of error. In general, if the goal is tq(

minimize the probability of erroMSV-SCshould be chosen.
Optimal Unquantized Precoder

Again, we present the optimal precoder over the unquantized

pt) = I (FopU) foranyU e U(M, M).

IV. LIMITED FEEDBACK PRECODING. MOTIVATION AND
CODEBOOKDESIGN

1The feasible set of an optimization is the domain that the cost function is IN the previous section we derived criteria for selecting the

optimized over.

optimal precoding matrix. It is important that codebagkis



designed specifically for the chosen criterion. To understadd matrices that maximize the minimum subspace distance
the codebook design problem, we first perform a probabilistfavhere distance can be chosen in a number of different ways
characterization of the optimal precoding matrix. We the[36]) is known asGrassmannian subspace packinge will
use this characterization to derive codebooks that maximiase the interpretation of the precoding codebagbkas a
average bounds on each of the performance criteria. packing of subspaces to simplify notation and analysis.

A normalized invariant measureis induced org (M, M)
A. Probabilistic Characterization of Optimal Precoding MaPY the Haar measure #1(;, M). This measure allows the
trix computation of volumes withii; (M,;, M). Subspaces within
the Grassmann manifold can be related by their distance from
each other [36]-[38]. A nhumber of different distances can be
H'H = VRzZ*V5 (15) defined [36], [39], but we will only make use of three. The

chordal distancebetween the two subspac®s, andPr, is
with V z andX defined as in (10). In [33], it is shown that for a

Let the eigenvalue decomposition BF*H be given by

MIMO Rayleigh fading channeV g, the right singular vector denora(F1,Fy) = — ||F1F} — FoF3| »
matrix, is isotropically distributed ot (M, M), the group of \f

unitary matrices. Ansotropically distributedM; x M matrix

V is a matrix where®*V < V for all ® € U(M,, M,) =| M- ZA?{F*{Fz}.
with £ denoting equivalence in distribution [34]. As stated =1

in Section Ill, the optimal precoder faMSV-SC, MSE-SC, The projection two-norm distancleetween two subspacéy:,
and Capacity-SCis constructed by simply taking the firdf andPg, is

columns of V. Using the isotropic distribution oV g, it is

possible to derive the distribution ;. dproj(F1,F2) = |[F1F] — FaFjlls = /1 - A%, {FiF2}.

Lemma 4: For a memoryless, i.i.d. Rayleigh fading channef-he Fublm -Study distancdetween two subspacé®r, and
H, F,,. = Vg is isotropically distributed od/(M;, M). Pp

Proof: First note that dps(F1, F2) = arccos |det (F1F3))|.

Fopt = Ve =Vg { 0 L } (16) Each of these distances correspond to different ideas of
(M= M) > M distance between subspaces. The chordal distance generalizes
where 07, —ar)x s is an (M; — M) x M matrix of zeros. the distance between points on the unit sphere through an
Since Vi, is isotropically distributed, isometric embedding frong(M;, M) to the unit sphere [37].
Maximizing this distance corresponds to minimizing the sum
] of the eigenvalues oF;FF;F, or similarly |[F;F||%. The

OF,,t = O©"Vy [ Las
projection two-norm distance is maximized by minimizing

O —Myx s

4 Vz [ Ly ] the smallest singular value @&7F2, while the Fubini-Study
O(nt,—nryx distance is maximized by minimizing the product of the
=Fopt. singular values oF;F,. Note that
u ||F>|1<F2HF > M/\inn{FTF2} >M |d€t (FTFQ)‘Qa (17)

Lemma 4 will allow the effect of the codebook on averag%
distortion to be studied, with distortion to be defined later. t
dchord(Fly F2) < \/Mdproj(Fla F2)

