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Abstract
An approximate spatial correlation model for clustered MIMO channels is proposed in this paper.
The two ingredients for the model are an approximation for uniform linear and circular arrays to avoid
numerical integrals and a closed-form expression for the correlation coefficients that is derived for
the Laplacian azimuth angle distribution. A new performance metric to compare parametric and nonparametric channel models is proposed and used to show that the proposed model is a good fit to existing
parametric models for low angle spreads (i.e., smaller than ten degree). A computational complexity
analysis shows that the proposed method is a numerically efficient way of generating spatially correlated
MIMO channels.
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I. I NTRODUCTION
Multiple-input multiple-output (MIMO) communication technology offers a spatial degree of freedom
that can be leveraged to achieve significant capacity gains as well as improved diversity advantage [1],
[2]. While the theoretical properties of MIMO communication systems have been acknowledged for some
time, only now is a pragmatic perspective of MIMO communication in realistic propagation channels being
developed [3]–[11]. These results show that realistic MIMO channels have significant spatial correlation
due to the clustering of scatterers in the propagation environment. Unfortunately, spatial correlation
generally has an adverse effect on capacity and error rate performance [3], [12]. Simulating realistic
correlated channels is thus essential to predict the performance of real MIMO systems.
Spatially correlated MIMO channels are typically derived under certain assumptions about the scattering
in the propagation environment. One popular correlation model, which we call the clustered channel
model, assumes that groups of scatterers are modeled as clusters located around the transmit and receive
antenna arrays. Clustered channel models have been validated through measurements [13], [14] and
variations have been adopted in different standards such as the IEEE 802.11n Technical Group (TG)
[15], for wireless local area networks (WLANs), and the 3GPP Technical Specification Group (TSG)
[16], for third generation cellular systems.
There are two popular approaches to simulate correlated MIMO channels based on methods derived
from single-input multiple-output (SIMO) channel models (see [17] and the references therein). The
first one is a parametric approach, which generates the MIMO channel matrix based on a geometrical
description of the propagation environment (i.e., ray-tracing techniques). The second one is a nonparametric method, where the spatial correlation across MIMO channels is reproduced by a suitable choice
of transmit and receive spatial correlation matrices. Parametric models are used to predict the performance
of MIMO communication systems in realistic propagation environments, since they describe accurately
the spatial characteristics of wireless links. Non-parametric models (ex. the Kronecker model [3], [8])
are defined using a reduced set of channel parameters (i.e., angle spread, mean angle of arrival/departure)
and are suitable for theoretical analysis of correlated MIMO channels.
In theoretical analyses of MIMO systems, it may be desirable to study capacity and error rate performance accounting for spatial correlation effects, due to the propagation channel and the transmit/receive
arrays. For this purpose, the channel spatial correlation has to be expressed in closed-form as a function of
channel and array parameters. In [18], exact expressions of the spatial correlation coefficients were derived
for different spatial distributions (i.e., uniform, Gaussian, Laplacian) of angles of departure/arrival for

1

uniform linear arrays (ULAs). This solution, however, is expressed in terms of sums of Bessel functions
and does not show a direct dependence of the spatial correlation on the channel/array parameters.
In this paper, we propose new closed-form expressions of the spatial correlation matrices in clustered
MIMO channels. We assume a Laplacian distribution of the angles of arrival/departure, which has been
demonstrated to be a good fit for the power angular spectrum [19]–[22] and is practically used by different
standards channel models [15], [16], [23]. The key insight is that a small angle approximation, which
holds for moderate angle spreads (i.e., less than ∼ 10o ), allows us to derive a closed-form solution for
the spatial correlation function. Using our method, we can avoid the numerical integration in [18] and
can easily obtain the correlation as a function of angle spread and arrivals. We develop these results for
the commonly used uniform linear array (ULA) and extend these results to the uniform circular array
(UCA), perhaps the next most common array geometries for future generation access points. To validate
our model, we compare it against existing parametric and non-parametric channel models. To make the
comparison, we propose a novel distance metric, derived from the mutual information of the MIMO
channel, to evaluate the relative performance of parametric and non-parametric channel models. Then
we evaluate this metric in different propagation conditions and show that, for angle spreads lower than
∼ 10o , our model is a good fit to the more realistic parametric models.

