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Limited Feedback Unitary Precoding for Orthogonal
Space-Time Block Codes

David J. Love, Member, IEEE, and Robert W. Heath, Jr., Member, IEEE

Abstract—Orthogonal space-time block codes (OSTBCs) are
a class of easily decoded space-time codes that achieve full di-
versity order in Rayleigh fading channels. OSTBCs exist only
for certain numbers of transmit antennas and do not provide
array gain like diversity techniques that exploit transmit channel
information. When channel state information is available at the
transmitter, though, precoding the space-time codeword can be
used to support different numbers of transmit antennas and to
improve array gain. Unfortunately, transmitters in many wireless
systems have no knowledge about current channel conditions. This
motivates limited feedback precoding methods such as channel
quantization or antenna subset selection. This paper investigates
a limited feedback approach that uses a codebook of precoding
matrices known a priori to both the transmitter and receiver. The
receiver chooses a matrix from the codebook based on current
channel conditions and conveys the optimal codebook matrix to
the transmitter over an error-free, zero-delay feedback channel.
A criterion for choosing the optimal precoding matrix in the
codebook is proposed that relates directly to minimizing the
probability of symbol error of the precoded system. Low average
distortion codebooks are derived based on the optimal codeword
selection criterion. The resulting design is found to relate to the
famous applied mathematics problem of subspace packing in the
Grassmann manifold. Codebooks designed by this method are
proven to provide full diversity order in Rayleigh fading channels.
Monte Carlo simulations show that limited feedback precoding
performs better than antenna subset selection.

Index Terms—Diversity methods, Grassmannian subspace
packing, MIMO systems, orthogonal space-time block coding,
quantized precoding, Rayleigh channels.

1. INTRODUCTION

O allow untethered communication in rich scattering
environments, suitable sources of diversity need to be
exploited to resist the detrimental effects of fading. Spatial
diversity, which is obtained through the use of sufficiently spaced
antennas, is one promising source of diversity. In particular,
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transmit diversity is attractive because the antennas can be
located at the base station and the benefits shared by all
users. Obtaining the benefits of multiple transmit antennas
requires the use of special space-time signaling schemes such
as space-time codes (see, for example, [ 1]-[3] and the references
in [4] and [5]). Space-time codes are generally referred to
as “open-loop” because they operate without the benefit of
channel state information at the transmitter. As evidence of
their practical importance, space-time codes are used in third-
generation cellular networks [6] and are likely to be used in
next generation wireless local area networks (LANSs) [7].

Orthogonal space-time block codes (OSTBCs) are perhaps the
most practical space-time codes due to the simplicity of optimal
decoding [2], [3]. OSTBCs exist only for certain numbers of
transmit antennas, though, and this limits the scope of their
potential application. Further, compared with low-complexity
closed-loop diversity techniques such as beamforming, OSTBCs
do not fare well due to a significant array gain penalty [8].
Solving both of these problems by applying “closed-loop fixes”
to OSTBC:s has been the subject of recent work on closed-loop
space-time block coding [9]-[21]. A convenient way to unify
the presentation in these papers is through the construct of
linear precoding. Linear precoding is the technique of applying
a linear transformation to the spatio-temporal codeword before
transmission [22]. By restricting the linear transformation, it is
possible to include other closed-loop methods such as transmit
antenna selection (see, for example, [14] and [15]).

There are various kinds of closed-loop methods that can be
classified based on the type of channel information available
at the transmitter: the instantaneous channel, statistics of the
channel, and partial or quantized channel state information. As-
suming true channel state information [9], [17] leads to bounds
on performance but is not practical in frequency division
duplexing (FDD) systems where the channel state information
must be conveyed over a limited-rate feedback control channel.
Knowledge of the statistics of the channel [20], [21] is practical
when only the long-term statistics can be tracked, but this does
not provide the benefits of near-instantaneous channel tracking.
Partial or quantized channel state information [10]-[16] is the
most practical of the three methods for FDD wireless systems
since the amount of feedback can be tailored to the data rate
available on the limited-rate feedback control channels. Devel-
oping limited feedback techniques for OSTBCs is the subject
of this paper.

