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Abstract— Multiple-input multiple-output (MIMO) wireless
systems provide capacity much larger than that provided by tradi-
tional single-input single-output (SISO) wireless systems. Beam-
forming is a low complexity technique that increases the receive
signal-to-noise ratio (SNR), however, it requires channel knowl-
edge. Since in practice channel knowledge at the transmitter is
difficult to realize, we propose a technique where the receiver de-
signs the beamforming vector and sends it to the transmitter by
transmitting a label in a finite set, or codebook, of beamform-
ing vectors. A codebook design method for quantized versions
of maximum ratio transmission, equal gain transmission, and
generalized selection diversity with maximum ratio combining at
the receiver is presented. The codebook design criterion exploits
the quantization problem’s relationship with Grassmannian line
packing. Systems using the beamforming codebooks are shown
to have a diversity order of the product of the number of trans-
mit and the number of receive antennas. Monte Carlo simula-
tions compare the performance of systems using this new code-
book method with the performance of systems using previously
proposed quantized and unquantized systems.

I. INTRODUCTION

One low complexity technique for obtaining the spatial di-
versity advantage provided by multiple antenna wireless sys-
tems is transmit beamforming and receive combining [1]. Opti-
mal combining has long been used in receive diversity systems
for single-input multiple-output (SIMO) wireless systems [2].
When the transmitter has channel knowledge, the extension
of SIMO combining methods to multiple-input single-output
(MISO) beamforming is straightforward because both systems
encounter vector fading channels. The design methods used
for vector channels, however, can not be directly applied to the
matrix channels encountered in multiple-input multiple-output
(MIMO) wireless systems [3],[4] because the entries can not be
directly co-phased. Transmission techniques that provide max-
imum receive SNR solutions given constraints on the beam-
forming vector such as maximum ratio transmission (MRT) [5],
equal gain transmission (EGT) [3], [4], and selection diversity
transmission (SDT) [6] have all been extended to the case of
MIMO wireless systems.

Beamforming techniques require channel information at the
transmitter. SDT and generalized selection diversity trans-
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mission (GSDT), a technique where the receiver chooses sub-
sets of transmit antennas based on channel conditions, are the
only MIMO beamforming and combining methods that have a
straightforward digital implementation. MRT and EGT both re-
quire, in theory, infinite precision feedback. Since infinite reso-
lution is impossible, it is preferable to quantize the beamform-
ing vectors that the receiver sends to the transmitter. Limited
feedback equal gain beamforming was explored in [3], [4], [7]
and called quantized equal gain transmission (QEGT). Quan-
tized maximum ratio transmission (QMRT) systems were ad-
dressed in [8]–[10] for the MISO case. Codebooks were de-
signed using vector quantization techniques in [8], [9], but
a specific design criteria was not developed. Unlike previ-
ously proposed work [8]–[10], we consider explicitly quantized
beamforming for MIMO systems. Further, we also consider the
case where side constraints are imposed on the beamforming
vector.

This paper develops design criteria for quantized maximum
ratio transmission, quantized equal gain transmission, and gen-
eralized selection diversity transmission codebooks for inde-
pendent identically distributed (i.i.d.) MIMO Rayleigh fading
channels. We show that the quantized beamformer should use a
codebook designed using a phase-invariant mean squared error
distortion function. A codebook design criterion is developed
using a probabilistic analysis of the the optimal maximum ratio
transmission vector. This analysis ties the quantization of this
vector to Grassmannian line packing.

This paper is organized as follows. Section II overviews
MIMO beamforming systems. Grassmannian line packing and
spherical codes are discussed in Section III. Section IV looks at
the distribution of an optimal beamforming vector and ties the
probabilistic results to Grassmannian line packing. The perfor-
mance of quantized beamforming systems is analyzed in Sec-
tion V. Section VI presents Monte Carlo simulation results.
The paper concludes in Section VII.