B. Grassmannian Subspace Packing < VM sin (dps(F1,F3)). (18)

Before stating design criteria for each of the precodl
matrix selection criteria, we present some relevant ba%
ground about finite sets of matrices #(M,;, M). The set
U(M;, M) defines the complestiefel manifold[35] of real
dimension2M,; M — M?. Each matrix in/(M;, M) repre-
sents anM-dimensional subspace dt*:. The set of all §= min d(F;,F;)
M-dimensional subspaces spanned by matricég(il;, M) 1Si<sN
is the complex Grassmann manifoldenoted asj (M, M). Whered(-,-) is a distance function oG (M;, M).
Thus if Fy, Fy € U(M,;, M) then the column spaces Bf; and Consider the open ball iG(M;, M) of radiusy/2 defined
F,, Pr, and Pg, respectively, are contained @G(M;, M). as
Note that the Grassmann manifold can be analyzed using a o
real or complex Stiefel manifold [35], however, we will only Br.(7/2) = {Pu € G(Mi, M) | d(U, Fy) </2}.
make use of complex subspaces in this correspondence. @bis metric ball can be defined with respect to any of the
codebookF, which consists of a finite number of matriceglistance function o (M;, M). Note that ifd.porq(F1,F2) <
chosen froml/(M;, M), thus represents a set, or packing,/1 — p?, with 0 < p < 1, then we are guaranteed that
of subspaces in the Grassmann manifold. Designing setsdpf,;(F1,F2) < /1 —p? anddps(F1,F3) < arccos(p™).

tS = {Pr,,Pr,,...,Pry} be the packing of column
paces of the codebook matrices whég, is the column
space ofF';. Similarly to binary error correcting codes [36], a
packing can be characterized by its minimum distance



This follows by restricting the largest/ — 1 singular values Thus maximizing the lower bound o#.in r iS equivalent
of FiF, to be unity in order to find a lower bound on theo maximizing A, {HF}. Thus this bound show#IL-SC

minimum singular value. This observation yields requires maximizing\,i, {HF}.
chor roj MSE-SCusing the trace cost function choosBss F that
B (010 /2) € BE (Opros/2) (29) o
and 1
& I £s F*H*HF )
Bt (1= oM ps /) ) € BE Grs/2). - (20) S ACES s ~
Thedensityof a subspace packing with respect to a distangg,r  high SNR, this can be approximated by
v(y<o)is Notr ((F*H*HF)_l), and we can bound
N N
Aly)=p <U Br, (7/2)> => u(Br,(7/2) L MN,
. , ' *H*HF;))"!) < min ——-2 .
im1 = glchotr ((FlH HF;) ) < nin. X {HF] (26)

where Br, (v/2) can be defined with respect to any distance

function on the Grassmann manifold. The density of a packirigie bound in (26) uses the fact that the maximum eigenvalue
is a measure of how well the codebook matrices “covepf (F*H*HF) ' is the inverse of the minimum eigenvalue of
G(M;, M). The density allows the probability of the isotropi-F*H*HF. Minimizing the bound approximately minimizes
cally distributedV » falling in one of the seB, (7/2), with the trace of the MSE matrix. Therefore, maximizing the

~ < 4, to be expressed as Amin{HF } is an approximate method for minimizing the trace
N of the MSE matrix.
Pr|Vge U Br, (7/2) | = A(y). (21) B_ased on (25) a_nd (26_), we can relate the selection of the
e optimal codeword in a given codebook for thél-SC and

MSE-SC(using the trace cost function) cases to selection of
the optimal codeword based diSV-SC To define a notion
Achord(Oproj) < Aproji(Oproj) (22) of an optimal codebook, we need a distortion measure with
which to measure the average distortion. To design codebooks
and for the ML-SG MSE-SC and MSV-SCcase we will use the

Achord (2\/1 — cos2/M (5FS/2)> < Aps(6ps) (23) error difference

Furthermore, (19) and (20) yield

2 2
where the subscript indicates the distance used. Notice that the Amin {HFopt } = A {HF }

factor of 2 in (23) follows from the fact that the Fubini-Study
minimum distance is halved inside of the cosine function. F
large M, it has been shown in [36] that

hich is nonnegative for any choice Bf, € F. Thus we will
choose our codebook to minimize the average distortion

5 )2MtM+o(Mt)

W (24) En |:>\12nin{HF0pt} - é‘ngé /\1211in {HFl }:|

Achord(é) ~ N (

= Fg | )2, {H) — A2, HFi}. 27
C. Codebook Design Criteria H{ a {H} Fior min {HF} 27

We now derive the codebook design criteria for e""cllé'valuating the expectation exactly in (27) is difficult; there-

specific selection criterion using the distribution of th(1-'.>Ore we will minimize an upper bound on the average distor-
optimal unquantized precoding matrix derived in Sectiop_

IV-A and the Grassmannian subspace packing results In
Section IV-B.