Previous work on limited feedback space-time coding has
focused primarily on the case where the linear precoding matrix
chooses subsets of the available transmit antennas [14], [15],
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[23]-[25]. Performance improves, however, by allowing the
space-time code’s linear precoding matrix to have a more gen-
eral form [10], [11], [13], [26], [27]. These ideas were explored
in [10] and [11] using precoders designed with quantized
versions of the forward-link channel. Quantizing the channel
directly is a computationally complex problem that often yields
too much feedback, and the quantization noise can adversely
affect the computation of optimal precoders. For this reason,
it is of interest to use limited feedback techniques that directly
attack the problem of quantizing the set of precoding matrices.

In this paper, we propose a new form of limited feedback
precoding using the general principles of limited feedback
precoder selection, as in [13], and limited feedback covari-
ance selection, as in [28]. Before transmission, an M antenna
OSTBC matrix is multiplied by a linear precoding matrix and
transmitted over M; antennas, where M; > M. The linear
precoding matrix is chosen from a finite cardinality code-
book of possible precoding matrices that is designed off-line
and available to both the transmitter and receiver. We address
the two main problems associated with this system model:
i) choosing the optimal precoding matrix from the codebook
and ii) designing the codebook. We propose a criterion for
choosing the optimal precoding matrix from the codebook
by adapting the criterion in [9] and [14]. Because we use a
finite codebook, the optimal precoding matrix is selected by
searching over all possible precoders in the codebook. Using
the optimal codeword selection criterion, we derive a criterion
for finding codebooks with low average distortion. We show
that the codebook design problem relates directly to packing
subspaces in the Grassmann manifold using the chordal distance
metric. Thus, the subspace packing design methods available
in, for example, [29]-[31], can be used to design high-per-
formance limited feedback precoders. We furthermore prove
that these design methods yield limited feedback precoders
that obtain the full diversity order proportional to the product
of the number of transmit and receive antennas.

Compared with prior work, our approach to limited feedback
precoding offers numerous benefits. Unlike the antenna selec-
tion techniques, our proposed work allows a tradeoff between
feedback rate and performance. This allows more feedback to
be used when lower bit error rates are required. Our method is
also resilient to quantization error, unlike direct channel quan-
tization. Because the receiver chooses the precoder matrix using
perfect channel information, the eigenstructure of the matrix
channel is not compromised during the quantization. These ben-
efits also come with lower feedback rates. For example, an 8 x 8
precoding system using only two bits of feedback per complex
entry (i.e., one bit for the real dimension and one bit for the
imaginary dimension) would require 128 bits of feedback per
channel realization.

The paper is organized as follows. Section II provides a
general overview of the system design under consideration. A
selection criterion for limited feedback OSTBC precoding is
derived in Section III. The codebook design problem is solved
in Section IV. Section V shows that the designed codebooks
provide full diversity order in Rayleigh fading channels. We
present Monte Carlo simulation results in Section VI and
conclude in Section VIIL

II. SYSTEM OVERVIEW

An M, transmit antenna and M, receive antenna limited feed-
back precoded OSTBC system is illustrated in Fig. 1. A block of
ns symbols s1, Sa, ..., Sp, taken from a constellation S is fed
into an OSTBC encoder producing an M x T (with M < M)
space-time code matrix C(k) = [c1(k) ca(k) cr(k)]
at the kth transmission. Note that for any codeword! [4]

Ns

Z|Sl|2 I]\,[. (l)

=1

C(k)C(k)* =

For power constraint reasons, we will assume that E, [|sl |2] =
1.

Before transmission, the space-time codeword is premulti-
plied by an M; x M matrix F. The matrix F is chosen by a
function f : CM-*M: . F = (F| Fy,...,Fy} evaluated
using the current channel conditions and then conveyed to the
transmitter using [log, N bits of feedback. The set F can be
thought of as a codebook and functions similarly to those found
in the standard source coding literature (see, for example, [32]).
This codebook is designed offline and known to both the trans-
mitter and receiver. We will impose a peak power limit for all
F € F by requiring that

max ||FS|I2
£5% [l

<1

for any constellation S C C. Because S is nonempty and 0 ¢ S,
this constraint corresponds to the assumption that A1 {F} < 1
for all F € F. We will further restrict the form of the matrices
in F, but the justification will be presented in Section III.