Besides the analytical tractability, another main benefit of the proposed method versus existing channel
models, as we demonstrate, is a reduction in computational complexity and thus computation time required
to compute the spatial correlation matrices. Because the spatial correlation matrices are a function of the
cluster size and location, which are often modelled as random, system level simulations will require
averaging over many correlation realizations. For example, in the context of network simulators, where
many users and channels need to be simulated [24]–[31], and in detailed propagation studies of the effect
of correlation [32], [33], the computational burden to simulate spatially correlated MIMO channels is a
relevant issue. Our proposed channel model enables network simulations with significant computational
saving, on the order of 10 to 1000 times compared to existing methods.
This paper is organized as follows. In Section II, we provide some background on the clustered
MIMO channel models as well as parametric and non-parametric models. Then in Section III, we present
the analytical derivation of the proposed model for ULA and UCA antenna configurations, outlining
the approximation used. In Section IV, we propose a new performance metric to evaluate the relative
performance of parametric and non-parametric channel models and show the performance degradation of
our method due to the approximation used. Section V describes the computational complexity analysis of
different channel models. Finally, in Section VI we give some remarks on the applicability of our model
2

in practical system simulators. Concluding remarks are given in Section VII.
II. D ESCRIPTION OF C LUSTERED C HANNEL M ODELS
In this section we provide some background on clustered channel models as well as parametric and
non-parametric models used in our analysis.

A. Background and Model Description
One common technique for modeling multi-path propagation in indoor environments is the SalehValenzuela model [13], [34], where waves arriving from similar directions and delays are grouped into
clusters. Using this method, a mean angle of arrival (AOA) or departure (AOD) is associated with each
cluster and the AOAs/AODs of the sub-paths within the same cluster are assumed to be distributed
according to a certain probability density function (pdf). The pdf of the AOAs/AODs is chosen to fit the
empirically derived angular distribution of the AOAs/AODs, or power angular spectrum, of the channel.
Note that, although the AOAs/AODs are physically distributed over the three dimensional space, it has
been proven through channel measurements that most of the energy is localized over the azimuth directions
[23]. Therefore, we assume the AOAs/AODs to be distributed according to a certain power azimuth
spectrum (PAS). The size of a cluster is measured by the cluster angular spread (AS) defined as the
standard deviation of the PAS.
A graphical representation of the clustered channel model is given in Fig. 1. Without loss of generality,
we focus on modeling the receiver spatial correlation. Multiple scatterers around the receive array are
modeled as clusters. We use the angle φc to denote the mean AOA/AOD of one cluster. Within the same
cluster, each propagation path is characterized by an angle of arrival φ0 and is generated according to
a certain PAS. Depending on the system bandwidth, the excess delay across different paths may not
be resolvable. In this case, multiple AOAs/AODs are defined with an offset φi relative to the mean
AOA/AOD of the propagation path (φ0 ). In typical channel models for indoor environments [15], the
propagation paths within the same clusters are generated with the same mean AOA/AOD as the cluster
and we assume φ0 = φc .
Several distributions have been proposed thus far to approximate the empirically observed PAS: the n-th
power of a cosine function and uniform distributions [35]–[38], the Gaussian probability density function
(pdf) [39], and the Laplacian pdf [20]–[22], [34], [40]–[42]. Through recent measurement campaigns in
indoor [21], [22], [34], [41] and outdoor [19], [20], [40] environments, it has been shown that the PAS
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is accurately modelled by the truncated Laplacian pdf, given by

√

 √ β · e−| 2φ/σφ | if φ ∈ [−π, π);
2σφ
Pφ (φ) =

0
otherwise

(1)

where φ is the random variable describing the AOA/AOD offset with respect to the mean angle φ0 , σφ is
the standard deviation (RMS) of the PAS, and β = 1/(1 − e−

√

2π/σφ )

is the normalization factor needed

to make the function integrate to one. The Laplacian pdf is also used by different standards bodies as in
[15], [16], [23].
We consider a MIMO communication link with Mt transmit and Mr receive antennas. Suppose that
the system is wideband and operating in an indoor environment that is accurately modelled using the
clustered channel model. Under this assumption, the channel consists of multiple sample taps, which
are associated with different clusters. Because the transmitted signals are bandlimited, it is sufficient to
model only the discrete-time impulse response (see e.g. [43])
H[t] =

L−1
X

H` [t] δ[t − `]

(2)

`=0

obtained from sampling the band-limited continuous-time impulse response where t denotes the discretetime index, L is the number of effectively nonzero channel taps (corresponding to the channel clusters),
δ[t − `] is the Kronecker delta function1 , and H` [t] is the Mr × Mt channel matrix for the `-th tap. We

assume that the taps are uncorrelated, thus we focus on modelling each channel tap. Hereafter, we briefly
describe two common methods to generate the MIMO channel matrices H` .2
1

The Kronecker delta is defined as
δ[t − `] =



1 if t = `;

0 otherwise.

