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From Layout Directly to Simulation:
A First-Principle-Guided Circuit Simulator of

Linear Complexity and Its Efficient Parallelization
Qing He, Duo Chen, and Dan Jiao, Senior Member, IEEE

Abstract— In this paper, guided by electromagnetics-based
first principles, the authors develop a transient simulator that
allows for the simulation of an integrated circuit including both
nonlinear devices and the layout of the linear network in linear
complexity. The proposed circuit simulator rigorously captures
the coupling between nonlinear circuits and the linear network.
In addition, it bypasses the step of circuit extraction, producing a
resistor–inductor–capacitor representation of the linear network
without any numerical computation. Moreover, it permits an
almost embarrassingly parallel implementation on a many-core
computing platform, and hence enabling linear speedup. Appli-
cation to die-package co-simulation as well as very large-scale on-
chip circuits involving over 800 000 complementary metal-oxide
semiconductor transistors and interconnects having hundreds of
millions of unknowns has demonstrated the superior performance
of the proposed first-principle-guided circuit simulator.

Index Terms— Circuit simulation, electromagnetic simulation,
linear complexity, linear speedup, multi-core, nonlinear circuits,
parallel computing, time-domain finite-element method.

I. INTRODUCTION

C IRCUIT simulation is an increasingly indispensable tool
for the design of integrated circuits (ICs) and packages.

The most prominent circuit simulation programs are simula-
tion program with IC emphasis (SPICE) [1] and its derivatives.
SPICE is highly capable of simulating active devices. In
the early years, when interconnects and packages could be
modeled simply as lumped elements, the linear network is a
very small component of an IC. The exponentially increased
complexity of ICs and packages, however, has made circuit
simulation increasingly challenging.

The simulation of large-scale ICs and packages together
with nonlinear transistors results in numerical problems of
ultralarge scale, requiring billions of parameters to describe
them accurately. In general, to solve a problem of N para-
meters, the optimal computational complexity one can hope
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for is O(N), i.e., linear complexity. Although there have
been successes in speeding up the circuit simulation process
[2]–[6], as yet, no linear complexity has been achieved. As
many-core computing has become a new form of equiva-
lent scaling to facilitate the continuation of Moore’s law,
the simulation of very large-scale IC with uncompromised
accuracy can be brought to reality in faster CPU runtime if
we can exploit the parallelism provided by the many cores
on a chip. In general, however, the speedup of an application
running on a many-core computing platform over its sequential
implementation is governed by Ahmdal’s law [7]. Linear (or
optimal) speedup can be achieved only if the computation is
embarrassingly parallel.

In addition to circuit-based co-simulation of the linear
network and nonlinear circuits, the electromagnetics-based
co-simulation has also been studied in the past [8]–[22].
Approaches to coupling both the first-order Maxwell’s equa-
tions and the second-order vector wave equations with the
lumped circuit models have been developed. The field-circuit
co-simulation algorithm has been explored in the framework
of the finite-difference time-domain method [8]–[10], [21],
[22], the time-domain finite-element method [11]–[18], and
the time-domain integral equation method [19]–[20]. However,
many of these algorithms were developed for the simulation
of microwave and millimeter wave ICs. They often have
been found not amenable to very large-scale integrated circuit
design because of unique modeling challenges such as conduc-
tor loss, strong nonuniformity, large number of conductors,
large aspect ratio, and large number of nonlinear devices
[23]. In addition, the direct field-based representation of the
linear network in these approaches may be too abstract to
be put into practical use by circuit designers as they are
more grounded in circuit theory. Moreover, existing field-based
simulation approaches are not fast enough to meet real-time
design needs. Neither linear complexity nor linear speedup has
been achieved.

In this paper, going from layout directly to simulation,
we develop a transient simulator that allows for the sim-
ulation of an IC of O(N) size including both nonlinear
devices and the layout of the linear network in O(N) com-
plexity, i.e., optimal complexity. In addition, it permits an
almost embarrassingly parallel implementation on a many-
core computing platform. Furthermore, the proposed circuit
simulator possesses electromagnetic-physics-based accuracy,
and hence can be employed to overcome the fundamen-
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tal limits of circuit-principle-based analysis for high-speed
and high-performance circuit design. Moreover, it captures
the interaction between the nonlinear circuit and the lin-
ear network, with the nonlinear–linear coupling rigorously
taken into consideration. In addition, it bypasses the step of
linear-network extraction while retaining a resistor–inductor–
capacitor (RLC) based perspective. By using the proposed
first-principle-guided approach, an RLC-based representation
of the linear network can be obtained without any numerical
computation and without any approximation.

II. PROPOSED CO-SIMULATION OF NONLINEAR CIRCUITS

AND LINEAR NETWORK GUIDED BY FIRST PRINCIPLES

Consider an integrated system consisting of a linear network
and nonlinear circuits, as shown in Fig. 1. All the intercon-
nects, packages, and passive components belong to the linear
network. All the nonlinear devices are in the nonlinear block.
In this section, we derive the system of equations that governs
the co-simulation of the linear network and nonlinear circuits.

A. First-Principle-Based RLC Representation of the Linear
Network

The physical phenomena in the linear network are governed
by Maxwell’s equations, which suggest

∇ ×
[
μ−1

r ∇ × E(r, t)
]

+ μ0ε∂
2
t E(r, t)

+ μ0σ∂t E(r, t) = −μ0∂t J(r, t) (1)

where E is electric field, μ0 is free-space permeability, μr is
relative permeability, ε is permittivity, σ is conductivity, J is
current density, and r denotes a point in a 3-D space.

Equation (1) can be solved by either an integral equation
or partial differential equation based approach. We employ a
time-domain finite-element method to solve (1) and its bound-
ary conditions [25]. Compared to other partial differential
equation based approaches, a finite-element method permits
an accurate modeling of arbitrary inhomogeneous materials as
well as irregularly shaped geometries. Following the derivation
given in [25], we obtain

T
d2u

dt2 + Tσ
du

dt
+ Su = d Ĩ

dt
(2)

in which T, Tσ , and S are square sparse matrices, u is the
unknown field vector, and Ĩ is the vector of the currents
injected into the linear system. The elements of the matrices
T, Tσ , and S are given by

Ti j = μ0ε < Ni , N j >V

Tσ,i j = μ0σ < Ni , N j >V

Si j = μ−1
r < ∇ × Ni ,∇ × N j >V (3)

where Ni and N j are the vector basis functions used to expand
unknown field E, and < ., . >V denotes a volume integration.
Matrix T is symmetric and positive definite, S as well as Tσ is
symmetric semi-positive definite. Given the physical layout of
an IC, sparse matrices T, Tσ , and S can be readily obtained
by assembling in O(N) time, with N being the number of
discretized edges in the computational domain. The constant

in front of N is very small, less than 40 in general, regardless
of the size of N .

