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Abstract  —  Based on the observation that the sparse matrix 

resulting from a finite-element-based analysis can be represented 
by an  matrix without any approximation, and the inverse of 
this sparse matrix has a data-sparse -matrix representation, in 
this work, we developed a direct finite-element-based solver of 
O(NlogN) memory complexity and O(Nlog2N) time complexity. 
Numerical results have demonstrated the accuracy and 
complexity of the proposed solver in both large-scale electrostatic 
and electrodynamic applications. A comparison with state-of-the-
art sparse matrix solvers has shown the advantages of the 
proposed solver. In addition, the proposed numerical scheme is 
applicable to arbitrary three-dimensional structures. 

Index Terms —- -Matrix, direct solution, finite element 
methods, electromagnetic analysis. 

I. INTRODUCTION 

Finite element based analysis of an electromagnetic problem 

generally results in a sparse matrix. Although this matrix is 

sparse, solving it can be computationally challenging when the 

matrix size is large. No linear complexity has been reported in 

finite-element-based direct solutions of general 

electromagnetic problems. In [1], the optimal operation count 

of a finite-element-based direct solution was shown to be 

O(N
1.5

), with N being the matrix size. State-of-the-art finite 

element based solvers rely on iterative approaches to solve 

large-scale system matrices. Although the resultant 

computational complexity is O(N), the performance of an 

iterative solver is highly dependent on the effectiveness of the 

preconditioner, which is problem dependent. In addition, the 

number of iterations typically grows with the number of 

unknowns. Even if the iteration number can be controlled to 

O(1), when there are N right hand sides, the overall 

computational complexity of iterative solvers will become 

O(N
2
) although for each right hand side the CPU cost is O(N). 

In this paper, we consider the fast direct solution of finite-

element-based matrices. Our solution is built upon the 

observation that although the inverse of a finite-element-based 

matrix generally leads to a dense matrix, it can be thought of 

as “data-sparse”, i.e. it can be specified by a few parameters. 

There exists a general mathematical framework called 

“Hierarchical Matrix (-Matrix)” framework [2-5], which 

enables a highly compact representation and efficient 

numerical computation of the dense matrices. Storage 

requirements and matrix-vector multiplications using  -

matrices have been shown to be of complexity O(NlogN). 

Moreover, the inverse of an   matrix can be obtained in 

O(Nlog
2
N) complexity.  

Based on the observation that the sparse matrix resulting 

from a finite element method (FEM) as well as its inverse can 

be represented by an   matrix, in this work, we developed a 

direct FEM solver of O(NlogN) memory complexity and 

O(Nlog
2
N) time complexity. Numerical results have 

demonstrated its performance in both electrostatic and full 

wave applications. 

II.  -MATRIX-BASED DIRECT FEM SOLUTION  

In the proposed direct FEM solver, we compute the inverse 

of an FEM matrix in four steps:  1) Formulate an FEM system; 

2) Build a cluster tree and a block cluster tree based on a 

geometrical admissibility condition; 3) Generate an -matrix 

representation of the FEM matrix; and 4) Compute the 

formatted inverse of the  matrix. 

A. Formulate an FEM system 

Consider the second-order vector wave equation: 
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 on S2. (3) 

An FEM-based solution to the above boundary value 

problem results in a linear system of equation: 

{ }E bK , (4) 

where K is sparse. In the following sections, we construct an 

 matrix to represent K and its inverse. 

B. Build a cluster tree and a block cluster tree 

We use a cluster tree to efficiently store the -matrix-based 

representation of the FEM system matrix. Before detailing the 

construction of the cluster tree, we introduce the following 

notations: 

 I := {0, … , N-1} is the index set containing the indices 

of all the basis functions used to discretize (1). A cluster 

tree constructed based on I is denoted by TI. 
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 Ωi is the support of the basis function iN


. Ωi can be 

chosen to be the bounding box that comprises all the 

elements sharing iN


.  

 Fix a subset t of I, Ωt is defined as: :t i
i t

   , which 

is a union of the supports of the basis functions in t.  

To build a cluster tree, we start from the whole index set I:= 

{0, … , N-1}, which is the root cluster denoted by I1
(0)

 (the 

superscript represents the level of the set and the subscript 

denotes the index of the set inside this level). We then choose 

the coordinate direction of maximal extent and split set I into 

two subsets I1
(1)

 and I2
(1)

. This process continues until the size 

of the subset is smaller than a pre-determined parameter nmin 

(leafsize), which is used to control the depth of the cluster tree.  

Block cluster tree TI×J is built from two cluster trees TI and 

TJ. Each block cluster b  TI×J has the form b = (t, s) with 

clusters tTI and sTJ, and b, t, s being in the same level. 