2

We omit the [t] notation for simplicity as normally the coherence of the channel implies that it is constant over many symbol

periods.
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B. Parametric Channel Model
In parametric channel models the entries of the MIMO channel matrix are expressed as a function of
the channel spatial parameters. The `-th matrix tap H` is given by [44], [45]3
N
1 X
H` = √
αi ar (φr`,i )a†t (φt`,i )
N i=1

(3)

where N is the number of rays per cluster, αi is the complex Rayleigh channel coefficient, φt`,i and φr`,i
are the AOD and AOA, respectively, of the i-th ray within the `-th cluster, generated according to the
Laplacian pdf in (1). Moreover, at and ar are the transmit and receive array responses, respectively, given
by
at (φt`,i ) =

h

1, ejΦ1 (φ`,i ) ,

ar (φr`,i ) =

h

1, ejΦ1 (φ`,i ) ,

t

iT

r

iT

t

· · · , ejΦ(Mt −1) (φ`,i )

r

· · · , ejΦ(Mr −1) (φ`,i )

(4)
(5)

where Φm is the phase shift of the m-th array element with respect to the reference antenna. Note that
the expression of Φm varies depending on the array configuration and is a function of the AOA/AOD.
Equation (3) can be written in closed-form as [46](p.31)
H` = Ar,` Hα A†t,`

(6)

√
where At,` = [at (φ`,1 ), ..., at (φ`,N )], Ar,` = [ar (φ`,1 ), ..., ar (φ`,N )] and Hα = 1/ N diag (α1 , ..., αN ).

We define the channel covariance matrix for the `-th tap as
h
i
RH,` = E vec(H` )vec(H` )† .

(7)

C. Non-parametric Channel Model
We use the Kronecker model to describe the stochastic evolution of each matrix tap H` as [3]
1/2

T /2

H` = Rr,` Hw Rt,`

(8)

where Hw is a Mr × Mt matrix whose entries are independently distributed according to the complex
Gaussian distribution. Moreover, Rt,` and Rr,` are the spatial correlation matrices at the transmitter
and receiver, respectively, which express the correlation of the receive/transmit signals across the array
3

We use CN (0, 1) to denote a random variable with real and imaginary parts that are i.i.d. according to N (0, 1/2),

denote conjugation,

T

to denote transposition,

†

∗

to

to denote conjugation and transposition, | · | to denote the absolute value, k · k1

denotes the 1-norm, h·, ·i to denote the complex vector space inner-product, vec(·) to denote the vec-operator of matrices, and
E[·] to denote the expected value of random variables.
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elements. The channel covariance matrix of the non-parametric model in (8) is given by the Kronecker
product of the transmit and receive correlation matrices as
RH,` = Rt,` ⊗ Rr,` .

(9)

In the clustered channel model, the coefficients of Rt and Rr 4 , for a single channel tap are characterized
by a certain angular spread and angle of arrival. Since the same method is used to calculate each correlation
matrix, we will use the notation R to refer to both the transmit or receive correlation matrix. Likewise,
we will use M , instead of Mr or Mt , to indicate the number of antennas. The (m,n) entry of the matrix
R for spaced array configurations is defined as [18], [40]
Z π
Rm,n =
ej[Φm (φ)−Φn (φ)] Pφ (φ)dφ

(10)

−π

where Pφ (φ) is the Laplacian pdf in (1) and the term Φm (φ) − Φn (φ) accounts for the phase difference
between the m-th and n-th array element due to spacing.
III. P ROPOSED M ODEL OF THE S PATIAL C ORRELATION M ATRIX
In this section, we derive an approximate expression of the spatial correlation matrices R reported in
(8) for a single channel tap. We will show how to derive the closed-form of R under an approximation
for low angle spreads for both ULA and UCA configurations.