The elements of the current vector Ĩ are given by

Ĩi = −μ0 〈Ni , J〉V . (4)

At the i th edge of a finite-element-based discretization, if
a current source of magnitude Ii is attached, (4) can be
evaluated as

Ĩi = −μ0 Ii li (5)

where li is the length of the i th edge. From Fig. 1, it can be
seen clearly that the current flowing into the linear system has
two components. Is which is a supply current, and Inl which is
injected from the nonlinear circuit. Hence, (5) can be written as

Ĩi = −μ0(Is,i + Inl,i )li . (6)

The voltage across the i th edge, Vi , can be evaluated from u
after (2) is solved. For example, if the reference direction of
the voltage is along the direction of the i th normalized vector
basis, then

Vi = li ui . (7)

From (2), we immediately obtain an RLC-based representa-
tion of the linear network. To be specific, matrix T corresponds
to capacitance matrix C, matrix Tσ corresponds to the inverse
of the resistance matrix R, and matrix S corresponds to the
inverse of the inductance matrix L. Their elements are readily
known from (3), where the volume integration < ., . >V is
obtained analytically in the finite-element method without the
need of any numerical computation. It is worth mentioning that
the RLC model represented by (2) has a resolution as fine as
the resolution we use to discretize the layout structure. To be
specific, it is the RLC matrix characterizing the interaction
among all the edges present in the discretized layout. In
contrast, the RLC model obtained from conventional circuit
extraction is for the interaction among selected terminals,
the resolution of which is much coarser. In addition, notice
that we do not have to perform matrix inverses to form R
and L explicitly because we only need their expressions to
perform matrix–vector multiplications when simulating (2).
The extraction of the linear network is thus bypassed in
the proposed circuit simulator. Furthermore, (2) will be co-
simulated at each time step with the system of equations
that governs the nonlinear devices. Thus, the time-dependent
interaction between the linear network and nonlinear devices is
rigorously accounted for. Moreover, obtained rigorously from
electromagnetic-field-based first principles, (2) is guaranteed
to be passive and stable. To explain, a finite-element-based
discretization of Maxwell’s equations yields a Hermitian-
positive definite T, a Hermitian-semi-positive definite Tσ , and
a Hermitian-semi-positive definite S. As a result, the real part
of the poles of (2) are always no greater than zero. Hence, the
system is always stable. In addition, Tσ ’s being semi-positive
definite guarantees the passivity of (2).

B. Modeling of Nonlinear Circuits

The nonlinear circuit shown in Fig. 1 can be modeled by

Ic = f (Vc, t) (8)
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Fig. 1. Illustration of an IC system consisting of a linear network and
nonlinear circuits.

where f is a nonlinear function, t is time, Ic is current, and Vc

is voltage. If the nonlinear circuit is a network that consists of
a number of nonlinear components, it can be analyzed by the
modified nodal analysis [26]. Without loss of generality, the
nonlinear network can be modeled by the following nonlinear
system of equations:

G̃(·)x + C̃(·)dx

dt
= b (9)

where the unknown vector x = [Vc, Ic, vc, ic]T , in which Vc,
and Ic are, respectively, the voltage and current or vectors
of voltage and current at the interface between the nonlinear
circuits and the linear network as shown in Fig. 1, vc is a
vector of node voltages internal to the nonlinear circuit, and
ic is a vector of branch currents flowing through inductors
and voltage sources, also internal to the nonlinear circuit. In a
discretized physical layout, the interface between a nonlinear
device and a linear network is composed of a group of
edges, where the voltage drop across each edge makes Vc,
which can be evaluated from field solution based on (7), and
the current flowing along these edges makes Ic. In (9), G̃
denotes a nonlinear mapping from x to b, and C̃ denotes a
nonlinear mapping from dx/dt to b. Both G̃ and C̃ can be time
dependent. The nonlinear model (8) is a special case of (9).

C. Combined System of Equations for Co-Simulation

From Fig. 1, it can be seen clearly that at the interface
between the linear network and nonlinear circuits, the follow-
ing system of equations satisfies

Inl + Ic = 0. (10)

Thus, to accurately obtain the transient response of an inte-
grated nonlinear–linear system, we need to co-simulate (2),
(9), and (10).

The combined system of (2), (9), and (10) can be written
more compactly as the following:

T
d2u

dt2 + Tσ
du

dt
+ Su = d( Ĩs − Ĩc)

dt

G̃(·)x + C̃(·)dx

dt
= b, where x = [Vc, Ic, vc, ic]T (11)

where the entries of vectors Ĩs and Ĩc are

Ĩs,i = −μ0 Is,i li (12)

Ĩc,i = μ0 Ic,i li (13)

as can be seen from (6).

It is worth mentioning that if the function f in (8) is
linear and time independent, the co-simulation of (2), (9),
and (10) is straightforward in the proposed circuit simulator.
To explain, the functions f of a constant and linear resistor
of resistance R, an inductor of inductance L, and a capacitor
of capacitance C are

fR = Vc

R
, fL = 1

L

∫
Vcdt, and fC = C

dVc

dt
(14)

respectively. By substituting (10) and (14) into (6), and
employing (7) and (8), it can be readily derived from (2) that if
the lumped R, L, and C are attached to the i th edge in a finite-
element-based discretization of the IC, they only contribute to
the i th diagonal element of matrices Tσ , S, and T, which
amounts to adding (μ0l2

i /R) to Tσ,ii , (μ0l2
i /L) to Sii , and

μ0l2
i C to Tii , respectively. If the circuit connected to the linear

network is nonlinear, the aforementioned approach becomes
highly computationally expensive because the entire system
matrix has to be factorized and solved at each time step, as the
system becomes time dependent and nonlinear. In the follow-
ing section, we propose an efficient algorithm to co-simulate
the linear network and nonlinear circuits in linear complexity.