We assume that the transfer function between the transmitter
and receiver can be modeled as a spatially uncorrelated, mem-
oryless linear channel that is constant over several codeword
transmissions before independently taking on a new value. As-
suming optimal pulse shaping, match-filtering, and sampling,
the received signal can thus be written as

— . |P
Y_,/MHFCJFW 2)

where H is the M, x M; channel matrix with independent en-
tries distributed as CA (0, 1), W is an M,. X T noise matrix with
independent entries distributed according to CA (0, 1), and p is
the signal-to-noise ratio (SNR). F corresponds to the evaluation
of the mapping function for the current channel realization H,
ie.,

F = f(H).

IWe use i = /—1, C**! to denote the vector space of & x ! complex ma-
trices, C* to denote the k-dimensional complex vector space, R* to denote the
k-dimensional real vector space, Z* to denote the k-fold cartesian product set
of the ring of integers, I, to denote the k X k identity matrix, E, [-] to denote ex-
pectation with respect to y, * to denote matrix conjugate transposition, arg max
to denote a function that returns a single global maximizer, A;{A} to denote
the ith largest singular value of A, tr(-) to denote the trace of a matrix, || - || to
denote the matrix two-norm, | - | to denote the absolute value, || - || 7 to denote
the matrix Frobenius norm, [-] to denote the ceiling function, (A ), to denote
the kth column of A, A¥ =[] A, vec(A) to denote a vector obtained by
stacking the columns of a matrix A, O to denote a matrix of all zeros, £({ M, M)
to denote the set of M, X M matrices whose maximum singular value is less
than or equal to one (i.e., L(M,, M) = {F € CM+*M | \{{F} < 1}), and
U(M,, M) to denote the set of M, x M matrices with orthonormal columns.
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Fig. 1.

Note that we have suppressed the temporal parameter %k in
C(k) because of our channel model and interest in the use of
codeword-by-codeword detection. After reception, the receiver
performs maximum likelihood (ML) decoding on the OSTBC
using the received matrix Y and the effective channel HF'.

Problem Statement: Given a system illustrated by Fig. 1 and
described by (2), two main problems arise. The first problem we
address is the selection of an optimal precoder for given channel
from a codebook of matrices F. The second problem is how to
design the set F given the chosen selection criterion. Solving
these problems is the objective of this paper.

III. SELECTION CRITERION

The first issue with limited feedback unitary precoding we
address is the design of the precoder selection mapping f(-).
We assume an arbitrary set 7 C L(M;, M) and ML decoding.

Our goal in this paper is to minimize the symbol error rate
(SER) given H, Pr(ERROR | H). Closed-form expressions
for the SER would be extremely difficult to obtain because they
would be a function of the effective channel HF that is in gen-
eral no longer matrix Rayleigh fading and the selection function
fC).

We will therefore take the approach of [3], [9], [13], and [14]
and use a bound on the probability of error. Using the ML de-
tection properties of OSTBC:s, it can be shown that

Pr(ERROR | H) < exp (—|HF||%) 3)

where y is a function that depends on M, p, and S [4]. Because
~y is fixed, minimizing the bound in (3) requires the maximiza-
tion of ||[HF||r. Note that this maximization is equivalent to
choosing the matrix F € F that maximizes the receive min-
imum distance

dmin: i HF (C, - C 4
clﬁ.i%l” (Cx = C)llp 4

because of the orthogonality of the OSTBC codewords in (1).
Therefore, we can state the following selection criterion.

Block diagram of a limited feedback precoding system.

Selection Criterion: Choose the limited feedback precoder
according to

F = f(H) = arg max | HF'|| . ®)
FeF

This selection criterion can be implemented by computing
a matrix multiplication and Frobenius norm for each of the N
codebook matrices. Ties in distance between codeword matrices
are broken arbitrarily by selecting the precoding matrix with the
lowest index because they occur with zero probability.

To bound the performance with quantized precoding, it is of
interest to characterize an optimal unquantized precoder over
the set £(M;, M). Note that this matrix Fop¢ will not be unique
over L(M,, M) because forany U € U(M, M), |HF o, ||r =
|IHF 5t U|| . Let the singular value decomposition of H be
given by

H=V,/IV (©6)

where Vi, € U(M,, M,.),Vr € U(M;, M), and X is an M, X
M, diagonal matrix with \;{H} at entry (4, j). Let Vg be the
matrix formed from the first M columns of V . The following
lemma shows an optimal matrix in this unquantized scenario.
Lemma 1: An optimal unquantized precoder F,,; over
L(M;, M) that maximizes ||HF o || r is given by Fope = Vk.
Proof: Let F have singular value decomposition
F = U, I'U}, where U, € U(My, M;), Ug € UM, M),
and I is an M, x M diagonal matrix with A\;{F} atentry (j, 7).
It then follows that