A. Uniform Linear Array (ULA)
We express the phase shift in (10) of the m-th array element with respect to the reference antenna as
a function of the AOA as
Φm (φ) = kdm sin(φ0 − φ)

(11)

where m = 0, ..., M − 1, φ is the AOA offset with respect to the mean AOA of the cluster φ0 and k is
the wavenumber. Substituting (11) in (10), we express the cross-correlation coefficient of the ULA as
Z π
Rm,n =
ejkd(m−n) sin(φ0 −φ) Pφ (φ) dφ
(12)
−π

where Pφ (φ) is the pdf given in (1).
Let us express the exponent of the function inside the integral as
sin(φ0 − φ) = sin φ0 cos φ − cos φ0 sin φ.
4

We omit the subscript ` because we focus on a single tap.
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(13)

Expanding with a first-order Taylor series (assuming φ ≈ 0)
sin(φ0 − φ) ≈ sin φ0 − φ cos φ0 .

(14)

Substituting (14) into (12) we get
Rm,n ≈ e

jkd(m−n) sin φ0

Z

π

e−jkd(m−n) cos(φ0 )φ Pφ (φ) dφ.

·

(15)

−π

From (1) we observe that the truncated Laplacian PAS is zero outside the range [−π, π). Therefore,
the integration of Pφ (φ) truncated over [−π, π) is approximately equivalent to integration over the real
line. Then, substituting (1) into (15) we get
∞

√
β
e−| 2φ/σφ | dφ.
(16)
2σφ
−∞
Equation (16) consists of the product of a complex exponential term times an integral term. The integral

[R(φ0 , σφ )]m,n ≈ e

jkd(m−n) sin φ0

Z

e−jkd(m−n) cos(φ0 )φ √

·

term is the characteristic function of the Laplacian pdf in (1), and it can be expressed as
)
(
Z ∞
√
√
β
β
−| 2φ/σφ |
−| 2φ/σφ |
−jkd(m−n) cos(φ0 )φ
√
e
e
dφ = Fω √
[B(φ0 , σφ )]m,n =
e
2σφ
2σφ
−∞

(17)

where Fω denotes the Fourier transform evaluated at ω = kd(m − n) cos φ0 . Solving (17), we get
[B(φ0 , σφ )]m,n =

β
1+

σφ2
2

(18)

· [kd(m − n) cos φ0 ]2

with m, n = 0, ..., (M − 1). Therefore, substituting (18) in (16) we derive the following closed-form for
the correlation coefficients across all the array elements
[R(φ0 , σφ )]m,n ≈

β ejkd(m−n) sin φ0
σ

2
φ

1 + 2 · [kd(m − n) cos φ0 ]2
The complex exponential term in (16) can be written as

.

(19)

ejkd(m−n) sin φ0 = ejkdm sin φ0 · e−jkdn sin φ0

(20)

where the multiplicative factors at the right hand side of (20) are the entries of the steering vector of the
ULA, given by
h
aula (φ0 ) = 1, ejkd sin φ0 ,

· · · , ejkd(M −1) sin φ0

iT

.

(21)

Using the definition in (21), we derive the spatial correlation matrix, with complex entries given by (19),
as
h
i
R(φ0 , σφ ) ≈ aula (φ0 ) · a†ula (φ0 )

where

B(φ0 , σφ )

(22)

denotes the Shur-Hadamard (or elementwise) product and a(φ0 ) is the array response (column

vector) for the mean azimuth AOA (φ0 ). A similar result was given in [47], [48], where the Gaussian
distribution was used for the PAS. In our case, however, we computed the matrix R(φ0 , σφ ) for the case
of Laplacian pdf, given by (1).
7

B. Uniform Circular Array (UCA)
We express the phase shift in (10) of the m-th array element with respect to the center of the UCA
as a function of the AOA as
Φm (φ) = kρ cos [(φ0 − φ) − φm ] .

Substituting (23) in (10) we write
Z π
Rm,n =
ejkρ[cos(φ0 −φm −φ)−cos(φ0 −φn −φ)] Pφ (φ) dφ.

(23)

(24)

−π

Consider the exponent in (24)
Φmn = cos(φ0 − φm − φ) − cos(φ0 − φn − φ).

(25)

Applying the following trigonometric formula of angle addition
cos(α − β) = cos α cos β + sin α sin β

(26)

Φmn = [cos(φ0 − φm ) − cos(φ0 − φn )] cos φ + [sin(φ0 − φm ) − sin(φ0 − φn )] sin φ.