III. LINEAR-COMPLEXITY NONLINEAR–LINEAR

CO-SIMULATION

A. Algorithm

Discretizing the first equation in (11) by a central difference
scheme, we obtain

Pun+1 =
(

2T − �t2
e S

)
un + [0.5�teTσ − T] un−1

+ �t2
e

[
d( Ĩs − Ĩc)

dt

]n

(15)

in which
P = T + 0.5�teTσ (16)

and �te represents the time step used in the simulation of the
linear network. The field value at the (n+1)-th time step, un+1,
can be solved in a time-marching fashion from the solution of
u at previous two time steps.

The unknowns involved in (15) include unknowns in linear
network and those attached to nonlinear circuits. The system
of equations in (15) thus includes a subsystem of equations
that is purely linear, and the other subsystem of equations that
is nonlinear. The nonlinear equations correspond to the rows
of (15) that have a nonzero Ĩc. For a system of equations
like (15), if one eliminates the linear unknowns (via Gaussian
elimination, for example) from (15) so that the resultant system
is purely nonlinear and can be co-simulated with the nonlinear
circuit equation in (11), the resultant system matrix is dense,
which leads to a high computational cost because this dense
matrix has to be solved at each Newton step. If one keeps all
the linear and nonlinear unknowns in (15) and solves it as a
whole, the Newton iteration will also involve the simulation of
the linear system of equations. Neither approach could yield
linear complexity in computation. Next, we will show how this
challenge is overcome by the proposed method, for arbitrary
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Fig. 2. (a) Orthogonal prism-element-based discretization and unknown
ordering scheme. (b) 3-D layered system matrix P [27].

3-D layout structures connected to arbitrary nonlinear circuits
in inhomogeneous materials.

We discretize the physical layout of an IC system into
layers of triangular prism elements, as shown in Fig. 2(a).
A triangular prism element is used because it is a natural
choice for discretizing the geometry of ICs, which is straight
in one direction and can be arbitrarily shaped in the other
two directions. Even though one uses tetrahedral elements to
discretize an IC, he would get layers of tetrahedral elements
since the mesh has to be partitioned between layers. It is
also worth mentioning that a 3-D structure that is arbitrarily
shaped in all three directions can also be sliced into layers,
and hence discretized into triangular prism elements. One
just has to use a staircase approximation in geometrical
modeling along the prism axis direction, the accuracy of
which can be controlled by reducing the space step along
that direction. In addition, the materials permitted by the
proposed simulation algorithm can be arbitrarily inhomoge-
neous. It does not require materials to be layered. In other
words, the material property can be different in each trian-
gular prism element. Therefore, in each layer, the material
can be inhomogeneous. The same is true across different
layers.

We also discretize conductors in order to capture internal
fields accurately. In each element, the electric field is expanded
into orthogonal vector basis functions [27]. The unknowns
are ordered layer by layer. In each layer, the unknowns are
divided into surface and volume unknowns. As shown in
Fig. 2(a), the unknowns perpendicular to the prism axis are
called surface unknowns, and the unknowns along the prism
axis are called volume unknowns. The unknowns are then
ordered from S1 to V1 to S2 to V2 and continue, resulting
in a 3-D layered system matrix shown in Fig. 2(b), which is
P is (16).

Because the vector bases associated with surface unknowns
are perpendicular to those associated with volume unknowns,
as can be seen from Fig. 2(a), and P in (16) solely comprises
matrices formed by the inner product of vector bases, as can
be seen from (3), all the Q blocks in Fig. 2(b) vanish. As
a result, in P, which is illustrated in Fig. 2(b), the surface-
unknown-based subsystem is completely decoupled from the
volume-unknown-based subsystem without any computational

cost as the following:
PSun+1

S = bS (17)

PVlu
n+1
V l = bVl l = 1, 2, . . . , L (18)

in which uS denotes surface unknowns in the entire unknown
set u, and uV l denotes volume unknowns in layer l, PS is
the surface-unknown-based system matrix, PVl is the volume-
unknown-based system matrix in layer l, L is the total number
of layers, and bS , and bVl are, respectively

bS =
{(

2T − �t2
e S

)
un + [0.5�teTσ − T] un−1

+ �t2
e

[
d( Ĩs − Ĩc)

dt

]n}

s

(19)

and

bVl =
{(

2T − �t2
e S

)
un + [0.5�teTσ − T] un−1

+ �t2
e

[
d( Ĩs − Ĩc)

dt

]n}

V l

(20)

where the subscript ‘s’ and ‘Vl’, respectively, denote the rows
of the right-hand side vector corresponding to the surface
unknowns, and the rows corresponding to volume unknowns
in layer l.

The PV l(l = 1, 2, . . . , L) is the diagonal block of P formed
by volume unknowns in layer l. Examples of PV l , PV 1 and
PV 2, can be seen in Fig. 2(b). Because all the Q blocks
are zero in Fig. 2(b), clearly, the PV l in one layer is fully
decoupled from the PV l in another layer. As a result, the
volume-unknown-based subsystem of (15) is naturally decom-
posed into subsystems in each layer, as shown by (18). The
subsystem in each layer, PV l , can be further decomposed
into 1-D matrices, with each 1-D matrix being tridiagonal,
as shown in [27].

From Fig. 2(b), the PS in (17) can be written as

PS =

⎡
⎢⎢⎢⎢⎢⎢⎣

D1 �1
�1 D1 + D2 �2

�2 D2 + D3
· · ·

DL−1 + DL �L

�L DL

⎤
⎥⎥⎥⎥⎥⎥⎦

(21)

which is a tridiagonal matrix since each Dl and �l (l =
1, 2, . . . , L) block is diagonal due to the orthogonality of the
vector basis functions. The dimension of each Dl and �l block
in (21) is Ns by Ns , where Ns is the number of unknowns on
a single surface. The number of diagonal blocks in (21) is
L + 1, where L is the number of layers. To facilitate efficient
co-simulation with nonlinear circuits, we permute unknowns
in (21) to make it a block diagonal matrix as shown below

PS =

⎡
⎢⎢⎣

T1
T2

· · ·
TNS

⎤
⎥⎥⎦ (22)
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in which each diagonal block Ti (i = 1, 2, . . . , Ns ) is a
tridiagonal matrix of size L + 1

Ti =

⎡
⎢⎢⎣

D1,i �1,i

�1,i D1,i + D2,i �2,i

· · · �L ,i

�L ,i DL+1,i

⎤
⎥⎥⎦ (23)

where Dl,i and �l,i , respectively, denote the i th entry in
diagonal matrix Dl , and �l . The transformation from (21)
to (22) can be understood as the following. In (21), we first
order all the surface unknowns on surface 1 (S1) as shown in
Fig. 2(a), the number of which is Ns , we then order all the
surface unknowns on surface 2 (S2), and continue to the last
surface, which is the bottom surface of the Lth layer. In (22),
the ordering scheme is different. We start from a single surface
unknown on S1, we find its counterparts on S2, S3, etc., and
order them one by one, resulting in a tridiagonal matrix T1 of
size L + 1 as shown in (23); after that, we return to S1 and
order another surface unknown and its L counterparts on all
the other surfaces, which yields T2 in (22); and we continue
until the last surface unknown on S1 and its counterparts on
all the other surfaces are ordered.