II. SYSTEM OVERVIEW

A MIMO system with transmit beamforming and receive
combining is shown in Fig. 1 with Mt transmit antennas and
Mr receive antennas. A symbol s (s ∈ C, the field of complex
numbers) to be transmitted is multiplied by weight wl (wl ∈ C)
at the lth (1 ≤ l ≤ Mt) transmit antenna. The data received by
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Fig. 1. Block diagram of a MIMO system.

the kth (1 ≤ k ≤ Mr) receive antenna, sent by the lth trans-
mit antenna, is multiplied a channel gain hk,l with hk,l is dis-
tributed according to CN (0, 1). This paper assumes hk,l is in-
dependent of hm,n if k �= m or l �= n. This channel model is
valid when there is a significant amount of scattering and all
antennas are sufficiently spaced. The data received by the kth

receive antenna is then added with noise nk where nk is dis-
tributed according to CN (0, N0) and weighted by zk (zk ∈ C
with · denoting conjugation). The weighted output of each of
the Mr receive antennas is summed into the combiner output
x.

The input/output relationship can be written in ma-
trix form. Let w = [w1 w2 ... wMt

]T (with T denot-
ing matrix transposition), z = [z1 z2 ... zMr

]T , n =
[n1 n2 . . . nMr

]T , and H be the Mr × Mt matrix with co-
ordinate (k, l) equal to hk,l. Then the combiner output is x =
(zHHw)s+zHn where H denotes the matrix conjugate trans-
pose.

We would like to design w and z to minimize the error rate
performance of the system in Fig. 1. It was shown in [3],[4] that
minimizing the average probability of symbol error (APSE) re-
quires that we maximize Er, the receive energy. The formula-
tion above allows us to express Er in our system as

Er = Et|zHHw|2/||w||22 (1)

= EtΓr

where Γr is the weighted channel gain given by Γr =
|zHHw|2/||w||22, | · | is the absolute value, || · ||2 is the induced
matrix 2-norm, and Et is the transmit energy. Thus to maximize
Er we must maximize Γr. To enforce the transmit power con-
straint, we will require ||w||2 = 1 and assume Et held constant.
The SNR for this system is given by EtΓr/(||z||22N0). There-
fore without loss of generality we also constrain ||z||2 = 1.

A transmitter where w maximizes |zHHw| for an arbitrary
z is called maximum ratio transmission. If w is restricted to
be of the form w = 1√

Mt
[ejθ1 . . . ejθMt ]T the beamformer is

called equal gain transmission. When w selects some subset
of the Mt antennas and transmits with equal power on each of

the selected antennas, this is called generalized selection diver-
sity transmission. An example of a GSDT system for a two
transmit antenna case would be to construct w to be in the set
{[1 0]T , [0 1]T , 1√

2
[1 1]T }. In MIMO systems, the receive vec-

tor also needs to be chosen. A receiver where z maximizes
|zHHw| given w is called a maximum ratio combiner (MRC).
This paper assumes the receiver uses MRC.

Given no design constraints on the form of w or z, the opti-
mal solutions in an APSE sense are the beamforming and com-
bining unit vectors that maximize Er. For a combining scheme
that solves for transmit weight vector w using the solution set
W (W ⊆ ΩMt

with ΩMt
denoting the set of unit vectors in

CMt) with an MRC receiver, w is given by [11]

w ∈ arg max
x∈W

||Hx||2 (2)

where arg max is defined to return the set of global maximiz-
ers. This result follows since an optimal combining vector z
for any beamforming vector w is z = Hw/||Hw||2.

This paper considers the scenario where the transmitter has
no knowledge of the channel, so the receiver must send w to
the transmitter. Since w can be any unit vector in a possibly
large solution set (ΩMt

for MRT) it is necessary to introduce
some method of quantization. A solution is to let the receiver
and transmitter both use a codebook of N beamforming vec-
tors. This allows the receiver to replace the computationally
complex singular value decomposition (SVD) of H needed for
an MRT/MRC system (a system using MRT at the transmit-
ter and MRC at the receiver) and the difficult optimization of
EGT/MRC [3], [4] with a simple brute force search of the N
vectors. The main benefit of choosing w from an N vector
codebook is that the number of bits sent back can be kept to a
reasonable number given by �log2 N�. Unfortunately, it is not
obvious how to design an N vector codebook.

III. GRASSMANNIAN LINE PACKING & SPHERICAL CODES

Grassmannian line packing represents one of the famous
unsolved applied mathematics problems. Grassmannian line
packing techniques can be used to construct vector codebooks
called spherical codes. In this section, we therefore give a brief
overview of Grassmannian line packing and spherical codes.
These topics will be of use in understanding the analysis of
beamforming codebooks done in later sections.