[HF[|r = [[EVZULT| 5

< HEV}UL[IM O]THF D
< ixj{U;ngszv;%UL}

=1
) ®)

by using the invariance of the Frobenius norm to unitary trans-
formation [33] in (7) and the singular values bounds of F', where
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0 is the M x (M, — M) matrix of zeros and ¥ is the matrix con-
sisting of the first M columns of X. Equality in (8) is obtained
when F = V5. |

Lemma 1 is interesting because it says that not only is
AM{Fopt} = 1but A\;j{Fop} = 1for1 < j < M. Intuitively,
this means that we should always transmit at full power on the
precoder effective channel modes when performing optimal
precoding. This result would be expected given the mean
squared error results for precoded spatial multiplexing in [22].
We are, however, interested in suboptimal precoders con-
structed using a limited feedback path. The following lemma
shows that all precoding matrices should have full power in the
singular values.

Lemma 2: IfF € L(M,, M) has a singular value decompo-
sition F = U, I'U, and A\ {F} < 1, then F=U, [IMO]T
satisfies |[HF||p < ||HF||z.

Proof: Assume F has a singular value decomposition as
shown in the first lemma. Then

|HF||r = [HULT||r < [HUL [Ty 0] || = HE||r

using the invariance of the Frobenius norm to unitary
transformation [33], the singular value bound for F, and
F:UL[I]\[ O]T. |

Lemma 2 demonstrates the significant effect that the power
restriction has on optimal precoders. The sum power constraint
results in [15], [22], and [34] all yield optimal precoders with
unequal power allocation among the precoder singular values.
In contrast, unequal power pouring when using a maximum sin-
gular value constraint only reduces the total transmit power:

Lemma 2 reveals that the precoder should always be designed
to have singular values that are as large as possible. Because of
the maximum singular value restriction, the precoder should be
chosen from the set U (M, M) rather than £L(M;, M). For this
reason, we will restrict 7 C U(My, M) and, thus, only design
our precoders over U (M, M).

IV. CHORDAL DISTANCE PRECODING: MOTIVATION AND
CODEBOOK DESIGN

In this section, we derive a codebook design criterion that
follows directly from the Section III codeword selection result.
This criterion is based on a distortion function that we define
in order to minimize the average SER. The criterion turns out
to relate to the famous applied mathematics problem of Grass-
mannian subspace packing.

A. Distortion Function

To design a codebook, we will propose a distortion measure
that is a function of the channel and then find a codebook
that minimizes the average distortion. This distortion function
must differ, however, from the distortion functions commonly
used in vector quantization such as mean squared error (see for
example [32]) because we are interested in improving system
performance rather than improving the quality of the estimated
precoder at the transmitter.

Essentially, we would like the quantized equivalent channel
HF to provide SER performance close in some sense to that
provided by the optimal precoded equivalent channel HF o,

where F € F is the “best” precoding matrix in the codebook.
Along these lines, consider the total effective power || HF||%,
which according to (3) relates to the SER. The loss in received
channel power is expressed as

. 2 2
min (IHFope|7 — [HF'[|7) -

©)

We propose to design the codebook by considering, as a measure
of distortion, the average of the loss in received channel power
given by

: 2 2
By | min ([HFope[7 — [HF'|[7) | - (10)

so that the function will always be non-negative. Notice also
that minimizing this distortion function relates directly to min-
imizing the bound on the SER in (3). Thus, the distortion has
physical meaning in terms of the SER, as opposed to a mean
squared error distance function.

The distortion function in (10) yields little insight into the
codebook design problem directly; thus, we will derive a tight
upper bound on the distortion. Using Lemma 1 and the definition
of X, the distortion for this arbitrary matrix is written as

Recall that |HF || > ||HF||p for al F € U(My, M)

min (|[HFop[|7 — [ FHE'||7)

F'eF
= min (tr (ET) . (ZVEF’F’*VRET)>
< min (tr(ﬁT) — (W*RF’F’*VRfT)) (11)
— min (ETE (IM - V*RF’F’*VR)) (12)
< \2{H} Pg,lér} tr (IM - V;F'F’*VR) (13)
= XHH} min % |VaVy-FE" ; (14)

where (11) follows from zeroing the least My — M singular
values of H, (13) follows by substituting A\; {H} for the other
nonzero singular values in (12), and(14) uses the alternative rep-
resentation for subspace distance [35].