With (22), we decompose the matrix PS in (21) into small
tridiagonal matrices Ti of 1-D size, which are fully decoupled.
It is clear that such decomposition is computation free. With
that, (17) is naturally decomposed to

Ti u
n+1
S,i = bS,i, i = 1, 2, . . . , Ns (24)

where us,i and bS,i are, respectively, the i th subset of us and
bs in (17) corresponding to the Ti block.

Without loss of generality, assume that the nonlinear circuits
are attached to the layout of the linear network via surface
unknowns. This is true in general because transistors switch
at the bottom of a chip, which can be viewed as current sources
aligned with the stack growth direction. The layer growth
direction (prism axis) shown in Fig. 2(a) is generally chosen
to be perpendicular to the dielectric stack growth direction
so that the resultant cross section has a minimal size for
computation efficiency. Thus, nonlinear devices are attached
to surface unknowns. When attached to nonlinear circuits, (24)
can be rewritten as the following.

For Ti blocks that are attached to nonlinear circuits,
(24) becomes

Ti u
n+1
s,i = b̃s,i − �t2

e

(
d Ĩc

dt

)n

. (25)

For Ti blocks that are not attached to nonlinear circuits,
(24) becomes

Ti u
n+1
s,i = b̃s,i (26)

where b̃s,i is the right-hand side of (19) without Ĩc. Because
Ĩc is a nonlinear function of time, (25) is a nonlinear system
of equations.

It is clear that, now, only (25) is nonlinear. All the other
rows of equations in (15), which comprise (18) and (26), are
linear. As (18) and (26) are fully decoupled from (25), they
can be solved by a linear simulator without being affected
by the nonlinear solution of (25). This is very different from

what happens in a conventional circuit simulator. Since the
decomposition from a 3-D system to a 2-D system, i.e., (15)
to (17)/(18), and the decomposition from a 2-D system to a
1-D system, i.e., (17) to (22), are not feasible in a conventional
circuit simulator, the solution of nonlinear circuits significantly
affects the efficiency of the linear simulation part in the
simulation of a combined nonlinear–linear system.

Although (25) is already a small system made of fully
decoupled Ti blocks, each of which has a 1-D size, we can fur-
ther improve its computational efficiency by separating the lin-
ear equations in (25) from its nonlinear ones and solving them
separately, if not all the surface unknowns associated with Ti

are attached to the nonlinear devices. Take one Ti block as an
example, we divide unknowns in us,i into two groups: one is
completely inside the linear network and the other is attached
to nonlinear circuits. The first group is denoted by us,ie and
the second is us,ic. We then cast (25) into the following form:
[

Ti,ee Ti,ec

TT
i,ec Ti,cc

][
un+1

s,ie

un+1
s,ic

]
=

[
b̃s,ie

b̃s,ic

]
+

⎡
⎣ 0

−�t2
e

(
d Ĩc
dt

)n

⎤
⎦. (27)

By substituting the first equation into the second, (27) can be
reduced to a system that only involves the nonlinear unknowns

T
′
i,ccun+1

s,ic + �t2
e

(
d Ĩc

dt

)n

= bi,c (28)

where

T
′
i,cc = Ti,cc − TT

i,ecT−1
i,eeTi,ec (29)

bi,c = b̃s,ic−TT
i,ecT−1

i,ee b̃s,ie. (30)

Here, since Ti in (25) is a tridiagonal matrix as shown in
(23), the Schur complement, T

′
i,cc , has a good property that

it remains to be a tridiagonal matrix. To prove this, consider
the mn-th element of T

′
i,cc , where n > m + 1, from (29),

T
′(m,n)
i,cc can be evaluated as

T
′(m,n)
i,cc = T(m,n)

i,cc − (Ti,ce)
(m,n′)(T−1

i,ee)
(n′,m′)(Ti,ec)

(m′,n) (31)

where (Ti,ce)
(m,n′) denotes the nonzero block in Ti,ce ,

(Ti,ec)
(m′,n) denotes the nonzero block in Ti,ec , n′ denotes

the set that contains all the column indexes of the nonzero
elements in Ti,ce in the mth row, and m′ contains all the row
indexes of the nonzero elements in Ti,ec in the nth column,
as can be seen from Fig. 3. In (31), we only need to consider
(T−1

i,ee)
(n′,m′) block because other blocks in T−1

i,ee do not
participate in the computation due to zero columns in Ti,ce

and zero rows in Ti,ec . One should also realize that the T−1
i,ee is

a block diagonal matrix, with each block denoting the system
matrix formed by the e-unknowns (in us,ie) sandwiched
between two c-unknowns (in us,ic). To see this clearly, one can
refer to Fig. 4, in which we plot all the edges that exist in a Ti

block, where nonlinear devices are attached to the red edges. In
this figure, the c-unknowns correspond to the red edges, while
the e-unknowns correspond to the black edges. Hence, the
T−1

i,ee is a block diagonal matrix, with each block denoting the
system matrix formed by the black edges sandwiched between
two red edges. Because Ti in (25) is a tridiagonal matrix, and
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Ti,ee , Ti,ec , Ti,ce , and Ti,cc are its four sub-blocks as shown in
(27), there are at most two nonzero elements in (Ti,ce)

(m,n′),
which corresponds to the set n′ = {g(m) − 1, g(m) + 1},
where g(m) is the global index of m in (27). There are
also at most two nonzero elements in (Ti,ec)

(m′,n), which
corresponds to the set m′ = {g(n)− 1, g(n) + 1}, where g(n)
is the global index of n in (27). If n > m + 1, then the two
sets n′ and m′ do not belong to the same diagonal block in
T−1

i,ee , which can be visualized from Fig. 4 also. As a result,

the corresponding block (T−1
i,ee)

(n′,m′) is zero. Because T(m,n)
i,cc

is also zero when n > m + 1, from (31), we have T
′(m,n)
i,cc = 0

when n > m + 1. Since T
′
i,cc is also symmetric, we prove

that T
′
i,cc is a tridiagonal matrix like Ti .

