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A Unified Finite-Element Solution From Zero
Frequency to Microwave Frequencies for Full-Wave

Modeling of Large-Scale Three-Dimensional
On-Chip Interconnect Structures
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Abstract—It has been observed that a full-wave finite-element-
based solution breaks down at low frequencies. This hinders its ap-
plication to on-chip problems in which broadband modeling from
direct current to microwave frequencies is required. Although a
static formulation and a full-wave formulation can be stitched to-
gether to solve this problem, it is cumbersome to implement both
static and full-wave solvers and make transitions between these
two when necessary. In this work, a unified finite-element solu-
tion from zero frequency to microwave frequencies is developed
for full-wave modeling of large-scale three-dimensional on-chip in-
terconnect structures. In this solution, a single full-wave formu-
lation is used. No switching to a static formulation is needed at
low frequencies. This is achieved by first identifying the reason
why a full-wave eigenvalue-based solution breaks down at low fre-
quencies, and then developing an approach to eliminate the reason.
The low frequency breakdown problem was found to be attributed
to the discrepant frequency dependence of the real part and the
imaginary part of the eigenvalues, which leads to an ill-conditioned
eigenvalue system at low frequencies. The discrepant frequency de-
pendence of the real part and the imaginary part is further at-
tributed to the different scaling of the transverse and longitudinal
fields with respect to frequency in a transmission-line type struc-
ture. By extracting transverse and longitudinal fields separately in
the framework of a full-wave formulation, we avoid the numerical
difficulty of solving an ill-conditioned eigen-system at low frequen-
cies. The validity of the proposed approach is demonstrated by nu-
merical and experimental results.

Index Terms—Electromagnetic analysis, finite element methods,
interconnects, low frequency, on-chip.

I. INTRODUCTION

I NTEGRATED circuit (IC) design has been guided by cir-
cuit theory for more than three decades. The continuous

scaling of feature sizes and frequency necessitates electromag-
netics (EM)-based analysis. EM-based analysis can be used to
guide optical proximity correction to ensure the faithful repro-
duction of design onto the wafer at 45-nm technology node and
beyond; to design high-speed on-chip interconnects; to char-
acterize global electromagnetic coupling through the common
substrate and power delivery network; to design radio frequency
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(RF) and mixed-signal ICs; and to explore alternative technolo-
gies such as on-chip wireless communication. However, on-chip
problems present many modeling challenges to electromagnetic
analysis [1]. These challenges include the following.

1) Large problem size. On-chip global interconnect structures
such as an on-chip power grid can involve millions of in-
terconnect lines.

2) Conductor loss. In contrast to traditional full-wave appli-
cations in which currents only flow on the surface of the
conductors, on-chip wires are transparent to fields and
currents.

3) Large number of nonuniform dielectric stacks and strong
nonuniformity. The interconnect systems of processing
technologies of 0.13 and beyond involve 8+ metal
layers. Between the metal layers are a number of inter-
layer dielectric media. In addition, the metal and dielectric
stacks are heterogeneous.

4) The presence of silicon substrate. On-chip interconnects
usually are not backed by ground planes as their packaging
or board counterparts. Instead, they are exposed to silicon
substrate. The substrate loss can be either low or high de-
pending on the substrate resistivity.

5) Large aspect ratio. The length of on-chip interconnect lines
can be orders of magnitude larger than the cross-sectional
dimension.

6) Broadband. On-chip applications cover broadband fre-
quencies from direct current (dc) to tens of gigahertz.

7) Three-dimensional complexity. On-chip structures are
complicated 3-D in nature. It is difficult to take advantage
of symmetry or periodicity to simplify the problems in
electromagnetic modeling.