Using the singular value representation used in Section Il
and the properties of Grassmannian subspace packing,

ML-SC, MSV-SC, & MSE-SC (with Trace Cost Function)
We will show that theML-SC, MSV-SCandMSE-SQ(with the Ex L{I_laé Afmn{HFi}} = En [1{3.1&§ Arznill{EV}},Fi}]
trace cost function) selection criteria all relate to maximizing < i

the average minimum singular value of the effective channel > By {max /\?nin{EVj%Fi}:|
matrix HF. We will use this result to derive a codebook design Fier
criterion that relates to subspace packing on the Grassmann 2 2 T
. . T > > Eng | \y{H} E A AV ERF, 28
manifold using the projection two-norm distance. > Bu [\ {H}] B F.er min{VeFi}| - (28)
Using (3), we can bound .
whereX is the matrix constructed from the fir8f columns
drnin.R > & ( min lIs1 — sal2 | Amin{HF}. of 3. The re_sult in (28) follows from the fact that singular
M \s1.s26WM 1752 values and singular vectors of complex normal matrices are

(25) independent [33], [35]. Due to the results in (27) and (28) we



obtain To define a notion of an optimal codebook, we need a
distortion measure to measure the average performance loss in

By |:)\12nin{HFopt} — max /\iin{HFi}} this case. Sinc&,,; that maximizes the mutual information
' . overU(M;, M) givesI(F,,;) = det (IM + %;;,UETf) , we
< Bu [M\3{H}] En [(1 — Inax )‘r2nin{VRFi}):| will use the error difference
~ —* 2 Es =T—
) o () e (4 5
[ ]5%2 ] [(Fope) — |det (VRF) det (T + 373 5 2
( pZOJ Aproj(dproj) + (1 = Aproj(dproj)) which is nonnegative for any choice &f, € F. Thus we will
29) choose our codebook to minimize the average distortion
é by [/\?V[{HH : Fu |:d6t (I]V[ + & ETE) — (31)
( 51) 0] 2MeMro(Me) (6;2#0]' )) Mo 2 &
1+N<'> 1)), T s =T
2V M 4 ) max |det (VRFl) det <IM + TN Noz 2)]

Es —T—
— Ey |det 1, SN
H{E(MH_MNO )}

The bound in (29) is a result of partitioning the possible
outcomes into two cases: (i) the subspacéVof falls within — 2

a codeword metric ball of radiu,.,; and (i) the subspace (1 —En {glgé ‘det (VRFi) D : (32)
of V does not fall within a codeword metric ball. The code- .

words fall within a metric ball with probability o, (6,r0;) where (32) follows from the independenceX®fandV; [33],
and must have distance less thn,; /2 from some codeword [35]. . . .

when they fall within a metric ball. Substituting the density 1n€ distortion cost function can be bounded as
bound in (22) and the approximation in (24) results in (30)E det (1a + Es s7s3) |

Differentiation and making the assumption thad/, M + H M M Ny

o(M;) > 2/3, gives the following design criterion. We always . 2
have thatd,.,; < 1 so the function is a decreasing function (1 — En [{}_12} ‘det (VRFi) D
of Opro; '

proj-

Es =Ir=
Codebook Design CriterionA codebookF for a system < Fn [det <IM + UN ETE)] .
using ML-SC MSV-SC or MSE-SC (using the trace cost ) 0

function) to selectF from F should be designed by (1= cos® (drs/2) Ars(drs)) (33)
maximizing the minimum projection two-norm distance Es ZTE)] (1— Ncos® (3rs/2)-

. . S Eu |det (1
between any pair of codeword matrix column spaces. ~H { ‘ < m M Ny