From (25) to (28), the dimension of the nonlinear system
is reduced from the dimension of Ti to the actual number of
nonlinear devices in one Ti block. The 1-D (28) needs to be
co-simulated with the nonlinear device model characterized
by (9). Assembling (28) with (9) for each Ti block in (22)
that is attached to nonlinear circuits yields the following
decoupled block tridiagonal matrix equations to be solved by
the Newton–Raphson method

⎡
⎣

Di,c,1 ODi,c,1
ODi,c,1 Di,c,1 ODi,c,2

. . .

⎤
⎦

⎛
⎝

xi,1
xi,2
· · ·

⎞
⎠ =

⎛
⎝

F(xi,1)
G(xi,2)

· · ·

⎞
⎠

i = 1, 2, . . . (32)

where i is the index of the Ti block attached to nonlinear
circuits, and x is the unknown set shown in (11), which
includes the voltage and current at the interface between
the nonlinear device and the layout corresponding to the Ti

block and the voltage and current internal to the nonlinear
device. The number of diagonal blocks in (32) is the number
of nonlinear devices attached to a single Ti block, and the
dimension of each diagonal block is the number of state
variables in a single nonlinear device. The complexity of
solving (32) at each Newton step is O(p × k3) where p is
the number of nonlinear devices attached to a single Ti block
and k is the number of state variables of each device. This
leads to O(k2 M) complexity, where M = p × k is the total
number of unknowns in the nonlinear system associated with
a single Ti block. Because k is a small constant that does
not depend on M , we obtain a linear complexity. After all
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Fig. 4. Illustration of the nonlinear system. Enabled by the proposed circuit
simulation algorithm, it only contains decoupled block tridiagonal matrices.

nonlinear unknowns are solved from (32), we substitute them
into the first equation in (27) to solve linear unknowns in
the Ti block. This step, also, has a linear complexity because
Ti,ee is tridiagonal. The above procedure is repeated for each
Ti block attached to nonlinear circuits in (22). Fig. 4 shows
an example, in which two blocks, Ti and T j , are attached to
nonlinear devices at the red surface edges. The resultant block
tridiagonal matrix (32) associated with Ti is fully decoupled
from that associated with T j because Ti and T j blocks are
fully decoupled in (22).

From the aforementioned procedure, it can be seen that in
the proposed method, regardless of the number of nonlinear
devices attached to the ICs, we only need to solve multiple
fully decoupled block tridiagonal matrices (32), each of which
is 1-D size. To be more specific, the number of blocks in (25),
and hence the number of (32) we need to solve, is maximally
Ns , for which all the Ti blocks in (22) are attached to nonlinear
devices. The maximum number of diagonal blocks in (32) is
L + 1, for which each edge of the Ti block is attached to a
nonlinear device. The dimension of each diagonal block in (32)
is the number of state variables in a single nonlinear device,
k. The total cost of solving Ns fully decoupled matrices (32)
is O(Ns L), which is O(N), and hence linear. This is true
irrespective of the nonlinear circuit model characterized by (9).

B. Summary of the Overall Procedure

With the proposed method, the simulation of the combined
nonlinear–linear system, (11), becomes the simulation of the
following decoupled problems (33a)–(33d)

PV lu
n+1
V l = bVl , l = 1, 2, . . . , L . (33a)

For each Ti block in (22) not attached to nonlinear circuits

Ti u
n+1
s,i = b̃s,i , i = 1, 2, . . . (33b)

For each Ti block in (22) attached to nonlinear circuits, solve
nonlinear equations⎡

⎣
Di,c,1 ODi,c,1
ODi,c,1 Di,c,1 ODi,c,2

· · ·

⎤
⎦

⎛
⎝

xi,1
xi,2
· · ·

⎞
⎠ =

⎛
⎝

F(xi,1)
G(xi,2)

· · ·

⎞
⎠ ,

i = 1, 2, . . . (33c)

where un+1
s,ic in (27) is a subset of the above xi vector.
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Then

Ti,eeus,ie
n+1 = b̃s,ie − Ti,ecun+1

s,ic , i = 1, 2, . . . (33d)

where the solution of (33d) is obtained after un+1
s,ic is solved

from the nonlinear equation (33c).
The overall procedure of the proposed simulation is as

follows.
Start the time-marching with two initial conditions un and

un−1. To obtain un+1, which is composed of surface unknowns
at the (n + 1)-th step, un+1

S , and the volume unknowns at the
(n + 1)-th step, un+1

Vl (l = 1, 2, . . . , L), do the following.
Step 1: Generating the right-hand side vectors used in (33).

The bVl(l = 1, 2, . . . , L) is obtained based on (20) in which
Ĩc is zero. The b̃s is the right-hand side of (19) without Ĩc.
The right-hand side of (33c) is obtained from (28) and the
nonlinear system of (9) that describes the nonlinear circuit.

Step 2: Solve (33a) to obtain all the volume unknowns un+1
V l

(l = 1, 2, . . . , L).
Step 3: Solve (33b) to obtain all the linear surface

unknowns.
Step 4: All the nonlinear surface unknowns are associated

with the Ti blocks attached to nonlinear circuits in (22).
For each Ti block attached to nonlinear circuits, solve its
corresponding nonlinear system (33c) by Newton’s method to
obtain the solution of nonlinear unknowns associated with the
Ti block, and after that, find the solution of linear unknowns
associated with this block by using (33d).

Go back to Step 1 until the simulation of the required time
window is finished.

The cost of (33a) is linear by using the volume unknown
solver in the orthogonal finite-element reduction-recovery
method [27]. The cost of (33b) is linear because each Ti is a
tridiagonal matrix [36]. The cost of (33c) is linear as analyzed
in Section III-A. The cost of (33d) is again linear because of
tridiagonal matrix Ti,ee . As a result, the overall complexity of
the proposed circuit simulator is linear.