(27)

we find

Using the first-order Taylor expansion (assuming φ ≈ 0)
Φmn ≈ [cos(φ0 − φm ) − cos(φ0 − φn )] + [sin(φ0 − φm ) − sin(φ0 − φn )] φ

(28)

= Fmn + Gmn φ

where we defined Fmn = cos(φ0 − φm ) − cos(φ0 − φn ) and Gmn = sin(φ0 − φm ) − sin(φ0 − φn ).
Substituting these values in (24)
Rm,n ≈ e

jkρFmn

Z

∞

ejkρGmn φ Pφ (φ) dφ.

·

(29)

−∞

Similar to the ULA case, we identify the complex exponential term and the integral term in (29). The
integral term can be expressed in terms of the characteristic function of the Laplacian pdf as
(
)
√
1
−| 2φ/σφ |
[B(φ0 , σφ )]m,n = Fω √
e
2σφ

(30)

where Fω denotes as usual the Fourier transform evaluated at ω = −kρGmn . Then
[B(φ0 , σφ )]m,n =

β
1+

σφ2
2

· [kρ (sin(φ0 − mφs ) − sin(φ0 − nφs ))]2
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(31)

where we assumed φm = mφs and φn = nφs for UCAs, with m, n = 0, ..., (M − 1). Substituting
(31) in (29) and using the definition of Fmn given before, we can write the closed-form solution of the
correlation coefficients for the UCA as
[R(φ0 , σφ )]m,n ≈

β ejkρ[cos(φ0 −mφs )−cos(φ0 −nφs )]
1+

σφ2
2

· [kρ (sin(φ0 − mφs ) − sin(φ0 − nφs ))]2

.

(32)

The complex exponential term in (29) may be expanded as
ejkρFmn = ejkρ cos(φ0 −φm ) · e−jkρ cos(φ0 −φn ) .

(33)

where each complex exponential at the right hand side of (33) is the entry of the steering vector of the
UCA, defined as [49]
h
auca (φ0 ) = ejkρ cos(φ0 ) , ejkρ cos(φ0 −φs ) ,

· · · , ejkρ cos(φ0 −(M −1)φs )

iT

,

(34)

where we used the usual assumption of φm = mφs for uniformly spaced circular arrays. Finally, using
(31) and the definition (34)
h
i
R(φ0 , σφ ) ≈ auca (φ0 ) · a†uca (φ0 )

B(φ0 , σφ )

which is the same expression of the spatial correlation matrix as in (22). Note that the closed-form of
R(φ0 , σφ ) in (22) is the same for both the ULA and the UCA cases. The expressions of the matrix
B(φ0 , σφ ) and the vector a(φ0 ) are different, however, and they are reported respectively in (18) and

(21) for the ULA case and in (31) and (34) for the UCA case.
IV. P ERFORMANCE C OMPARISON OF D IFFERENT MIMO C HANNEL M ODELS
We compare the performance of the proposed non-parametric channel model against parametric models,
based on metrics derived from the MIMO capacity and spatial correlation matrix. From these metrics,
we evaluate the conditions under which non-parametric and parametric MIMO channel models provide
the same performance. Then we determine the channel scenarios (defined by different combinations of
values of φ0 and σφ ) for which our model provides similar performance as parametric models.
We consider three different models to generate the complex MIMO channel matrix H:
•

Parametric model (PM) described in (3), based on sum of N rays;

•

Exact non-parametric model (ENPM) in (8) employing the exact correlation coefficients derived
in [7] for ULAs. In [7] the closed-form expression of the spatial correlation coefficients is expressed
as infinite sum of Bessel functions of the first kind. For simulation purposes, we truncate this series
to a finite sum of NB Bessel functions;
9

•

Approximate non-parametric model (ANPM) in (8) using the approximated spatial correlation
coefficients in (19) and (32) for the ULAs and UCAs, respectively.

A. Performance Metrics
To compare the relative performance of the channel models described above, we employ a well known
metric defined from the channel covariance matrix [50]
Ψ(R1 , R2 ) =

kR1 − R2 kF
kR1 kF

(35)

where R1 and R2 are spatial correlation matrices obtained from two different models. For the PM we
employ the definition of spatial correlation matrix in (7), whereas for the ENPM and ANPM we use (9).
We observe that in [51], [52] the MIMO ergodic capacity was expressed in closed-form as a function
of the spatial correlation matrix. Hence, the error provided by the metric in (35) is directly related to
mismatch of the ergodic capacity obtained through two different channel models. The results in [51],
[52], however, are derived for non-parametric channel models employing the Kroneker structure in (8),
and cannot be extended in general to parametric models in (3) (unless certain assumptions are made on
the channel model [3]). Moreover, we note that the covariance matrix in (9) is parametric, whereas (7)
is the average of a random matrix and its estimate may be biased. Fair comparisons of parametric versus
non-parametric channel models have to rely on the distribution of the mutual information, derived from
the MIMO channel matrix (rather than the spatial correlation matrices).
The mutual information of a MIMO channel, assuming equal power allocation across the transmit
antennas and Gaussian signaling, is given by
C(H) = log2 IMr +