_ _ _ _ o2/ M (s 5 2M M+o(My)
MSE-SC (with Determinant Cost Function) & Capacity-SC <\/ cos?/M(Sps/ )> )
Similarly to the above, we will show that thdSE-SC(with M
the determinant cost function) adapacity — SC selection (34)

criteria require maximizing the average system capacity. This

result will be used to derive a codebook design criterion thaf'®_result in (33) follows from the facts that the subspace

relates to subspace packing on the Grassmann manifold ujig¥ = liés within a codeword metric ball with probability

the Fubini-Study distance. Ars(6rs) and that all subspaces within the metric balls have

SelectingF € F using MSE-SCwith the determinant cost distance less t_haﬁffs/z' Using.the density_bound_ iq (23)_

function requires solving foF that minimizes and the approxma’qon in (24) yields (34). Differentiating this
bound, and assuming that, + o(M;)/(2M) > (21/M — 1),
&, Es rvers -t tells us that we want to maximiz&-s in order to minimize

det <M (IM + MNOF H HF> ) the distortion cost function.We can now state the following.
" . Codebook Design CriterionA codebookF for a system
_ <59) (det <IM 4 & F*H*HF>> . usingMSE-SQwith the determinant cost function @apacity-

M 0 SC to selectF from F should be designed by maximizing

L . . L - . the minimum Fubini-Study distance between any pair of
This is equivalent to solving for thE that maximizes/ (F) = .;qeword matrix column spaces

det (I + £+~ F*H*HF ) , the same expression maximized

MN
in Capacity—S(O: Using the SVD representation #i, Discussion
~ £ In summary, thinking of the codebook as a packing
I(F) = det (F*VR (IMt + MJS\T ETE) V}}F) of M-dimensional subspaces rather than a sefVlf x M
¥ 0 ¢ matrices allows us to bound the distortion for each of the
> ‘det (V*RF)‘ det (IM L _cs ETZ> _ selection criteria proposed in Section lIl. The distortion bound
M Ny for ML-SC, MSV-SCandMSE-SQwith the trace cost function
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is minimized by maximizing the minimum projection two- N precodng(z-2 26)
norm distance between any pair of codebook subspaces. The 3 SressntCapz)
Capacity-SCand MSE-SCwith the determinant cost function = e oum Powen
bound is minimized by maximizing the minimum Fubini- 10°

Study distance between any pair of codebook subspaces. Thus
the codebook design is equivalent to subspace packing in the
Grassmann manifold.

Observe that both design criteria make assumptions on the
relation betweenM;, M, and theo(M;) term. Numerical
experiments have shown that for mdgt > 2 the assumptions 107, v 7
are satisfied. Whed/ = 1, it is also known that the(M;)
term is always—2 and (24) is an exact expression [20].

Finding good packings in the Grassmann manifold for .| | ‘ ‘ ‘ ‘ ‘ ‘
arbitrary M, M, and N, and thus finding good codebooks, EN,
is difficult (see for example [37], [38], [40]). The problem is
exasperated by the use of the projection two-norm and Fubi@ﬁ-eﬁ% espfz)orb;‘bz”i;ﬁg;fé’m'z";i‘t’ér‘:rﬁ’sﬁncg‘)”ggasr:fon of various precoding
Study distances instead of the more common chordal distance '

[36], [39]. For instance, in the simplest caseMf= 1 where

the Rankin lower bound on line packing correlation [38] cag,.or of 2 x 10-3 over unprecoded decoding using ML de-
be employed, packings that achieve equality with the loWepging  precoding usinySV-SCprovided a 0.5dB gain over
bound are often impossible to design. One simple method f@ﬁpacity-SC Unquantized MMSE precoding with the sum
designing good packings with arbitrary distance functions js,ver constraint performs approximately 1.5dB better than
to use the non-coherent constellation designs from [41]. We,ited feedback precoding usingSV-SC As expected, ML
have found that the algorithms for constellation design in [4ﬁ]ecoding combined witML-SCprovided a large performance
yield codebooks with large minimum distances and can Bein and outperformed unquantized MMSE precoding at a
easily modified t_o work with any distance function on th%robability of symbol vector error of0~3 by around 2.5dB.
Grassmann manifold. _ o Feedback Allows Lower Complexity Decodinge simu-

