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Parallel Time-Domain Finite-Element Simulator of
Linear Speedup and Electromagnetic Accuracy for

the Simulation of Die–Package Interaction
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Abstract— In this paper, we develop an almost embarrass-
ingly parallel solution to an electromagnetic solver of linear
complexity for overcoming the grand challenge of performing
electromagnetically accurate co-simulation of die–package inter-
action. In this solution, through suitable basis functions and
linear algebraic techniques, we directly and rigorously decompose
the system matrix in a 3-D space to multiple matrices of 1-D
sizes with negligible computational overhead. Each 1-D matrix
is made tridiagonal and, hence, can be solved readily in linear
complexity. We then achieve an almost embarrassingly parallel
implementation of the fast electromagnetic solver with a low
communication-to-computation ratio. Numerical experiments on
a large-scale combined die–package system, involving more than
3.5 billion unknowns, have demonstrated superior performance
of the proposed parallel transient simulator for simulating large-
scale integrated circuits and package problems. In addition, the
proposed solver is applicable to any arbitrarily shaped multilayer
structure embedded in inhomogeneous materials.

Index Terms— Electromagnetic analysis, finite-element meth-
ods, multicore, on-chip, package, parallel computing, transient
simulation.

I. INTRODUCTION

THE scaling of supply voltages and the increased level
of integration have made the analysis and design of

microelectronic systems increasingly challenging. The impact
of noise due to signal switching, die–package interaction,
power management techniques, substrate coupling, etc. can
be seen at all levels of a power delivery network, from chip
to package to mother board to the voltage regulator module.
There is, therefore, a critical need for the co-simulation of
the die and package to control the global electrical interaction
and optimize performance as an integrated system. Prevailing
circuit-based signal integrity paradigms are reaching their
limits of predictive accuracy when applied to high-frequency
settings. To sustain the scaling and integration of digital,
analog, mixed-signal, and radio frequency (RF) circuitry, an
electromagnetic solution is indispensable.
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The co-simulation of the full chip and complete package
results in numerical problems of ultra large scale, requiring
billions and billions of parameters to describe them accurately.
None of the existing computational electromagnetic methods
has the capacity to simulate such an ultra large-scale system
in fast CPU run time. Recent research on electromagnetic
simulators of reduced computational complexity has brought
the die–package co-simulation closer to reality. As many-core
computing has become a new form of equivalent scaling to
facilitate the continuation of Moore’s Law, the co-simulation
of full chip and complete package with uncompromised ac-
curacy can be brought to reality in faster CPU run time if
we can exploit the parallelism provided by the many cores
on a chip. In general, however, the speedup of an application
running on a many-core computing platform over its sequential
implementation is governed by Ahmdal’s Law [1]. Linear (or
optimal) speedup can be achieved only if the computation is
embarrassingly parallel.

Typically, it is easier to obtain superior speedup when
parallel computing is applied to a high-complexity algorithm.
Indeed, it is more difficult to achieve speedup over a good
(optimized) sequential algorithm. For example, it is easy
to parallelize a naïve dense matrix-vector multiplication of
O(N2) complexity, it is difficult, however, to parallelize a fast
dense matrix-vector multiplication that has O(N) complexity,
with N being the matrix size. However, for high-complexity
algorithms, even if one is able to achieve linear speedup, the
resultant CPU time may still be too long to be tolerated in
realistic integrated circuit (IC) and package design.

In recent years, efforts have been made in paralleliz-
ing fast computational electromagnetic methods in order to
tackle large-scale engineering problems [2]–[9]. Both integral-
equation-based and partial-differential-equation-based meth-
ods have been parallelized. Significant speedups have been
achieved compared to their sequential counterparts. However,
none of the existing fast electromagnetic solvers involving a
linear matrix solution has achieved linear speedup.