γo
HH†
Mt

(36)

where γo is the average signal-to-noise ratio (SNR). From (36) it is possible to derive two metrics
commonly used to evaluate the performance of MIMO systems: mean and 10% outage capacity [53].
In correlated MIMO channels, however, the Gaussian approximation [54]–[56] does not always hold
(especially when the channel is high spatially correlated) and the pdf of C cannot be characterized
simply by its first and second order moments. Hence, we define the following metric derived from the
pdf of the mutual information in (36)
k f (C) − g(C) k1
k f (C) k1 + k g(C) k1
Z
1 ∞
=
| f (C) − g(C) | dC
2 0

Dpdf (f, g) =

10

(37)

where f (C) and g(C) are the pdf’s of C for different channel models, with k f (C) k1 =k g(C) k1 = 1
by definition of the pdf. Note that (37) satisfies the condition 0 ≤ Dpdf (f, g) ≤ 1, with Dpdf (f, g) = 0
when f (C) = g(C), ∀C . In the next subsection, we describe how to estimate the pdf’s f (C) and g(C).
In the following results, we choose the PM as the reference to compare the performance of our proposed
ANPM, since the PM describes more accurately the physical properties of the propagation channel and
can be used to simulate any array configuration. Parametric models, however, assume a finite number
of rays in the propagation environment, as opposed to non-parametric models for which the multi-paths
are assumed to be continuously distributed in space. Hence, we begin by comparing the PM against the
ENPM for different numbers of rays (N ).
B. Performance Comparison of the PM against ENPM
Fig. 3(a) depicts the pdf of the mutual information in (36) for the PM and ENPM for ULAs, with a
variable number of rays (N ), Mt = Mr = M = 4, SNR= 10 dB, σφ = 50o and φ0 = 0o both at transmit
and receive sides. In the following results we assume the array element spacing is d = 0.5λ, with λ being
the wavelength. The pdf of C is computed through Monte Carlo simulations over ten thousands channel
instances and by curve fitting. Note that the Gaussian approximation can be used to fit the pdf of the
MIMO channel capacity for i.i.d. and single-sided spatially correlated channels as shown in [54]–[56].
We observed, however, that the Gaussian fit becomes loose when the channel spatial correlation is high
(i.e., low AS). Since our final goal is to compare the performance of ANPM against PM in any correlated
scenario, we employ polynomial fitting functions to approximate the pdf of C . Fig. 3(a) shows that, as
the number of rays increases from 5 to 100, the PM approaches the performance of ENPM. Similar
results are given in Fig. 3(b) for the cumulative density function (CDF) of the mutual information. We
observe that the PM approaches the ENPM for N → 100.
Next, we compute the optimal value of N for which PM converges to ENPM, for different system
parameters, by employing the metric in (37). Fig. 4 depicts the distance metric in (37) as a function
of the number of rays (N ) for different numbers of transmit/receive antennas Mt = Mr = M . We
compare the performance of the PM with variable N against the ENPM with NB = 500. The MIMO
channel is simulated with σφ = 50o and φ0 = 0o both at transmit and receive sides. We observe that
Dpdf decreases as N increases, since a larger number of rays for the PM more closely approximates

the continuous spatial distribution of rays in the ENPM. Moreover, for fixed N , Dpdf increases with M
due to the higher dimensionality of the MIMO channel. We empirically choose the threshold of 5% as a
target value and observe that, for the practical case of M = 4, about 70 rays are enough for the PM to
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approximate the ENPM. Note that the channel is generated with low spatial correlation (i.e., large AS),
and fewer rays may be required for smaller values of σφ .
Fig. 5 depicts the metric in (35) as a function of N , for Mt = M and Mr = 1 in correlated MIMO
channels with φ0 = 0o and variable σφ . The matrix R1 is generated according to the ENPM in (9),
whereas the matrix R2 is derived from the PM in (7). We choose a target of 10% as in [50]. We observe
that, for any N , the PM is a good fit to the ENPM in terms of Ψ, since single receive antenna is assumed.