In recent years, in view of the importance and challenges of
full-wave electromagnetic analysis in high-frequency IC design,
researchers in both circuits and fields have initiated the develop-
ment of innovative EM solutions for on-chip problems [2]–[15].
Both partial differential equation (PDE) based solutions and in-
tegral equation (IE) based solutions have been developed. In [5]
and [13], a fast method was developed for full-wave modeling
of high-speed interconnect structures. In this method, a number
of seeds (a seed has a unique cross section) are first recognized
from an interconnect structure. In each seed, the original wave
propagation problem is represented as a generalized eigenvalue
problem. The complexity of solving 3-D interconnects is then
overcome by seeking the solution of a few 2-D seeds, which

1521-3323/$25.00 © 2008 IEEE

Authorized licensed use limited to: Purdue University. Downloaded on February 3, 2009 at 11:58 from IEEE Xplore.  Restrictions apply.



874 IEEE TRANSACTIONS ON ADVANCED PACKAGING, VOL. 31, NO. 4, NOVEMBER 2008

is then postprocessed to obtain the solution of the original 3-D
problem through the development of an on-chip mode-matching
technique. The procedure is rigorous without making any ap-
proximation. The method effectively solves many of the afore-
mentioned on-chip modeling challenges. It only needs to solve a
few 2-D structure seeds to obtain the solution of the original 3-D
problem, and hence overcoming the challenges of large problem
size and 3-D complexity; it discretizes into conductors to model
internal fields accurately (it can afford to do so because only a
2-D cross section needs to be discretized), and hence effectively
addressing the problems of conductor loss and the presence of
silicon substrate; it formulates an eigenvalue problem that com-
prehends arbitrary dielectric and conductor configuration in the
transverse cross section and arbitrary material, and hence effec-
tively modeling strong nonuniformity; it solves the transverse
cross section numerically and handles the longitudinal direction
analytically, and hence overcoming the problem of large aspect
ratio.

However, the aforementioned method [5], [13] has a short-
coming: it breaks down at tens of megahertz in typical on-chip
applications. The low-frequency breakdown problem of a
full-wave solver has been observed in both integral-equa-
tion-based methods [16]–[20] and finite-element-based
methods [21]. In the integral-equation-based methods, the
problem was shown to be attributed to the discrepant frequency
dependence of the solenoidal and irrotational components of
the current when frequency tends to zero, which leads to
the loss of the solenoidal current contribution and a quadratic
scaling of matrix condition number with decreasing frequency.
The loop-tree and loop-star method was hence used to achieve
a natural Helmholtz decomposition of the current to overcome
the low-frequency breakdown problem. Another low-frequency
technique was also developed by separating the charge and
current basis functions in the partial element equivalent cir-
cuit (PEEC) method, and by incorporating loss and proper
frequency scaling schemes. These techniques are effective for
integral-equation-based methods. However, they cannot be di-
rectly applied to finite-element-based methods due to different
nature of the numerical process. In [21], a static formulation and
a full-wave formulation were stitched together to address the
low-frequency breakdown problem in a finite-element-based
solution. In this paper, a unified finite-element solution from
zero frequency to microwave frequencies was developed for
finite-element-based full-wave modeling of on-chip structures
in the framework of [5], [13]. This solution obviates the need of
switching formulations for different ranges of the electromag-
netic spectrum. In this solution, it was found that a full-wave
eigenvalue-based method breaks down at low frequencies be-
cause of the different scaling of the real part and the imaginary
part of the eigenvalues with frequency. The real part has little
frequency dependence, whereas the imaginary part scales with
frequency as . This renders the eigenvalue system
ill-conditioned at low frequencies. The different frequency
scaling of the real and the imaginary parts was further at-
tributed to the different frequency scaling of the transverse and
longitudinal fields. The transverse field distribution in a trans-
mission-line type structure has little frequency dependence,
whereas the longitudinal one inside conductors scales with

Fig. 1. Illustration of an on-chip interconnect network (Source: Intel).

frequency rapidly due to the effect of skin-depth. The proposed
solution hence extracts the transverse and longitudinal fields
separately in the framework of a full-wave formulation. As a
result, the need for solving an ill-conditioned eigen-system at
low frequencies is obviated.