The main contribution of this paper is the development
of an almost embarrassingly parallel solution to a com-
putational electromagnetic method of linear complexity for
large-scale co-simulation of die–package interaction. The se-
quential algorithm is based on the orthogonal finite-element
reduction-recovery (OrFE-RR) method developed in [10]. The
OrFE-RR method is developed in the framework of a time-
domain finite-element method [11]–[15]. In the OrFE-RR
method, a linear system of equations, Ax = b, is rigorously
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Fig. 1. Illustration of the reduction-recovery method in [10]. (a) 3-D layered system. (b) 2-D layered system. (c) Single-layer system.

reduced to an orders of magnitude smaller system, Arxr = br,
with xr being a subset of x .The reduction from A to Ar is
achieved with negligible computational cost by the develop-
ment of a set of orthogonal prism vector basis functions. The
reduced system, Arxr = br, is diagonal and, hence, can be
solved in optimal complexity, i.e., linear complexity. The xr
solved from the reduced system is the same as that solved from
the original system, i.e., Ax = b. Additionally, the rest of the
unknown x can be recovered from xr in linear complexity.
The method entails no theoretical approximation. It applies to
any arbitrarily shaped multilayer structure involving inhomo-
geneous materials. This method has been successfully applied
to solve large-scale IC and package problems. For example,
it can solve a sparse matrix involving more than 330 million
unknowns associated with a large-scale die–package system
in less than 200 s on a single 2.66-GHz Intel Xeon 5300
processor.

The recursive nature of the OrFE-RR algorithm renders
its parallelization difficult. In this paper, we show how to
utilize the orthogonal vector basis functions developed in
the OrFE-RR method to achieve a natural decomposition of
the system matrix into 1-D matrices, with each 1-D matrix
being tridiagonal. Not only can we solve the large-scale IC
and package problems in linear complexity, but we can also
parallelize the OrFE-RR solution to achieve linear speedup.
With both linear complexity and linear speedup achieved, we
pave the way for the co-simulation of a full chip combined
with a complete package. In addition to the co-simulation
of die–package interaction, the proposed solver is applicable
to the co-simulation of digital, analog, mixed-signal, and RF
circuitry integrated on a single chip.

II. ELECTROMAGNETICS-BASED ANALYSIS OF IC AND

PACKAGE PROBLEMS

Consider electromagnetics-based analysis of a 3-D IC and
package problem. The electric field E inside an IC and package
problem satisfies the second-order vector wave equation

∇ × [μ−1
r ∇ × E(r, t)] + μ0ε∂

2
t E(r, t)

+μ0σ∂t E(r, t) = −μ0∂t J(r, t) (1)

subject to certain boundary conditions. In (1), μr is relative
permeability, μ0 is free-space permeability, ε is the permittiv-
ity, and σ is the conductivity.

Among all the existing time-domain methods for solving
(1), time-domain finite-element methods [11] have shown a
great capability in handling both irregular geometries and ar-
bitrary inhomogeneity. A time-domain finite-element solution
of (1) results in the following system of ordinary differential
equations:

T
d2u

dt2 + (R + V)
du

dt
+ Su + f = 0 (2)

in which T, R, V, S are square matrices, u is the unknown
field vector, and f is the excitation vector. The elements of
the matrices T, R and S are given by

Ti j = μ0ε < Ni , N j >V

Ri j = μ0σ < Ni , N j >V

Si j = μ−1
r < ∇ × Ni , ∇ × N j >V (3)

in which Ni and N j are the vector basis functions used to
expand unknown field E, and < ., . >V denotes volume
integration. Matrix V is related to the absorbing boundary con-
dition. By adopting a central difference scheme to approximate
the first- and second-order time derivatives in (2), we obtain

T̃un+1 = (2T−�t2S)un +[0.5�t (R + V)− T]un−1 −�t2 f n

(4)
where

T̃ = T + 0.5�t (R + V) (5)

and �t represents the time step. Obviously, un+1 [the field
value at the (n + 1)th time step] can be solved in a time-
marching fashion from the solution of u at previous time steps.

Matrix T̃ can be very large in an electromagnetics-based
simulation of realistic integrated circuits and packages. In
addition, it is a general sparse matrix, the solution of which
has been regarded as not embarrassingly parallelizable. In the
following section, we will show a method that can make the
solution of T̃ embarrassingly parallelizable, thus permitting an
electromagnetically accurate simulation of very large scale IC
and package problems.
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Fig. 2. Illustration of the orthogonal prism vector basis functions.