C. Performance of the Proposed ANPM Against PM
Here, we compare the performance of the proposed ANPM against parametric models for ULAs and
UCAs. We consider practical MIMO systems with Mt = Mr = 4 antennas and we simulate the PM with
N = 100 rays. Moreover, we use the same channel parameters (i.e., σφ and φ0 ) both at the transmit

and receive sides. Note that we choose N = 100 to guarantee that the parametric model fits the nonparametric models also for large angle spread (i.e., 30o ). For small angle spreads and number of antennas,
however, the PM fits non-parametric models also for smaller values of N as shown in Fig. 4.
Fig. 6(a) shows the metric in (36) as a function of the channel parameters for ULAs. We observe that,
for values of angle spread lower than 10o and for any value of mean-AOA in the range [0o , 90o ], Dpdf
is always below the predefined 5% target. Then, for these values of σφ and φ0 , the ANPM approaches
the performance of PM. Similarly, Fig. 6(b) shows that the range of values for which the ANPM with
UCAs approximates the PM within the 5% target of Dpdf is φ0 ∈ [0o , 90o ] and σφ ≤ 5o .
Fig. 7(a) and Fig. 7(b) depict the metric in (35) as a function of the channel parameters for both ULAs
and UCAs. Once more, the ANPM approximates the PM within the 10% target of Ψ for any value of
φ0 and for σφ below 10o and 5o for the ULA and UCA, respectively. We conclude that the proposed

ANPM for ULAs and UCAs is a good approximation to the PM for small angle spreads (i.e., lower than
∼ 10o for ULAs).

V. C OMPUTATIONAL C OMPLEXITY A NALYSIS
Hereafter, we analyze the computational cost of the three channel models described above and evaluate
the complexity reduction of the ANPM over the PM and ENPM. In this analysis, we count the number of
arithmetic functions used to compute the MIMO complex channel coefficients in (2), with t = 1, . . . , Ns
and Ns being the number of channel instances to be simulated. We assume any arithmetic function has
computational cost of K , while recognizing that the value of K is machine dependent.
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We first consider the case of ULA. For the PM, the cost to evaluate the `-th matrix tap in (3) is
N (6N + 5)(Mt + Mr )K . When L clusters are simulated, with Ns samples each, the total computational

complexity of PM is
CPM = Ns LN (6N + 5)(Mt + Mr )K.

(38)

For the ENPM we use the approximation for Bessel functions of the first kind in [18], truncating
the infinite series to the order NB . To compute numerically the Bessel functions from the order zero
up to 2NB + 1, we employ a well known method based on polynomial approximation and backward
recurrence [57]. It is possible to show that the cost to compute the complex entries of the matrices

Rt,` and Rr,` in (8) for the L channel clusters is given by CR,ENPM = O 62NB L(Mt2 + Mr2 )K , for
NB  L. Moreover, the cost for Cholesky decomposition of the transmit/receive correlation matrices

is Cchol = O 2/3L(Mt3 + Mr3 )K , and the matrix multiplication for the Kronecker model in (8) has

complexity Cmult = O Ns L(6Mt2 Mr + Mt Mr2 )K . Then, we derive the computational cost of the ENPM

as
CENPM = CR,ENPM + Cchol + Cmult .

(39)

The ANPM evaluates the transmit/receive correlation matrices through the closed-form expression in

(19) with computational effort CR,ANPM = O 20L(Mt2 + Mr2 )K , while Cchol and Cmult are the same
as for the ENPM. Then, the total computational complexity of ANPM is
CANPM = CR,ANPM + Cchol + Cmult .

(40)

We now use these results to evaluate the computational saving of the ANPM over the PM and ENPM.
To make our discussion concrete, we consider the case of multi-user MIMO systems with Mt = M
transmit antennas and U users with Mr = 1 receive antenna each. For these systems, the computational
burden to generate spatial channels for all the users may be very high, especially when U is a large
number. Hereafter, we demonstrate the significant complexity reduction attainable through the ANPM.
From (38) and (40) we derive the computational gain of ANPM against PM as
GANPM−PM =

N2
CPM · U
≈
CANPM · U
M

(41)

where we assumed N  1. Equation (41) reveals that the computational gain of ANPM depends
essentially on the number of rays used for the PM, given that N  M . For example, we consider
the practical case of M = 4 and we assume N = 70, for which parametric models approximate nonparametric models within the 5% target of Dpdf , as shown in Fig. 4. Under these assumptions, the
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computational saving of ANPM over PM to calculate the MIMO channel matrix taps is GANPM−PM ≈
1200.