The Grassmannian space G(m,n) is the set of all n-
dimensional subspaces of the space Mm, where M = R or
M = C. Since MIMO matrix channels have complex entries,
we will only consider M = C. We are also interested in us-
ing Grassmannian subspace packing for designing beamform-
ing vector codebooks, therefore we will deal exclusively with
G(m, 1).

The Grassmannian subspace packing problem is the prob-
lem of finding the best packing of N n-dimensional subspaces
in Mm. In other words, we want to find N points in G(m,n)
so that the minimal distance between any two of the subspaces
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is as large as possible. Because we are restricting our study
to G(m, 1) with M = C, the subspaces are lines through the
origin in Cm and the packing problem is to arrange the lines
such that the angle between any of two of the lines becomes as
large as possible [12]. Note that if w lies on a line then so does
ejφw for all φ ∈ [0, 2π). Thus the problem simplifies down to
arranging N vectors so that the magnitude correlation between
any two lines is as small as possible.

Let ρ be a function that maps the set of m×N matrices with
complex unit vector columns, UN

m , to the set of nonnegative
reals, given by

ρ(W) = max
1≤k<l≤N

|wH
k wl| (3)

where wk is the kth column of W. A set of N lines is called
equiangular if

∣∣wH
k wl

∣∣ = cos(θ) for all k, l with k �= l with
θ ∈ [0, π/2].

A set of N vectors representing N lines is a type of spherical
code. A spherical code of dimension m is defined to be a set of
points on Ωm [13]. Every spherical code has a corresponding
matrix in UN

m . We will define a complex antipodal spherical
code to be a code with the property that if w is a member of
the spherical code then ejφw is a member of the spherical code
for all φ ∈ [0, 2π). A complex antipodal spherical code can
be uniquely represented by a set of N non-collinear vectors.
A useful measure of a spherical code’s quality is its density.
Let W be an m × N matrix whose columns form an N vector
complex antipodal spherical code (i.e. W ∈ UN

m ). For a γ ∈
[0, 1) and w ∈ Ωm, we will define the spherical cap of radius
γ around w as the set

Cw(γ) :=
{
x ∈ Ωm | |xHw| ≥ γ

}
. (4)

The maximum angular radius of a complex antipodal spherical
code is given by θr := arccos(ρ(W))/2.

The density of an N vector spherical code as

∆(W) :=
∑N

k=1 S (Cwk
(cos (θr)))

S (Ωm)

=
NS (Cw1 (cos (θr)))

S (Ωm)
(5)

where S is a function that gives the surface area of a set of
points on the unit sphere and ∆ : UN

m → [0, 1]. The following
theorem states an important property of the density function.

Theorem 1: Let W,W̃ ∈ UN
m . ∆(W) > ∆(W̃) if and only

if ρ(W) < ρ(W̃) [11].
Therefore minimizing the maximum absolute correlation max-
imizes the density. This important observation will be used in
developing a beamforming codebook criteria.

IV. CODEBOOK ANALYSIS AND DESIGN

In [14] it is shown that an optimal beamforming vector for
MRT systems is the dominant right singular vector of matrix

channel H. Therefore, wMRT that satisfies (2) (W = ΩMt
) is

an optimal MRT solution. The optimal beamforming vector is
given by

wMRT ∈ arg max
x∈ΩMt

|xHHHHx|. (6)

Note that if wMRT satisfies (6), then ejφwMRT also satisfies
(6) because ejφ has unit magnitude. Therefore the beamform-
ing vector is not unique.

We can restate this non-uniqueness property in terms of
points on a complex line instead of vectors. Let Pw denote
the column space of the vector w. The subspace Pw can easily
be understood as a line in CMt passing through the origin. We
will define a representative vector of Pw as any vector in ΩMt

whose column space is equal to Pw. For any line P in CMt that
passes through the origin, all vectors w ∈ (P

⋂
ΩMt

) provide
the same receive SNR and the same probability of symbol error.

In order to understand the properties of the codebook the dis-
tribution of the optimal weight vector must now be addressed.
The distribution of X = HHH is the complex Wishart distri-
bution [15] when H is defined as in Section II. An important
property of of complex Wishart distributed random matrices is
summarized in Theorem 2 [15].

Theorem 2: If X is complex Wishart distributed, then X is
equivalent in distribution to UDUH where U is uniformly dis-
tributed on the group of Mt × Mt unitary matrices and D =
diagMt

{λ1, . . . , λMx
} (λi ≥ λk ∀i ≥ k), the diagonal matrix

with λ1, . . . , λMx
on the first Mx diagonal entries and zeros on

the remaining diagonal terms with Mx = min(Mr,Mt), has a
distribution found in [15].