To find a good codebook for many channel realizations, we
are interested in the average distortion of our codebook given
by

B [ iy, (1Pl — (HFI)]. 09
Using (14) and the independence of ¥ and V g [36]
pin, (FIF. [~ [HF'I3)] <
R T 2
By [\2{H}] By |:1:I‘I/1érjl__§ HVRVR _F'F F} . (16)

Thus, by bounding the distortion function, we can think of the
limited feedback performance as being characterized by two dif-
ferent terms: one related to the distribution of the maximum
channel singular value and another representing the “quality”
of the codebook F.
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B. Codebook Design Criterion

Minimizing (16) requires finding the distribution of Vg.
Recall that a matrix V is isotropically distributed on U (M, M)
if for any © € U(M;, M;), "V LV with £ denoting equiv-
alence in distribution [37]. The following lemma gives this
distribution.

Lemma 3: The optimal precoding matrix Fg,; = Vg for
a memoryless, i.i.d. Rayleigh channel H is isotropically dis-
tributed on U (M, M)

Proof: First, note that Fop = Vr = Ve[Iyy O ]T.
Since Vg is isotropically distributed [36], it is easily seen that
O Fopi £ Fopi. n

To propose a design for F, let us review some common
properties of finite subsets of U (M, M). These properties are
found in the Grassmannian subspace packing literature (for
example, [29], [31], [35], [38], and [39]). The set U(M;, M)
defines the Stiefel manifold [39]. Each matrix in U (M, M)
generates an M -dimensional subspace of the complex M;-di-
mensional vector space C™:, We will adopt Grassmannian
packing notation and define the set of all column spaces of the
matrices in U(M;, M) to be the complex Grassmann manifold
G(My, M). Thus, if F1,Fy € U(M;, M), then the column
spaces of F'; and F2, Py, and Pr,, respectively, are contained
in G(My;, M). A normalized invariant measure p is induced on
G(M,, M) by the Haar measure on U (M;, M). This measure
allows the computation of volumes within G(M;, M). Sub-
spaces within the Grassmann manifold can be related by their
distance from each other. The chordal distance between the
two subspaces Pr, and ’PF2 is given by

d(Fy,Fy) =

FoF3 | . a7

F,F] —

f ||

Let V = {Pr,, Pr,, ..., Pr, | be the set of column spaces

where Pr, is the column space of F. This set V C G(M;, M)

is a packing of subspaces in G(M;, M). A packing can be de-
scribed by its minimum distance

6:

min

d(Fi,F)).
1<k<I<N

(18)
The Grassmannian subspace packing problem is the problem of
finding the set of N subspaces in G(M;, M) such that § is as
large as possible.

Consider the open ball in G (M,

B, (é) - {PU € G(My, M) | d(U, Fy) < g} a9)

M) of radius §/2 defined as

2

Notice that the balls are disjoint by the triangle inequality of
metrics [35]. This observation allows the density of a chordal
subspace packing to be defined as

—u(U Br, (—)) Z/L(Bpk (—>> (20)

Using the density, we find that the probability of the isotropi-
cally distributed V g falling in one of the sets Bg, (6/2) can be

expressed as
_ N P
r (VR € kszl By, <5>> = A(F). (21)
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For large M,, it has been shown in [35] that

5\ 2MiMto(M,)
s (5

We can thus bound the “codebook quality” term in (16) as

)

< 35 A(F) + M(1 = A(F))

s 2M; M+o(M;) 1
W) (152 - M) . (23)

Differentiating (23) and noting 6§ < /M easily shows that the
bound is a decreasing function of § when 2M; M + o(M;) >
2/3. We know from the probabilistic analysis in [40] that this is
always satisfied for any M; when M = 1 because o(M;) = —2.
In addition, we also know that this assumption is also satisfied
for large M, because of the definition of the little-o Landau
symbol. We have experimentally verified this assumption for
many other M and conjecture that it is always true. Thus, prac-
tically, (23) is minimized by maximizing 6. We have now estab-
lished that designing low distortion codebooks is equivalent to
packing subspaces in the Grassmann manifold using the chordal
distance metric.