Similarly, from (39) and (40), we compute the gain produced by the ANPM over the ENPM as
GANPM−ENPM =

CENPM · U
10NB
≈
+1
CANPM · U
Ns

(42)

where we assumed Ns  M . Assuming NB = 100 as in the IEEE 802.11n standard channel model [58]
and Ns = 100, we derive the computational gain of the ANPM over ENPM as GANPM−ENPM ≈ 10.
For the case of UCA, we observe that the computational complexity of the PM is the same as for
ULA, since the same number of arithmetic functions is used to calculate the steering vectors in (21) and
(34). Moreover, the ANPM computes the spatial correlation matrices using the proposed closed-form in

(32) with computational complexity CR,ANPM = O 26L(Mt2 + Mr2 )K . Therefore, the gain of ANPM
over PM for the UCA case is the same as in (41).
VI. R EMARKS ON A PPLICABILITY OF THE ANPM
We observed that the approximation for small angles employed by the ANPM limits this model to be
used only for channel scenarios characterized by small angular spread (i.e., ≤ 10o for ULAs). Channel
models for outdoor environments for cellular systems typically assume the AS of each tap at the base
station is on the order of 5o . Some examples are the 3GPP spatial channel model (SCM) [16] and the
COST-259 model [23]. One practical application of the proposed ANPM is to generate spatially correlated
channels for the MIMO broadcast channel with multiple transmit antennas and single receive antenna
per user.
Moreover, we showed that the ANPM provides closed-form expressions of the correlation coefficients
as a function of the channel parameters (i.e., angle spread, mean AOA) for ULAs and UCAs. These
expressions are useful tools to analyze the performance of different arrays exploiting space diversity in
clustered MIMO channel models. For example, in [59] we used the ANPM to compare the performance
of space versus pattern diversity techniques in spatially correlated MIMO channels.
VII. C ONCLUSION
We proposed closed-form expressions for generating spatial correlation matrices for clustered MIMO
channel models. Our approach assumes a Laplacian power azimuth spectrum and uses a small angle
approximation to obtain a closed-form solution for the spatial correlation matrix that is valid for either
uniform linear arrays or circular arrays. Despite its simple analytical tractability, the proposed method
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fits more complex (but more exact) methods proposed in the literature for angle spreads less than 10o ,
thereby reducing the computational complexity to simulate correlated MIMO channels. The proposed
method is a computationally efficient solution for network simulators, where spatially correlated MIMO
channels have to be simulated for a large number of users.
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Fig. 1.

Geometry of the model representing clusters and propagation paths. The angles φc and φ0 are the mean AOAs of the

cluster and propagation paths, respectively. The angle φi is the AOA offset of the path.

Fig. 2.

Uniform linear array (ULA) and uniform circular array (UCA) configurations, 7-element case.
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(a) pdf

(b) CDF

Fig. 3. Probability density function (pdf) and cumulative density function (CDF) of the mutual information for PM and ENPM
with variable number of rays (N ). The same number of transmit/receive antennas (i.e., Mt = Mr = 4) and single cluster
channel with σφ = 50o and φ0 = 0o were used.

Fig. 4.

Distance between the pdf of C as a function of

Fig. 5.

Distance Ψ between the spatial correlation

the number of rays, for PM and ENPM. The same number

matrices for PM and ENPM. ULA is assumed with Mt =

of transmit/receive antennas (i.e., Mt = Mr = M ) and

4, Mr = 1. The channel is simulated with φ0 = 0o and

single cluster channel with AS σφ = 50o and φ0 = 0o

different values of σφ .

were used.
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(a) ULA

Fig. 6.

(b) UCA

Distance between the pdf of C as a function of AS and mean-AOA, for PM and ANPM. The same number of

transmit/receive antennas (i.e., Mt = Mr = M = 4) is assumed with ULA and UCA.

(a) ULA

(b) UCA

Fig. 7. Distance Ψ between the spatial correlation matrices for PM and ANPM. The same number of transmit/receive antennas
(i.e., Mt = Mr = M = 4) with ULA and UCA.

21