The remainder of this paper is organized as follows. In Sec-
tion II, a finite-element-based eigenvalue approach for full-wave
modeling of on-chip 3-D interconnects is briefly reviewed. In
Section III, the low-frequency breakdown problem is analyzed.
In Section IV, the proposed unified solution from dc to mi-
crowave frequencies is elaborated. In Section V, numerical and
experimental results are given to demonstrate the validity of the
proposed solution. Section VI relates to our conclusions.

II. BRIEF REVIEW OF THE FINITE-ELEMENT-BASED

EIGENVALUE APPROACH FOR FULL-WAVE MODELING

OF LARGE-SCALE THREE-DIMENSIONAL ON-CHIP

INTERCONNECT STRUCTURES

Consider a typical on-chip interconnect network shown in
Fig. 1. It involves 8+ metal layers. Between the metal layers are
a number of interlayer dielectric media. The metal layers are
generally denoted by . The adjacent metal
layers are orthogonal to each other. The modeling challenges of
this type of structure include conductor loss that leads to fields
inside conductors, large number of conductors, large number of
nonuniform dielectric stacks, large aspect ratio, 3-D complexity,
and broadband from dc to high frequencies. In [5] and [13], an
eigenvalue-based approach was proposed to model large-scale
3-D on-chip interconnect structures. In this approach, the in-
terconnect structure is decomposed into a number of seeds. In
each seed, the original wave propagation problem is represented
as a generalized eigenvalue problem. The resulting eigenvalue
representation can comprehend both conductor and dielectric
losses. A new mode-matching technique applicable to on-chip
interconnects is developed to solve large-scale 3-D problems by
using 2-D-like CPU time and memory. In essence, the com-
plexity of 3-D interconnects is overcome by seeking the full-
wave eigenvalue solution of a few 2-D problems, which are
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then post-processed to obtain the solution of the original 3-D
problem.

Inside each structure seed, the electric field satisfies the
second-order vector wave equation

(1)

subject to certain boundary conditions such as

(2)

In (1), , , and denote the relative permeability, relative
permittivity, and conductivity respectively, is the computa-
tional domain which is the cross section of a structure seed
including both dielectric and conducting regions, is the
boundary where the Dirichlet boundary condition is applied,
and is the boundary where the Neumann boundary condition
is applied. The finite-element solution [22] of (1) and (2) results
in a generalized eigenvalue problem, which can be written as

(3)

in which , , where represents the
transverse electric field and represents the longitudinal one.
Since both dielectric and conductive regions are discretized,
and are complex-valued matrices. Their matrix elements are
given by

(4)

in which denotes a complex permittivity that incorporates
conductivity , is the edge basis function, and is the
node basis function. The eigenvalues of (3) correspond to the
propagation constants, whereas the eigenvectors characterize
the transverse and longitudinal fields. The eigenvalues and
eigenvectors are both complex.

Once the field solutions are obtained from (3), circuit param-
eters such as resistance-inductance-conductance-capacitance
(RLGC) and S-parameters can be extracted by using the ap-
proach developed in [5] and [13].

III. LOW-FREQUENCY BREAKDOWN PROBLEM

Our numerical experiments show that in general, the solution
of (3) breaks down at tens of megahertz in typical on-chip appli-
cations. In other words, the solution of (3) fails to produce com-
plete sets of eigenvalues of physical interest. To elaborate, given

a structure of conductors, at low frequencies, propagation
modes should be found, i.e., eigenvalues that are physically
meaningful should be found from (3). The physically meaning-
fulness can be judged from the range of the real part, and the sign
of the imaginary part as can be seen from (6). If the eigenvalue
solution of (3) fails to produce physically meaningful eigen-
values, then the full-wave solution of (3) breaks down. Given
any problem, we perform frequency sweeping from high fre-
quencies to low frequencies. The first frequency at which the
solution of (3) fails is the breakdown frequency.