Therefore, we now understand how to design codebooks
for limited feedback precoding. Maximizing the minimum
subspace distance between any pair of codebook column spaces
approximately minimizes our distortion bound. Thus, we state
the following design method for creating limited feedback
precoding codebooks.

Codebook Design Summary: The codebook F = {Fy,
Fy,...,Fn} should be designed such that 6 =
miny <x<i<n d(F, Fy) is as large as possible.

(22)

Ey [mln - HVRVR F'F*

zM—i—N(

C. Practical Codebook Designs

Finding good precoder codebooks from Grassmannian pack-
ings for arbitrary My, M, and N is actually quite difficult [29],
[31], [38]. For instance, in the simplest case of M = 1 where the
Rankin lower bound on line packing correlation [38] can be em-
ployed, packings that achieve equality with the lower bound are
often impossible to design. A comprehensive tabulation of real
packings can be found on [41]. The most practical method for
generating these packings is to use codebooks designed from the
noncoherent space-time modulation designs in [29] and [30].

The search algorithm in [30] can be very easily implemented
and yields codebooks with large minimum distances. The algo-
rithm works by considering codebooks of the form

F= {FDFT OFprr,. .. 76N_1FDFT}

where Fppr is an M; X M matrix with (1/\/Mt)ei(2”/]"[t)kl at
entry (k,[), and © is a diagonal matrix given by

el (2m/N)w 0 .. 0
6 0 el@m/Nyua 0
0 0 £i(2m /Ny,
where
0 Sul./...,th S N —1.
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The values for ug, uz, .. ., us, are chosen according to the en-
tries of the vector u = [u; wus un, ]T from the set

Z = {u €M |Vk, 0<wu, <N — 1} given by
u=argmax min d (FDFT, elFDFT) .
z  1<I<N-1

Thus, there are Nt different possibilities for © that must be
checked. For small transmit antenna arrays and/or low feedback
rates, it is possible to search over all possible values of u in Z.
In general, however, random search methods must be employed
to design F. These methods optimize the cost function by ran-
domly testing values of u using a uniform distribution on Z.

Codebooks designed from [30] also have the added benefit
of easy memory storage. The codebook F can be stored at
the transmitter/receiver using [M; log, N bits because only
the numbers uq,us,...,up;, need to be stored. The chosen
codeword matrix F' can then be easily calculated by computing
el_lFDFT for the chosen binary codeword index [. Note that
the matrix Fppr can be either stored or computed at each
codebook update.

V. PERFORMANCE ANALYSIS

Because of the difficulty in deriving closed-form SER expres-
sions, we will characterize the diversity of our limited feedback
precoders. A signaling scheme is said to obtain diversity order
d if [42]

log Pr(ERROR)

d=— lim
log p

p—o0
We can bound the asymptotic performance of limited feedback
precoding given a channel using the SER bound in (3). Thus in
order to understand the diversity performance of limited feed-
back precoding, we will bound maxg ¢+ |[HF'|| .

It follows from the Poincaré separation theorem [33, pp. 190]
that

max |[HE'||p < [[H]|p.
FeF

Note that ||H|| ¢ is the post-processing channel gain of an M;
antenna OSTBC that is known to obtain a diversity order of
MM, [3]. Therefore, the diversity order of our limited feed-
back precoders is less than or equal to M M,.. Thus, all that is
needed is a lower bound on diversity order.

Let fi; denote the /th column of codebook matrix Fy.
The following lemma will prove useful in lower bounding
maxg/er ||HFI|IF~ B B B

Lemma 4: Let F = {F1,F5,...,Fy} be a codebook with
packing minimum distance § and N > M, /M. If there exists a
vector v € CM¢ such that FZV =O0foralll < k < N, then
we have the following.

1) There exists (k’,1) such that fr ;= POy a;fe, 1,
where k; and [; are indexing sequences with (k;,[;) #
(K',0),0 < |aj] < 1,and 1 < m < Mg,

2) A new codebook F with

6 fr0, if (k1) # (K1)
PET v, it (kD) = (

)= (k,1)
has minimum distance 6 > 5.