Given an admissibility condition:  

min {diam(Ωt), diam(Ωs)} ≤ η dist(Ωt, Ωs) (5) 

where diam( . ) is the  Euclidean diameter of a set, dist(. , .) is 

the Euclidean distance between two sets, and η is a positive 

constant. The block cluster tree can be constructed by testing 

the admissibility of the blocks level by level starting with 

Root(TI) and Root(TJ), and descending in the tree. The 

construction process stops when 1) At least one of t and s is a 

leaf; or 2) Clusters t and s satisfy an admissibility condition. A 

leaf of block cluster tree TI×J is either admissible or non-

admissible. These leaves of TI×J constitute an admissible 

partition: P :=  (TI×J). 

C. Generate an  -matrix representation of the FEM system 

matrix and its inverse 

The  -matrix representation is generated by partitioning 

the FEM matrix hierarchically into blocks and storing them in 

leaf block clusters. In an  -matrix, each leaf block cluster 

Lt×s represents a matrix block defined by the row cluster t and 

column cluster s. There are two kinds of leaves in a block 

cluster tree TI×J : non-admissible leaves and admissible leaves. 

Matrix blocks are stored in them in two different ways. Matrix 

blocks in non-admissible leaves are stored in a full matrix 

form, namely all the matrix entries are stored without any 

approximation. Matrix blocks in admissible leaves Mt×s are 

stored in a factorized form: Mt×s = AB
T
, where A is a t×k 

matrix and B is an s×k matrix, with k being the blockwise rank 

of the -matrix. The rank can be used to control the accuracy 

of the approximation. Thus, the definition of the set of  -

matrices on the block cluster tree TI×J with admissible 

partition: P :=  (TI×J) and blockwise rank k can be written as: 

 (TI×J,k)={ I J
A C


 : rank bA k for all admissible b P }  (6) 

One important observation is that in the process of 

constructing an  -matrix to represent an FEM matrix, all the 

non-zero matrix entries in the FEM matrix are stored in non-

admissible leaves and admissible leaves do not need to be 

filled. This can be verified by investigating the relationship 

between basis functions in the clusters comprising an 

admissible block. An admissible leaf block (t, s) consists of 

two clusters tTI and sTJ, and they have to satisfy 

admissible condition (5). Since diam(Ωt) and diam(Ωs) are 

larger than zero and η is positive, dist(Ωt, Ωs) is greater than 

zero. If the FEM matrix has non-zero entries in the matrix 

block defined by t×s, at least there exist basis functions iN

 t 

and jN


 s such that iN


 and jN


are shared by one element e. 

According to the definition of the support, we have e  Ωt and 

e  Ωs, implying that dist(Ωt, Ωs) = 0, which contradicts the 

definition of the admissibility condition. Therefore, in the 

process of generating an   matrix from an FEM matrix, only 

non-admissible leaves of the block cluster tree need to be 

filled by the FEM matrix entries and the admissible leaves are 

all empty. Thus an FEM matrix can be represented exactly by 

using an   matrix without approximation, and the assembly 

of an FEM matrix has optimal complexity O(N). 

D. Formatted inversion of an   matrix  

Rewriting the -matrix-based representation of the FEM 

system matrix as  

11 12

21 22

H H
H

H H

 
  
 

,  

the formatted inversion can be performed recursively using the 

following equation:  
 

1 1 1 1 1 1
11 11 12 21 11 11 121

1 1 1
21 11

H H H S H H H H S
H

S H H S

     


  

        
  
    

    (7) 

 

where 1

22 21 11 12
( )S H H H H


     . Note that all the 

additions ( ) and multiplications ( ) in the above equation 

are formatted operations of   matrices [5].  

After the computation, the inverse is stored in an   matrix 

which has the same block cluster tree structure as the  -

matrix representation of the original FEM matrix. The only 

difference is that in the  -matrix representation of the 

original matrix, all the admissible leaves are empty; whereas in 

the  -matrix representation of its inverse, the admissible 

leaves are filled during the recursive computation and stored in 

a factorized form. 

III. COMPLEXITY ANALYSIS 

Define the number of blocks I Jt s T    associated with a 

given cluster It T  as:  

and that associated with Js T  as: 

The sparsity constant csp of TI×J  can then be defined as: 

r
spc (TI×J ,t) := |{ : I Js J t s T    }| (8) 

c
spc (TI×J ,s) := |{ : I Jt I t s T    }|. (9) 

      ( ) : max{max ( , ),max ( , )}
I J

r c
sp I J sp I J sp I J

t T s T
c T c T t c T s  

 
 . (10) 
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A. Storage complexity 

In the block cluster tree TI×I with sparsity constant csp, each 

non-admissible block Ab=(t,s) is stored in a full matrix form 

and thus requires |t||s| units of storage, while each admissible 

block is stored in a factorized form and thus requires k(|t|+|s|) 

units of storage. The storage requirement for A (TI×I ,k) is 

hence bounded by: 

where p ~ O(logN) is the depth of the block cluster tree. Since 

csp, nmin, and k are constants, matrix A can be stored in 

O(NlogN) units. 