The solution of (3) breaks down at low frequencies because
when frequency decreases, the real part of the eigenvalue
remains as an quantity, while the imaginary part scales
with frequency as . To explain, consider a single wire
embedded in an inhomogeneous stack, assuming the dielectric
loss is negligible

(5)

in which , , and are resistance, inductance, and capaci-
tance per unit length, respectively, and and are and
obtained by replacing all the dielectric material with air.

From (5), we have

(6)

which yields an real part that has little frequency de-
pendence and an imaginary part that scales with frequency as

.
It is known that for any , there is a polynomial of

degree with rational coefficients that has a real root
with the property that cannot be written using an expression in-
volving rational numbers, addition, subtraction, multiplication,
division, and th roots [23]. This theorem implies that there
could be no computer program that would produce the exact
roots of an arbitrary polynomial in a finite number of steps. It
follows that the same conclusion applies to the more general
problem of computing eigenvalues of matrices [23]. Hence, any
eigenvalue solver must be iterative. The scaling of the
eigenvalue’s imaginary part in (3) significantly increases the
spectral radius of the system when frequency decreases, which
makes the iterative solution of (3) very difficult to converge.
Hence, although (3) is theoretically valid from dc to high fre-
quencies, it is a numerically difficult problem at low frequen-
cies.

IV. PROPOSED UNIFIED FULL-WAVE SOLUTION FROM ZERO

FREQUENCY TO MICROWAVE FREQUENCIES

In practice, it is troublesome to develop two solvers, one
for static simulation and the other for full-wave simulation, to
model the entire frequency band from dc to microwave frequen-
cies. The purpose here is hence to develop a single full-wave
solution to obviate the need of switching formulations. We will
start from full-wave formulation (3) and develop a numerical
solution to make (3) feasible for low frequencies. Our solution
includes three steps: obtain , obtain , and obtain ,
each of which is illustrated in the following subsections.
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A. Obtain at Low Frequencies

At low frequencies where static approximation holds true,
the transverse electric field is frequency independent. Hence

at low frequencies can be obtained at the frequency where
full-wave simulation breaks down. In other words, whenever
the full-wave simulation breaks down, we record at the fre-
quency a little bit higher than the breakdown frequency and use
that for low frequencies.

B. Obtain at Low Frequencies

The second row in (3) suggests that

(7)

Hence

(8)

Although (8) is a field-based equation, it has a concrete circuit
meaning. The circuit interpretation of (8) is

(9)

which reveals the impedance (a resistance in series with an in-
ductance) experienced by a current given a potential difference

at the two ends of a wire of unit length. This is because
in (8) relates to voltage, relates to the voltage differ-

ence across a unit length, and relates to current. From ,
one can obtain the voltage at one end of the wire (a terminal) by
performing a line integral from the terminal to the ground; from

, one can obtain the voltage difference between the two ends
of the wire because the -dependence of all field components is

in a structure seed; and from , one can obtain the cur-
rent flowing into the wire by performing an area integral of the
conduction current over the wire cross section. Therefore, using
(8), (9) can be realized by

(10)
For a general case of conductors

(11)

in which denotes the index of the th mode, denotes the
integration path from the th conductor to the ground, and
denotes the cross-sectional area of the th conductor.

Therefore, by evaluating (8), we obtain not only field quantity
, but also circuit parameters and directly.

C. Obtain at Low Frequencies

There are two approaches to obtain . The first approach is a
pure field-based approach. In this approach, (3) is rewritten as

(12)

Fig. 2. Illustration of a three-metal-layer on-chip interconnect.

Since both and are known from Steps A and B, can
be obtained from

(13)

in which superscript denotes a transpose. For each mode, (13)
is evaluated once to obtain for that specific mode.