One solution to (6) is equivalent in distribution to wMRT =
U[1 0 0 · · · 0]T with U given in Theorem 2. The following
theorem proven in [11] will allow the distribution of this opti-
mal vector to be understood.

Theorem 3: Let U be a uniformly distributed Mt × Mt ran-
dom unitary matrix. If v ∈ ΩMt

then Uv is uniformly dis-
tributed on ΩMt

.
Therefore since U is uniformly distributed on UMt

and
[1 0 0 · · · 0]T is a unit vector, Theorem 3 states that wMRT =
U[1 0 0 · · · 0]T is distributed uniformly on ΩMt

. The theo-
rem also shows that each of the columns of U and any unit
norm linear combination of columns of U are each uniformly
distributed on ΩMt

.
A codebook will be represented by an Mt × N matrix W

with unit code vector columns. The ith column of W will
be denoted by wi. The receiver will choose a beamforming
vector from the columns of W using the encoding function
Qw : CMr×Mt → {w1,w2, . . . ,wN} given by [3]

Qw(H) = arg max
x∈{w1,w2,...,wN }

‖Hx‖2
2 (7)

in order to maximize the receive SNR. Note that Q is not solely
a function of the maximum singular value direction in the ma-
trix channel case. This follows because certain matrix chan-
nels arise where it is better to use the quantized beamforming
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vector that is close to some linear combination of singular vec-
tors. Channels where several of the singular values are approx-
imately equal would fall into this case.

The expected channel gain is given by the performance met-
ric G(W) = EH‖HQw(H)‖2

2 with EH denoting expectation
over H. This can be rewritten as [11]

G(W) = EH

[
max

0<i≤N

Mt∑

k=1

λk|vH
k wi|2

]

≥ EH [λ1]EH

[
max

0<i≤N
|vH

1 wi|2
]

(8)

where λ1 ≥ λ2 ≥ . . . ≥ λMt
are the Mt eigenvalues and

v1,v2, . . . ,vMt
are the corresponding eigenvectors of the ma-

trix HHH. The set of vectors that maximizes the lower bound
in (8) is the set of vectors that minimizes the phase-invariant
minimum mean-squared error (MMSE) distortion function for
a uniformly distributed unit vector source.

Unfortunately, this vector quantization problem does not
have a known optimal solution [3]. In order to address this
problem we can lower bound the result in (8) by

G(W) ≥ EH [λ1] cos2 (θr) ∆(W). (9)

This result follows from the fact that v1 is distributed uniformly
on ΩMt

according to Theorem 3.
Therefore we can attempt to maximize G by maximizing the

lower bound and thus the spherical code density. Using Theo-
rem 1 we must therefore minimize the maximum absolute inner
product between any pair of codebook vectors. Thus we pro-
pose the following criterion for designing Grassmannian beam-
forming codebooks.

Grassmannian Beamforming Criterion: Design the set of
codebook vectors {wi}N

i=1 such that the corresponding code-
book matrix W minimizes ρ(W) = max1≤k<l≤N |wH

i wj |.
As discussed in Section III, this criterion is exactly the same

as spacing representative vectors so that the closest pair of cor-
responding complex lines has maximum angular separation.
This problem is mathematically challenging from an analyti-
cal point of view [13] but numerical simulations can also yield
good codebooks.

Previous work [16] explored using the Grassmannian Beam-
forming Criterion to design QMRT codebooks. This crite-
rion however can easily extend to constrained beamforming
schemes such as equal gain or generalized selection. If we wish
to constrain our optimization to the set V where V ⊆ UN

Mt
, the

optimal codebook matrix W would be given by

W ∈ arg min
X∈V

ρ(X). (10)

QMRT sets V = UN
Mt

, and thus codebook design becomes,
for a given Mt and N, finding the matrix in UN

Mt
with the small-

est maximum absolute correlation between any two columns.
Codebooks of this type can be design analytically when appli-
cable [12], but in most cases computer searches must be em-
ployed. Notice that when N ≤ Mt maximally spaced packings

are easy to find: simply take N columns of any Mt × Mt uni-
tary matrix.