Proof: Part 1 follows from the fact that a basis for the
column space of the matrix E = [F; F» ... Fy]canbe
formed from m < M; columns of the matrix E. Part 2 is a re-
sult of the fact that for k # ¥/, HFkaHF - HFkaHF >

|F;F ||, where

Fi =[fia foprr v fwrp T ]

By applying Lemma 4 repeatedly, any N' > M;/M matrix

codebook F with minimum distance 6 and columns {f; ;} that
do not span C** can be trivially modified to a codebook F with
columns {fy;} that span C** and minimum distance § > ¢.
Therefore, we can state the following theorem.

Theorem 1: If N > M;/M and the columns {f;;} span
CM: then F = {F1,Fs, ..., Fy} provides full diversity order.

Proof: First note that the channel power is given by
maxg ¢ || HF’||%. Notice that

HF'|7 > Hf; 13
max [HF [ > max || Hf [|2

1
> 3 max [HE I
1
Lol
where E = [F; Fy---Fy|. Because the columns
{fx:} span CM:, we can find Ug € UM, M),
Ugr € U(NM,NM), and ® with diagonal entries

¢1 > 2 > -+ > dpg, > Osuchthat E = Up ®U}, 5. Then,
using the invariance of complex normal matrices to unitary
transformation [36] and the bounds in [40]

HF'||% £ HU}  F||3
max [[HF|[p = max [HUE LF'||F

1
>
-~ NMM,

P,

~“NMM,
i1,
~ NMM?M,
The lower bound (¢3, /NMMZM,)|H]||7. is the channel
gain of an M, antenna OSTBC with an array gain shift
(¢31,/NMMZM,). Systems with effective channel gains
of this form are known to obtain a diversity order of MM,
[3]. We can conclude now that the limited feedback precoders

designed using the chordal distance obtain full diversity order.
|

[t
|13

s i

Because limited feedback precoding maintains full diversity
performance, this allows the generalization of OSTBCs to
transmission over any transmit antenna configuration with full
diversity. This lemma generalizes the result in [14] that proves
antenna selection achieves full diversity order.

VI. SIMULATIONS

Precoded OSTBCs using chordal distance limited feedback
precoders have been simulated in the following experiments.
The precoder codebooks were designed using the criterion pro-
posed in Section IV and implemented with packings designed
from [30]. For comparison, OSTBCs with antenna selection
have also been simulated [14].
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-6~ No Precoding(2x1)
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-8~ Grass 8Bit

Probability of Symbol Error

p(dB)

Fig. 2. SER comparison of various OSTBC precoding schemes for a
two-substream 8 X 1 system using 16-QAM.

Note that by our power scaling definitions, p is the ratio of the
total transmitted energy to noise power for each transmission.
For example, if a two antenna Alamouti code were transmitted,

then
X = \/EF [51 53*]
2 S9  —S87

with B, ||s1]*| = E., |]s2]*] = 1.

Experiment 1: The first experiment compares antenna selec-
tion and eight-bit chordal distance precoding for a precoded
Alamouti code on an 8 X 1 wireless system using 16-quadra-
ture amplitude modulation (QAM). The SER performance for
a 2 x 1 Alamouti code is shown for comparison. The results
are shown in Fig. 2. Note that antenna selection adds approxi-
mately a 7.5-dB gain over the unprecoded system at an error rate
of 1072, Using chordal distance precoding provides approxi-
mately a 1.4-dB gain over antenna selection.

Experiment 2: Fig. 3 considers a 4 x 2 system using a pre-
coded Alamouti code with 4-QAM. Antenna selection provides
a 3-dB array gain compared with an unprecoded OSTBC.
Chordal distance precoding with a three-bit codebook provides
over a 0.3-dB array gain and with a six-bit codebook provides
over a 0.7-dB array gain over antenna selection. Interestingly,
antenna selection requires [log, (3)] = 3 bits of feedback.
Thus, by simply lifting the restriction of F having columns of
I, adds a 0.3-dB gain.

Experiment 3: The third experiment addresses the perfor-
mance of a 5 x 4 wireless system using the OSTBC

S1 0 S9 —S83
C=1|0 s1 sy sh (24)
—s5 —s3 s O

obtained from [4] with 16-QAM. The results are shown in
Fig. 4. Using antenna selection adds around a 1.5-dB improve-
ment over a 3 x4 OSTBC. An array gain of approximately
0.4 dB is added by using six bit chordal distance precoding
instead of antenna selection. Chordal distance precoding with
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Fig. 3. SER comparison of various OSTBC precoding schemes for a
two-substream 4 X 2 system using 4-QAM.
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Fig. 4. SER comparison of various OSTBC precoding schemes for a
three-substream 5 X 4 system using 16-QAM.

an eight bit codebook outperforms antenna selection by more
than 0.5 dB.