The second approach is a circuit-based one. Take a single wire
of unit length as an example, assuming that the dielectric loss is
negligible

(14)

in which denotes the capacitance per unit length, and and
are the current at the near- and far-end, respectively. Because

each structure seed has a constant cross-section, wave propa-
gating along longitudinal direction is analytical. Therefore, the

-dependence of all field components is . Hence, (14) can
be rewritten as

(15)

Although is unknown, can be obtained by performing an
area integral of (known from Step B) over the wire cross
section. can be obtained from (known from Step A) by
performing a line integral from the wire to the ground. What
remains unknown is . At static frequencies, transverse elec-
tric field does not depend on frequencies, and hence is fre-
quency independent. Therefore, we can use generated at the
lowest frequency at which full-wave simulation is still valid. In
other words, whenever the full-wave simulation breaks down,
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TABLE I
COMPARISONS OF RLC PARAMETERS OF EXAMPLE 1 (REFERENCE FREQUENCY IS 24.1 MHz)

(Fw: Full-wave formulation of this work; St: Static formulation; R: ohms/cm; L: nH/cm; C: pF/cm)

TABLE II
COMPARISONS OF RLC PARAMETERS OF EXAMPLE 1 (REFERENCE FREQUENCY IS 60 MHz)

(Fw: Full-wave formulation of this work; St: Static formulation; R: ohms/cm; L: nH/cm; C: pF/cm)

TABLE III
COMPARISONS OF RLC PARAMETERS OF EXAMPLE 1 (REFERENCE FREQUENCY IS 100 MHz)

(Fw: Full-wave formulation of this work; St: Static formulation; R: ohms/cm; L: nH/cm; C: pF/cm)

we record at the frequency a little bit higher than the break-
down frequency and use that for low frequencies.

The field realization of (15) is

(16)

For a general case of conductors

(17)

in which denotes a vector, and denotes a matrix. The
can then be obtained as

(18)

The aforementioned two approaches were compared and it
was shown that the second approach is more accurate than the
first one. This is reasonable because as stated before, all eigen-
value solvers must be iterative. The eigenvectors are hence ap-
proximate eigenvectors. In (13), is obtained by taking all the
components (field quantities) in the eigenvector into considera-
tion; while in (18), is obtained by using the dominant compo-
nents only.

After obtaining , , and from the aforementioned
three steps, the eigenvalue system in (3) is solved at low fre-
quencies. The rest procedure such as mode-matching and S-pa-
rameter extraction follows the original procedure developed in
[5], [13]. By solving and separately in the framework of a
full-wave formulation, we overcome the numerical difficulty of
solving an ill-conditioned eigen-system at low frequencies. This
agrees with the decoupled nature of and at low frequen-
cies in a transmission-line type structure as can be seen from

, in which the longitudinal component
is due to magnetic field induced by longitudinal current.
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TABLE IV
COMPARISONS OF RL PARAMETERS OF EXAMPLE 2

(Fw: Full-wave formulation of this work; St: Static-based solution; R: ohms/cm; L: nH/cm)

TABLE V
COMPARISONS OF RLC PARAMETERS OF EXAMPLE 3

(Fw: Full-wave formulation of this work; St: Static-based solution; R: ohms/cm; L: nH/cm; C: pF/cm)

Fig. 3. Illustration of a three-metal-layer on-chip interconnect with three active
wires in M2.

V. NUMERICAL RESULTS AND EXPERIMENTAL VALIDATION

To test the validity of the proposed solution, a number of
on-chip interconnect structures were simulated, of which two
were fabricated on a test chip [24] and two were artificially cre-
ated test structures.

The first example is an on-chip interconnect structure shown
in Fig. 2. It involves one active conductor at the center of
M2 layer (shaded layer). Its cross section does not change
along the longitudinal direction (out-of-the-paper direction),
and hence only one structure seed is involved. Using the
proposed broadband solution, we are able to simulate the
eigenvalue system (3) from high frequencies down to dc. The

full-wave simulation broke down at 24.1 MHz, at which
the low frequency solution was enabled. In Table I, the RLC
parameters simulated by the proposed solution were compared
with those generated from a static solver using the formulation
in [25]. Excellent agreement can be observed. It should be
noted that the low frequency solution proposed in this work
in the framework of a full-wave formulation is completely
different from that given by a static formulation in [25]. But the
two lead to the same low frequency results. This demonstrates
the validity of the proposed solution.