Examples of cases where V is a strict subset of UN
Mt

in-
clude QEGT and GSDT. Equal gain transmission chooses W
by minimizing ρ(W) over the set F = {W ∈ UN

Mt
| wi,i =

ejθ/
√

Mt}. A generalized selection diversity transmission sys-
tem chooses a codebook over the set I, the set of matrices in
UN

Mt
such that each column can be written as a normalized sum

of columns from the M×Mt identity matrix (i.e. transmitting
on a subset of antennas). The set F , just as UN

Mt
, is uncountable

and thus requires some form of iterative optimization. The set
I, however, is finite and thus a brute force search can yield a
globally optimal W.

V. CODEBOOK PERFORMANCE

Closed form results on the average probability of symbol er-
ror for quantized beamforming systems are difficult if not im-
possible to determine. We will therefore bound the diversity,
the asymptotic slope of the average probability of symbol er-
ror curve, for quantized beamforming systems using maximum
ratio combining.

Lemma 1: Quantized beamforming and maximum ratio
combining systems provide an MrMt diversity order as long
as the vectors in the beamformer codebook span CMt .
The proof of Lemma 1 is given in [11], [16].

This guarantee of diversity order is extremely important be-
cause MIMO transmissions that do not obtain full diversity are
not fully utilizing the spatial diversity provided by sufficiently
spaced antennas. Thus the key indicator that must be consid-
ered in choosing a codebook size N and beamforming tech-
nique is array gain. The maximization of the lower bound in
(8) and the Grassmannian Beamforming Criterion thus give a
technique for increasing the array gain in our quantized beam-
forming system.

VI. SIMULATIONS

All simulations used binary phase shift keying (BPSK) mod-
ulation and i.i.d. Rayleigh fading (where hk,l is distributed ac-
cording to CN (0, 1)). The APSE is estimated using at least 1.5
million iterations per SNR point. Codebooks were designed
using random search criterion for QEGT and QMRT. GSDT
codebooks are globally optimal since searching over all possi-
ble codebooks is feasible. Other simulation results are available
in [3].
Experiment # 1 In the first experiment, the two different meth-
ods of QEGT codebook design are compared on a 3 trans-
mit and 3 receive antenna system. The results are shown in
Fig. 2. The old method refers to the codebook design method
outlined in [3], [4] with R = 400 (R denoting a codebook
design input). The new method uses low correlation vector
codebooks. A 2 bit QEGT/MRC system using the new code
design method provides a 0.25dB coding gain compared to
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SDT/MRC; SDT/MRC is proposed in [6]. A 3 bit new de-
sign method QEGT codebook outperforms a 5 bit old design
method QEGT codebook by around 0.05dB. Performance im-
proves by 0.03dB when changing from 3 bit new QEGT to 5
bit new QEGT.
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Fig. 2. Comparison of symbol probability of error for 3 transmit and 3 receive
antenna systems using QEGT/MRC with the old and new codebook designs.

Experiment # 2 The final experiment, shown in Fig. 3, com-
pares all three of the quantized vector codebooks discussed in
this paper for a 4 transmit and 2 receive antenna system. A
4 bit GSDT/MRC system performs around 0.7dB better than
SDT/MRC and around 2dB worse than MRT/MRC. A 4 bit
QEGT/MRC and 4 bit QMRT/MRC system both perform ap-
proximately the same, outperforming a 4 bit GSDT/MRC sys-
tem by approximately 0.47dB. MRT/MRC outperforms 6 bit
QMRT/MRC by approximately 0.9dB and 6 bit QEGT/MRC
by approximately 1.2dB.
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Fig. 3. Comparison of symbol probability of error for 4 transmit and 2 receive
antenna systems using QMRT/MRC, GSDT/MRC, and QEGT/MRC.

VII. CONCLUSION

This paper examined limited feedback beamforming tech-
niques for multi-antenna wireless systems using maximum ra-
tio transmission, equal gain transmission, or generalized se-
lection diversity transmission. The distribution of an optimal
beamforming vector for a system using MRT/MRC was found
to be uniform on the complex unit sphere. This analysis leads
to codebook design criterion using Grassmannian line packing.

There are many problems with multi-antenna feedback sys-
tems that have yet to be answered. Probabilistic performance
analysis is needed to determine how close the performance of
a quantized beamforming can come to optimal performance. It
may also be possible to extend the quantization techniques for
beamforming system to quantized precoding systems.
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