Experiment 4: The fourth experiment, which is shown in
Fig. 5, addresses the performance of a precoded OSTBC using
the code in (24) over a 6 x 3 wireless with 16-QAM. Six- and
eight-bit chordal distance precoding have array gains of approx-
imately 2.1 and 2.3 dB, respectively, compared with an unpre-
coded 3 x 3 OSTBCs. Note that six bits provides most of the
array gain available with eight bits; thus, a careful simulation
analysis must be done in any practical system before choosing
a given feedback rate.

Experiment 5: The effect of channel estimation error during
precoder selection for an 8 X 1 Alamouti system is addressed
in Fig. 6. Antenna selection and eight-bit chordal distance pre-
coding are simulated for various channel correlations. We sim-
ulate estimation error by assuming that the receiver chooses
F = f (H.s:) using knowledge of a matrix H.;, where

H.o: =aH+ V31— QZHorror

(25)
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Fig. 5. SER comparison of various OSTBC precoding schemes for a
three-substream 6 X 3 system using 16-QAM.
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Fig. 6. SER comparison of various OSTBC precoding schemes with channel
estimation error for a two substream 8 X 1 system using 16-QAM.

where the entries of H,,o, are independent and distributed ac-
cording to CN(0,1). Notice that by our definition for «, this
means F[vec(H.s;)vec(H)*] = alps, py,. Note that Heg, is a
biased estimate of H. This is to emphasize that the channel es-
timate is not only a noisy estimate but also a dated estimate.
Thus, the precoder was designed based on an outdated channel
estimate.

It is assumed that the ML decoder has perfect knowledge of
HF in order to isolate the effect of precoder mismatch. Interest-
ingly, eight-bit chordal distance precoding still outperforms per-
fect channel knowledge antenna subset selection for o? = 0.9.
When o = 0.75, chordal distance precoding performs approx-
imately the same as a? = 0.9 antenna selection. This result
demonstrates that chordal distance precoding allows a tradeoff
between the quality of the channel estimation and the rate of
the feedback path. At the expense of requiring more feedback,
limited feedback chordal distance precoding can obtain a lower

0.04 T T T T T T

0.035

o
=3
@

0.025

0.015

Estimated Selection Probability
o
(=]
N

0.01

0.005

15 20 25 30
Codebook Index

Fig. 7. Probability of selection for each possible codebook precoding matrix
for a precoded Alamouti code transmitted on an 8 X 8 wireless system.

probability of error than antenna selection even in the presence
of channel estimation error.

Experiment 6: The final experiment validates that the code-
books achieve the entropy lower bound on codeword bit length
[43, pp. 86]. In this experiment, an 8 X 8 wireless system trans-
mitting a precoded Alamouti code was simulated in order to
estimate the probability that each codeword precoder is se-
lected. A five-bit codebook was simulated. The results are
shown in Fig. 7. Note that a uniform distribution across the
codebook would mean that each matrix is selected with prob-
ability 1/2° = 0.03125. All estimated selection probabilities
are within 2.5 x10™% of the uniform selection probability.
Thus, the precoder matrix to be encoded F = f(H) has an
entropy of

55
> 27 log,y(2°) = 5 bits.
j=1

An optimal data compression algorithm to encode the precoder
matrix F can at best achieve an average codeword bit length
of five bits. Because we transmit each precoder codeword with
log, N = 5 bits, our codebook has been experimentally shown
to obtain the optimal codeword bit length lower bound [43].

VII. CONCLUSIONS AND FUTURE WORK

We addressed the problem of limited feedback precoding
for OSTBCs. Our approach subsumes the antenna selection
problem and allows for a general design and analysis of lim-
ited feedback precoding. We proposed a system that uses a
codebook of precoding matrices known a priori to the trans-
mitter and receiver. The optimal precoding matrix according
to a probability of error selection criterion is chosen from
this codebook by the receiver and conveyed to the transmitter
over an error-free, zero-delay feedback channel. We addressed
the problem of codebook design and showed that it relates
to packing subspaces in the Grassmann manifold using the
chordal distance.
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It is of interest to extend these results to more general space-
time codes such as [44]-[48].
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