In Tables II and III, we give the results generated by using the
other two breakdown frequencies, 60 and 100 MHz. As can be
seen clearly, the accuracy of the proposed approach does not de-
pend on the exactness of the breakdown frequency. This agrees
with our theoretical expectation. At low frequencies, there is a
range of frequencies, not just one frequency, at which and

have little frequency dependence. Choosing any of these fre-
quencies will produce the same level of accuracy. Since there is
no need to enable the low frequency solution when the full-wave
solution is still valid, it is natural to choose the frequency at
which the full-wave solver breaks down as the reference fre-
quency to obtain and for the use of Step A and Step C as
given in Section IV.

In the second example, three active conductors are placed in
M2 layer as shown in Fig. 3, where the detailed geometry and
material information is given. In Table IV, the and parame-
ters obtained from the proposed solution at 104 Hz are compared
with those generated by the static solver. Both self and mutual
terms are compared. Excellent agreement can be observed.

The third example is a three-metal-layer on-chip intercon-
nect structure fabricated using silicon processing technology
on a test chip. The structure is of 300 width. It involves
a 10- -wide strip in M2 layer, one ground plane in M1 layer,
and one ground plane in M3 layer. The distance of this strip to
the M2 returns at the left and right hand sides is 50 . The strip
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Fig. 4. S-parameters of a test-chip interconnect simulated by the proposed solution. (Left column: S-parameters in the entire band. Right column: S-parameters
at low frequencies.)

is 0.285 thick and 2000 long. The full-wave simulation
broke down at 22.1 MHz, at which the low frequency solu-
tion was enabled. Table V lists the RLC parameters simulated
by the proposed solution in comparison with those generated by
a static solution using the formulation in [25]. Again, excellent
agreement can be observed. The S-parameters of this structure
were also simulated, which are shown in Fig. 4. The figures in
the left column depict the S-parameters in the entire frequency

band, while those in the right column show the detail at low fre-
quencies.

The last example is a 3-D interconnect of length 2000 ,
as shown in Fig. 5. It involves 2000 discontinuities along
the longitudinal direction. The M1 and M3 metal layers are
populated by orthogonal returns that are perpendicular to M2
wires. These returns are 1 wide each and 1 wide apart.
The crosstalk is observed between two wires embedded in
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Fig. 5. Geometry of an on-chip 3-D interconnect with orthogonal returns.

Fig. 6. Crosstalk of a test-chip interconnect simulated by the proposed solution. (Left column: S-parameters in the entire band. Right column:
S-parameters at low frequencies.)

the M2 layer. One is of 2.1 mu width; the other is of 1.1
width. The spacing between these two wires is 1.95 . The
full-wave simulation broke down at 40 MHz, at which the low
frequency solution was enabled. Fig. 6 depicts the simulated
crosstalk over the entire frequency band in comparison with
the measured data in the left column and the low-frequency
detail in the right column. Since the measured data is only
available from 45 MHz to 40 GHz, the measured data is not
shown in the right column.

VI. CONCLUSION

In this paper, a unified finite-element-based full-wave solu-
tion was developed for full-wave modeling of 3-D on-chip in-
terconnects from dc to microwave frequencies. The solution was
built upon a single full-wave formulation for both high and low
frequencies. It avoids the need of combining static formula-
tions with full-wave formulations and switching between these
two when necessary. The three-step numerical procedure can
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be easily incorporated into a full-wave simulation flow to ex-
tend the full-wave solution to low frequencies. Numerical and
experimental results have demonstrated its validity.
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