It is worth mentioning that (33) is formulated based on the
assumption that nonlinear circuits are attached to the layout
of the linear network via surface unknowns. This assumption
is true in general, as analyzed in Section III-A. In the rare
circumstances in which one has to attach the nonlinear circuits
through volume unknowns, the proposed simulation algorithm
is equally applicable because the solution of (33a) has also
been decomposed into the solution of multiple 1-D tridiagonal
matrices as shown in [27]. The nonlinear circuit equation (9)
again can be co-simulated with these fully decoupled 1-D
tridiagonal matrices, yielding fully decoupled nonlinear block
tridiagonal subsystems as shown in (33c).

IV. EFFICIENT PARALLELIZATION ON

MANY-CORE PLATFORMS

As can be seen from (33), the proposed first-principle-
guided linear-complexity circuit simulator permits an almost
embarrassingly parallel implementation. The simulation of
volume unknowns, shown by (33a), is fully decoupled from
the simulation of surface unknowns. The simulation of linear
surface unknowns, shown by (33b), is fully decoupled from

the simulation of nonlinear surface unknowns, shown by (33c).
In (33b), each Ti block can be simulated separately from the
other Ti blocks. Similarly, in (33c), each Ti block attached
to nonlinear circuits can be simulated separately from the
other Ti blocks attached to nonlinear circuits. These decoupled
problems can be readily distributed to a many-core/node
platform to solve them in an embarrassingly parallel fashion.
In other words, at each time step, after the right-hand side is
prepared based on the field solution obtained at previous two
time steps in Step 1, Steps 2–4 described in Section III-B can
be done concurrently.

As for the partition of the circuit, we implement it in the
same way as reported in [28], where we developed a parallel
simulator for simulating linear networks. Here, different from
[28], we need to co-simulate nonlinear circuits and linear
network. With the formulation shown in (33), we partition
nonlinear circuits together with surface unknowns. The load
across different nodes is balanced by the actual number of
operations associated with the decoupled subsystems shown in
(33) instead of based on geometry. The data communication
involved in generating right-hand side vectors at each time
instant is the same as that reported in [28].

V. STABILITY ANALYSIS

The time step required by the simulation of the linear
network for maintaining stability can be different from that
required by the Newton-method-based simulation of nonlinear
circuits. We denote the former by �te, the latter by �tc, and
discuss their choices in the following.

For the linear network, a central-difference-based time-
domain finite-element solution is guaranteed to be stable if
the following condition is satisfied:

�te ≤
√

λmax√
ρ(T−1S)

(34)

in which λmax is the value at which the roots of a characteristic
equation start to have a magnitude greater than 1 [29], and ρ(·)
denotes the spectral radius of matrix (·). An unconditionally
stable time-domain finite-element solution [29], [30] permits
the use of any large time step. One can make a choice
of the time step solely from the perspective of accuracy.
For the nonlinear circuit simulation, we utilize the SPICE-
based criterion to choose the time step [31], [32]. A typical
�tc for state-of-the-art nonlinear devices is from the order of
10−9 s to the order of 10−12 s, which is generally larger than
that of the central-difference-based time-domain finite-element
simulation of an on-chip linear network, but smaller than that
permitted by an unconditionally stable time-domain finite-
element method. One can employ two different time steps
for nonlinear circuit simulation and linear network simulation.
For the numerical examples simulated in this paper, the time
step determined by a central-difference-based time-domain
finite-element method was used for the co-simulation of linear
networks and nonlinear circuits.

VI. SIMULATION RESULTS

We simulated a number of ICs and package problems to
demonstrate the accuracy and performance of the proposed
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Fig. 5. Voltage simulated from a parallel-plate structure loaded by a lumped
diode (solid lines are results from the proposed simulator, stars are results
from SPICE).

first-principle-guided circuit simulator. All the simulations
were performed on Dell 1950 Servers. Each server has 32 GB
memory and two Quad-Core Intel Xeon CPUs running at
2.66 GHz. The cache size is 6144 KB. The sequential simula-
tion was performed on one core, whereas the parallelized one
used up to 24 cores.

A. Parallel-Plate Structure Loaded by a Lumped Diode

First, we validated the proposed circuit simulator on a circuit
problem whose layout structure has an analytical solution.
The structure had two parallel plates made of perfect con-
ductors in free space. According to typical on-chip circuit
dimensions, the width (along y), height (along x), and length
(along z) were set as 1, 0.1, and 40 μm with �x = 0.1 μm,
�y = 0.25 μm, and �z = 1 μm, respectively. The dominant
transverse electromagnetic (TEM) mode was launched on the
incident plane at the near end of the parallel-plate structure
with a sinusoidal source oscillating at 1012 Hz. The first-
order absorbing boundary condition was used to truncate the
problem, which is also an exact absorbing boundary condition
for the dominant TEM mode. A diode (iD(t) = I0[evD(t)/V0 −
1], I0 = 10−14 A, V0 = 0.026 V) was added at the center point
along the length between the two plates. In Fig. 5, we plot the
voltage sampled at the near end, far end, and center point of
the structure along the length. As can be seen clearly from
Fig. 5, an excellent agreement with SPICE can be observed.
During the time-marching process, the CPU time cost per step
was 5 × 10−4 s. The number of steps simulated was 2 × 104

by using a uniform �t = 1 × 10−16 s. The maximum number
of Newton iterations used by the proposed simulator was 4.

B. Parallel-Plate Structure Driven by a CMOS Inverter and
Loaded by Lumped RC Elements

Next, we simulated a parallel-plate structure driven by a
CMOS inverter at the near end and terminated by three linear
lumped elements (R1 = 10	, R2 = 10	, and C = 10−14 F)
at the far end, as illustrated in Fig. 6. The MOS transistor
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Fig. 6. Illustration of a CMOS inverter driving an RC loaded parallel-plate
interconnect.

was constructed using SPICE-like level-1 (Shichman–Hodges)
model by

ID =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0

[when VGS − VT O < 0(cutoff region)],
W

Lef f

k
′

2 (1 + λVDS)VDS[2(VGS − VT O ) − VDS]
[when 0 < VDS < VGS − VT O (linear region)],

W
Lef f

k
′

2 (1 + λVDS)(VGS − VT O )2

[when VDS > VGS − VT O (saturation region)]

IB D = I0(e
VB D/VT − 1)

IBS = I0(e
VBS/VT − 1)

and⎧
⎪⎨
⎪⎩

CGS = CGS0W

CG D = CG D0W

CG B = CG B0W
⎧⎪⎪⎨
⎪⎪⎩

CB D = C j0+C jsw0√
1− VB D

VB0

(VB D ≤ FC × VB0)

CBS = C j0+C jsw0√
1− VBS

VB0

(VBS ≤ FC × VB0)

⎧⎪⎪⎨
⎪⎪⎩

CB D = (C j0 + C jsw0)
1−1.5FC+ VB D

2VB0
(1−FC)1.5 (VB D > FC × VB0)

CBS = (C j0 + C jsw0)
1−1.5FC+ VBS

2VB0
(1−FC)1.5 (VBS > FC × VB0).