B. Time complexity of inverting an   matrix 

The complexity of the formatted inversion of an   matrix 

can be analyzed by induction.  For p = 0 where p is the tree 

depth, the   matrix has only one full matrix block, therefore 

the complexity of the inversion is bounded by the complexity 

of matrix multiplication. For p > 0, since the formatted 

inversion 1
11( )H

  and 1
S
  (both are p-1 level operations) have 

the same complexity as  , these two inversion operations can 

be seen as two   operations. Hence, the inversion of the 

matrix ( , )I IH T k  requires eight   and two   operations. 

This computation cost is comparable with the operations 

needed for computing the multiplication: M := HH, which 

requires eight   and four   operations as shown below: 

 

11 11 12 21 12 11 22 12

11 21 21 22 22 22 21 12

H H H H H H H H
M

H H H H H H H H

      
  

      

       (12) 

 

Therefore, the formatted inversion of an  matrix has the 

same complexity as formatted multiplication  , which has 

O(Nlog
2
N) complexity [2].  

IV. NUMERICAL RESULTS 

A. An electrostatic example 

 A shielded microstrip line (pp. 115-116, [6]) was first 

simulated to demonstrate the feasibility of the proposed solver 

in electrostatic applications. The simulation parameters were 

chosen as: (rank) k=4, nmin=10, and η=2. The original 

microstrip line structure was duplicated multiple times to 

produce a wide range of unknowns. The unknown number 

ranged from 23K to 0.8M. Fig. 1 shows CPU time and storage 

of the proposed direct FEM solver with respect to the number 

of unknowns. As can be seen clearly from Fig. 1, the 

performance of the proposed solver agrees very well with the 

theoretical prediction depicted by the dashed line, the memory 

complexity of which is O(NlogN) in Fig. 1 (a), and the time 

complexity of which is O(Nlog
2
N) in Fig. 1 (b).  The relative 

error 1
/

FF
I H I


  K  is under 1% over the entire range of 

simulation. 

B. An electrodynamic example 

The validity of proposed solver in solving electrodynamic 

problems was demonstrated by a dielectric-loaded waveguide 

problem shown in Fig. 2 (p. 202, [6]). The rectangular 

waveguide was loaded by a dielectric obstacle with εr = 6. The 

computational domain was discretized using prism elements. 

The edge-based FEM formulation was used. The mesh size 

was chosen to be 1/25 of the wavelength. The simulation 

parameters were chosen as (rank) k=16, nmin=50, and η=1. Fig. 

3 shows |S11| computed using the proposed direct solver with 

respect to electric size. A good agreement with the reference 

result [6] computed using a traditional FEM solver was 

observed.  

To test the computational complexity of proposed solver, 

the length of the waveguide was changed from 4.8b to 512.8b, 

resulting in an electric size from ~1.2 wavelengths to ~128 

wavelengths. The number of unknowns ranged from 5.63 K to 

0.58 M. In Fig. 4, the CPU time and memory cost are plotted 

as a function of the number of unknowns. The time complexity 

and storage complexity agree very well with the theoretical 

prediction which is plotted in dashed line. The relative error 
1

/
FF

I H I


  K  is less than 1.5% in the whole range. 

St( (TI×I ,k)) min2 max{ , }( 1) | |spc n k p I    (11) 
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Fig.1. Performance of proposed direct solver in simulating a shielded 

microstrip line. (a) CPU time for computing K-1; (b) Storage of K-1 
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We also used a state-of-the-art sparse matrix solver [7, 8] to 

simulate the 0.3 M unknown problem. It was shown that the  

UMFPACK takes ~ 4.8s to solve one column of the inverse of 

the FEM matrix, and the time to compute the entire inverse is 

approximately 4.8s × 0.3M ≈ 1.4 Ms. If we store all the 

computed columns of the inverse matrix, UMFPACK soon 

fails due to the lack of memory. In contrast, the proposed 

solver only takes 26 Ks to compute the entire inverse with 

relative error no greater than 1.5%, and memory usage no 

greater than 15 GB.  

 V. CONCLUSION 

A direct FEM solver of significantly reduced complexity 

was developed to compute and store the inverse of an FEM 

matrix in a data-sparse format. The computation and storage 

complexity was shown to be O(Nlog
2
N), and O(NlogN) 

respectively. Numerical experiments and a comparison with 

state-of-the-art sparse matrix solvers have demonstrated its 

superior performance.  
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Fig. 2. Illustration of a dielectric-loaded waveguide. 
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Fig. 3. Simulated | S11| of the dielectric-loaded waveguide using 

traditional and proposed solvers. 
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Fig. 4. Simulation of a dielectric-loaded waveguide. (a) CPU time for 

computing K-1; (b) Storage of K-1. 
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