Note that this work generalizes the analysis in [20]. Whegeq three substream precoding ofi & 3 wireless system in
M = 1, both the projection two-norm and Fubini-Studypis experiment using 16QAM with results shown in Fig. 3.
distance criteria minimizenaxi <i< ;< [£7f;| where the code- \yg ysed limited feedback precoding with six bits of feedback.
book is given byF = {fi, f5, ..., fi}. This would be | jmited feedback precoding witapacity-SCperformed ap-
expected because the probability of error and capacity coghyimately the 0.25dB better than antenna selection. Limited
functions are both functions of the effective channel gageqpack precoding usingSV-SCandMSE-SQwith the trace
|[HE||3 when M = 1. cost function both performed approximately the same. They

both provide around a 0.25dB improvement o@apacity-SC
V. SIMULATIONS and perform within 1dB of unquantized optimal precoding us-

Monte Carlo simulations were performed to illustrate thing ZF decoding. Note that all selection criteria outperformed
performance of Grassmannian prer::oders The codebooks Wﬁn recoded spatial multiplexing using an ML receiver. This

. . o y X ws though the power of precoding: near ML or better than
designed using the criteria proposed in Section IV-C. 'IS g P P 9

ML performance with low complexity receivers at the expense

optimize the criteria, the codebooks were designed using tgfafeedback

non-coherent constellations in [41]. Example codebooks can . . . L :
be downloaded at [42]. For each of the precoding SystemSCompanson with Direct Channel Quantizatioithe pur

: . pose of this experiment is to demonstrate the problems associ-
using M, transmit antennas and’ substreams we also pIc’tt(adated with directly quantizing the matrix chan@l The results
the M x M, spatial multiplexing results with both ZF and ML y4a 9

; .. . . e presented in Fig. 4. This experiment considered>a2
decoding. In addition we simulated the unquantized MMS\%rireless system using two substrems and 16QAM. Directly

precodmg using t_he trace cost function _and both the sum.povl\g'fjrantizing the channel with sixteen bits of feedback performs
and maximum singular value constraints [3] and maximu

o . . i ly 4.7dB h ix bit limited f k
minimum singular value antenna selection [12]. As well, W%pproxmatey dB worse than a six bit limited feedbac

? . precoder at a probability of symbol vector erroriof-2. The
use Fhe notatior/; x M, to denote an\/; transmit andi/, limited feedback precoder obtains performance approximately
receive antenna system.

i : : o identical to that of the unquantized MMSE precoder with the
Comparisons Between Receiver Architectur@gis sim- ! ! unquantiz p wi

: . . . . maximum singular value power constraint.
ulation used binary phase shift keying (BPSK) modulation 9 P

and two substreams on4x 2 wireless system. The results
are shown in Fig. 2. We simulated six bit limited feedback
precoding usingCapacity-SC, MSV-SGnd ML-SC ZF de- We proposed a system for precoding when only a limited
coding and precoding usingapacity-SCprovided more than feedback channel is available to convey channel state infor-
a 4dB performance gain at a probability of symbol vectanation. The essential component of this system is a codebook

Probability of Symbol Vector Error

VI. CONCLUSIONS ANDFUTURE WORK
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Fig. 3. Probability of symbol vector error comparison of various precodings)
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Fig. 4. Probability of symbol vector error comparison for direct channéil' ]
quantization, unquantized MMSE, and limited feedback precoding on a 2
substreamt x 2 system using 16QAM. [13]

of precoding matrices that is known to both the transmitté]
and receiver. The codebook is designed offline based on the
distribution of the channel. Observations of the channel at tf8]
receiver are used to determine the optimal precoder in the
codebook and this index is conveyed to the transmitter.  [1¢
In this correspondence, we presented solutions to the prob-
lems of precoder selection and codebook construction. We
presented criteria for choosing the optimal precoder fropy,
the codebook according to different performance criteria and
found that they were related directly to the unquantized codéél
book design criteria in [3] and the antenna selection criteria
in [13]. We defined a notion of average distortion and used
this to propose a codebook design criteria that minimizes&!
bound on the average distortion. We showed that the proposed

feedback channel. This will lead to a degradation of
bit error rate performance compared with ideal channels.

This analysis is currently being studied in the IEEE 802.16E
standards body.
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