The transistors were modeled with the parameters [33],
[34] as shown in Table I. Notice that although the SPICE-
like level-1 model is used here as an example, the proposed
circuit simulator is not restricted by such a model. It supports
any model of the transistors because the proposed circuit
simulation algorithm is developed based on (9).

A falling edge of 5.95 ×10−12 s was chosen as the input
signal of the inverter. The structure was 1 μm in width,
0.3 μm in height, and 100 μm in length with �x = 0.1 μm,
�y = 0.25 μm, and �z = 10 μm, respectively. The voltages
across the lumped circuits were simulated by the proposed
method and compared with those obtained by SPICE for which
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TABLE I

PARAMETERS OF THE TRANSISTOR

PMOS NMOS

Leff = 0.1 (μm) Leff = 0.095 (μm)

W = 1.185 (μm) W = 0.145 (μm)

k′ = 5.303 × 10−4 (A/V2) k′ = 1.177 × 10−4 (A/V2)

λ = 0.1 (1/V) λ = 0.06 (1/V)

I0 = 8 × 10−15 (A) I0 = 2.3 × 10−15 (A)

VT = 0.0258 (V) VT = 0.0258 (V)

VT O = −0.4 (V) VT O = 0.43 (V)

VB0 = 0.8 (V) VB0 = 0.8 (V)

C j0 = 2 × 10−3 (pF) C j0 = 2 × 10−3 (pF)

Cjsw0 = 5.13 × 10−4 (pF) Cjsw0 = 5.4 × 10−4 (pF)

FC = 0.5 FC = 0.5

CGB0 = 200 (pF/m) CGB0 = 200 pF/m

CGS0 = 40 (pF/m) CGS0 = 40 pF/m

CGD0 = 40 (pF/m) CGD0 = 40 P (pF/m)

RE = RD = 0 RE = RD = 0
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Fig. 7. Voltage simulated from a parallel-plate structure driven by an inverter
and loaded by RC elements (solid lines are from the proposed method, stars
are from SPICE).

we set up a lossless transmission line model to represent the
structure. As can be seen clearly from Fig. 7, the proposed
method for circuit simulation agrees very well with SPICE.
During the time-marching process, the maximum number of
Newton iterations was 7. The CPU time per step was 5×10−4 s
with 1 × 105 total steps.

C. Lossy Parallel-Plate Structure Driven by a CMOS Inverter
and Loaded by Lumped Elements

Next example was a lossy parallel-plate structure with the
same dimension as simulated in the above. It was driven by the
same inverter and loaded by the same resistors and capacitor.
The thickness of the upper (lower) plates was 0.1 μm and the
metal conductivity was 5 × 107 S/m. The dielectric between
the two plates has a relative permittivity εr = 4. In Fig. 8, we
plot the voltages simulated from the proposed method at the
near and far ends of the structure. Excellent agreement with
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Fig. 8. Voltages simulated from a lossy parallel-plate interconnect driven by
an inverter and loaded by RC elements (lines are results from the proposed
method, stars are results from SPICE).
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Fig. 9. Voltages simulated from a large-scale M4–M7 on-chip clock
grid involving 58, 800 inverters and an interconnect system of dimension
166, 601, 770.

SPICE can be observed. For comparison, we employed a lossy
transmission line model to represent the structure for the use
of SPICE simulation. In total, 1.3 × 105 time steps were sim-
ulated. Each step cost was 9 ×10−4 s. The maximum Newton
iteration number used in the proposed simulation was 7.

D. Realistic M4–M7 Large-Scale On-Chip Clock-Grid
Structure Occupying a Chip Area of 800 × 900 μm2

With the accuracy validated, next, we simulated a realistic
large-scale on-chip clock-grid structure occupying a chip area
of 800 × 900 μm2. The structure involved 420, 420, 210,
and 210 interconnect wires in M4, M5, M6, and M7 layer,
respectively. In between, there are a massive number of vias
connecting orthogonal wires at different metal layers. Below
M4 layer, there were 58, 800 inverters. Among the 420 M4
wires, every other M4 wire was driven by inverters. Along the
length of each M4 wire, 280 inverters were connected. The
VDD node of each inverter (illustrated in the left part of Fig. 6)
is attached to 2.5 V, the ground node is attached to 0 V. The
input node is excited by a falling edge shown by the red dashed
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Fig. 10. CPU time of the proposed linear system solver versus number of
unknowns in comparison with that cost by the conventional simulator.

line in Fig. 9. The output of the inverter is attached to the
interconnect. Based on the algorithm proposed in Section III
for nonlinear simulation, we formed 210 decoupled block
tridiagonal systems, each of which has a form shown in (33c).
Each block tridiagonal system had 280 diagonal blocks with
the dimension of each block being 12. The discretization
of the structure resulted in 166, 601, 770 linear unknowns.
We used 24 cores for parallel simulation. Each core solved
2, 450 nonlinear devices with a part of the linear structure.
On average, only 7.19 s was used for one time step. The total
number of time steps simulated was 1.7 × 105. The width
of the PMOS transistor used in this example was 0.85 μm. In
Fig. 9, we plot the output voltages of three inverters connected
to three M4 wires in comparison with the characteristic output
of the inverter. The three M4 wires are the leftmost, middle,
and rightmost wire in M4, respectively. The maximum number
of Newton iterations was 13 in this simulation.

E. Performance Test

We then tested the performance of the proposed first-
principle-guided circuit simulator. First, we tested the sequen-
tial simulation. The sequential simulation includes the sim-
ulation of both nonlinear and linear system. To examine
the performance of the linear system solver, we simulated
the above clock-grid example occupying a chip area from
11.43 × 12.86, 57.15 × 64.3, 114.3 × 128.6, 228.6× 257.2, to
342.9×385.8 μm2, resulting in 27, 742, 658, 870, 2, 618, 230,
10, 438, 450, and 23, 460, 670 unknowns, respectively. To
test the performance of the nonlinear solver, we used the
linear structure having 23, 460, 670 linear unknowns with
226 interconnects in M4. The inverters were connected to
M4 interconnects. Four cases were tested: 13, 950 nonlinear
devices driving 16 wires out of the 226 M4 interconnects;
67, 950 nonlinear devices driving 76 wires; 135, 450 nonlinear
devices driving 151 wires; and 202, 950 nonlinear devices
driving all the 226 M4 wires.

In Fig. 10, we plot the matrix factorization time as well
as matrix solution time versus the number of unknowns for
the proposed linear system solver in comparison with the
conventional linear simulator that employs the state-of-the-art

TABLE II

CPU TIME OF THE PROPOSED NONLINEAR SOLVER VERSUS THE

NUMBER OF NONLINEAR DEVICES

Number of nonlinear
devices

13, 950 67, 950 135, 450 202, 950

CPU time per step (s) 0.322 1.567 2.921 4.454
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Fig. 11. Total CPU time of the proposed nonlinear system solver versus
number of nonlinear devices.
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Fig. 12. Speedup of the parallelized circuit simulator.

sparse matrix solver such as a multi-frontal-based one [35].
The linear complexity and superior performance of the pro-
posed linear system solver are clearly demonstrated. The
proposed simulator costs less time in factorization than in
matrix solving because in a sequential simulation, the surface-
unknown-based system can be solved without factorization due
to orthogonal vector bases. The CPU cost of the conventional
linear simulator was not plotted across the entire range because
the conventional simulator was not able to solve a larger
number of unknowns due to large memory requirements. In
Fig. 11, we plot the total CPU time of the proposed nonlinear
simulator at each time step versus the number of nonlinear
devices, from which the linear complexity of the proposed
nonlinear simulator can also be clearly seen. Table II provided
detail data of Fig. 11.

We then tested the performance of the proposed paralleliza-
tion scheme. The large-scale clock-grid structure involving
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Fig. 13. Simulation of an M3–M8 on-chip power grid driven by 420
inverters involving over 162 million unknowns. (a) Input and output of a
single inverter with an ideal power supply and a nondieal one. (b) Current
drawn by one inverter and position-dependent transient VCC and VSS voltage
droops observed in the power grid.

166, 601, 770 linear unknowns simulated for Fig. 9 was con-
sidered. The 420 M4 wires were all connected with nonlinear
devices. In total, 816, 680 inverters were simulated. In Fig. 12,
we plot the speedup versus the number of CPUs, from which
a clear linear speedup is observed.

F. M3–M8 On-Die Power Grid of 400 × 400 μm2 Chip Area

In addition to clock-grid analysis, the proposed simulator
can also be used for many other analyses such as power-
grid analysis and die-package co-simulation. We considered
a 400 × 400 μm2 on-die power grid at 90 nm technology
node from M3 to M8, which was provided by Intel Corpo-
ration. There were 55 pairs of VCC (power rails) and VSS
(ground rails) on M3, among which 21 pairs were attached
to inverters. Each VCC and VSS pair was attached to 20
inverters uniformly distributed along the length of the power

Voltage map on DIE-M7 at time step = 2700
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Voltage map on package-top at time step = 2700
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Fig. 14. Simulation of a combined die-package system from M2 to M8 to
full 17 layers of package involving over 333 million unknowns. (a) Voltage
map on the top layer of the package. (b) Voltage map on M7.

rail. In total, there were 420 inverters. In each inverter, the
source node of the PMOS is attached to VCC, and the source
node of the NMOS is attached to VSS. The DC bias is 2.5 V.
A falling edge is applied to the input node, while the output
node is left open. On the top, the M8 layer was connected to
a package plane (treated as the potential reference) via four
C4 VCC bumps and four C4 VSS bumps.

Due to the high integration density of the on-chip intercon-
nects, the discretization resulted in 162, 316, 441 unknowns.
The CPU time cost at each time step was less than 100 s on a
single core. When running on multi-cores from 2 cores to 24
cores, the proposed circuit simulator also exhibits a clear linear
speedup. In Fig. 13(a), we plot the input signal of an inverter
located at the center of the chip and the output voltage of
this inverter. The output voltage due to an ideal power supply
and that resulting from the nonideal power supply provided by
the power grid when all of the 420 inverters were switching
are both shown. The effect of the nonideal power supply can
be clearly seen. The voltage is calculated with respect to the
package plane on the top. In Fig. 13(b), we plot the current
in amperes drawn by the inverter located at the center of the
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chip area. We also plot the voltage of the VCC and that of
VSS sampled in M3 layer at y = 200 μm and z = 200 μm
(center), y = 200 μm and z = 1.59 μm, y = 17.3 μm and
z = 200 μm, where y the direction of M4 power rails, and
z is the direction along M3 power rails. A dynamic voltage
droop and the symmetry between VCC droop and VSS droop
can be clearly observed.

G. Combined Die-Package With M2–M8 On-Die Structures
and 17 Package Layers

The last example is a combined die-package structure that
involved a complete on-die power grid from M2 to M8 and
a complete 17-layer package for power delivery. The chip
size was 400 × 400 μm2. The discretization of the structure
resulted in 333, 182, 390 unknowns. The total CPU time cost
at each time step, i.e., one matrix solve, was less than 200 s
on a single core. In Fig. 14, we plotted the voltage map at the
top layer of the package and that on M7 sampled at one time
instant.

VII. CONCLUSION

This paper presents a circuit simulator that has linear or
optimal complexity. With an almost embarrassingly parallel
implementation, the capacity of the simulator grows exponen-
tially as the number of cores on a single processor chip grows
exponentially. The proposed circuit simulator can be used to
account for the full-chip (and beyond full-chip) interactions
between nonlinear devices, substrate, on-die interconnects,
and package. Because it rigorously captures electromagnetic
physics, it can be used to guide the design of digital, analog,
RF, and mixed-signal ICs from DC to very high frequencies.
In addition to being used as a standalone circuit simulator, the
proposed simulator can also directly interface with SPICE-like
simulators in time domain to retain the strengths of device-
centered simulators in simulating nonlinear devices.
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