III. MODIFIED ORTHOGONAL FINITE-ELEMENT

REDUCTION-RECOVERY METHOD THAT IS

EMBARRASSINGLY PARALLELIZABLE

In the OrFE-RR method [10], a 3-D layered system matrix
shown in Fig. 1(a) is reduced to a 2-D layered one, as shown
in Fig. 1(b), without any computational cost. The 2-D layered
system matrix is then reduced to a single-layered one, as
shown in Fig. 1(c), with negligible computational overhead.
This is achieved by developing a set of orthogonal prism vector
basis functions. The reduced single-layer system is diagonal
and, hence, can be solved readily. Once the unknowns on a
single surface are solved, the unknowns on other surfaces,
and the unknowns in the volume, are recovered in linear
complexity. The accuracy and high capacity of this method
have been demonstrated by both numerical and experimental
results.

The recursive nature of the OrFE-RR algorithm renders
its parallelization difficult. In this paper, we show how to
utilize the orthogonal vector basis functions developed in the
OrFE-RR method to achieve a natural decomposition of the
system matrix into 1-D matrices, with each 1-D matrix being
tridiagonal. Hence, not only can we solve T̃ in (5) in linear
complexity, but we can also parallelize its solution to achieve
linear speedup.

A. Field Expansion by Orthogonal Prism Vector Bases

The orthogonal prism vector bases developed in [10] are
used to expand the unknown E when solving (1). In each
prism element, there are 15 vector bases from N1 to N15, as
shown in Fig. 2. The degrees of freedom associated with bases
Ni (i = 1, 2, 3, . . ., 6) are assigned on the upper and lower
planes. Each of these bases is purely tangential to edge i at
the midpoint of edge i . The degrees of freedom associated
with bases Ni (i = 7, 8, 9) are assigned along the vertical
edges of a prism element. They also guarantee the tangential
field continuity across the element interface. As shown in
[10], basis functions Ni (i = 1, 2, 3, . . ., 6) are orthogonal
to each other, Ni (i = 10, 11, 12, . . ., 15) are orthogonal to
each other, and these two sets are also mutually orthogonal to
each other. Additionally, because the bases on the lower and
upper planes are perpendicular to the vector bases along the
vertical edges, basis functions Ni (i = 1, 2, 3, …, 6) and Ni

(i = 10, 11, 12, . . ., 15) are orthogonal to basis functions Ni

(i = 7, 8, 9).
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Fig. 3. (a) Orthogonal prism-element-based discretization and unknown
ordering. (b) 3-D layered system matrix T̃.

B. Computation-Free Decomposition of the System Matrix into
a Surface-Unknown-Based System and a Volume-Unknown-
Based One

We discretize the computational domain into layers of
prism elements, as shown in Fig. 3(a). Conductors are also
discretized in order to capture the internal fields accurately.
In each element, the electric field is expanded into orthogonal
vector basis functions, as described in the previous section.
The unknowns are ordered layer by layer. In each layer, the
unknowns are divided into surface and volume unknowns. As
shown in Fig. 3(a), the unknowns associated with the horizon-
tal edges are surface unknowns, and the unknowns associated
with the vertical edges are volume unknowns. The unknowns
are then ordered from S1 to V1 to S2 to V2 and continued,
resulting in a 3-D layered system matrix shown in Fig. 3(b).
Although only two elements are shown in Fig. 3(a) for the
convenience of illustration, the matrix structure resulting from
a many-element discretization remains the same as that shown
in Fig. 3(b).

Since the surface vector bases Ni (i = 1–6, 10–15) are
perpendicular to volume vector bases Ni (i = 7–9) as seen
from Fig. 2, and T̃ in (5) solely comprises matrices formed
by the inner product of Ni and N j , all the Q matrices
in Fig. 3(b) vanish. As a result, the surface-unknown-based
system is completely decoupled from the volume-unknown-
based without any computation cost as follows:

PS xS = bS

PV l xVl = bVl l = 1, 2, . . . , L (6)

in which PS is the surface-unknown-based system, PV l is
the volume-unknown-based system in layer l, and xS and
xV represent the surface unknowns and volume unknowns,
respectively. Note that (6) does not suggest that there is no
coupling between volume unknowns and surface unknowns,
they couple to each other through the right-hand side b at
each time step, as can be seen from (4). The right-hand
sides bS and bVl in (6) denote the right-hand side of (4)
corresponding to the surface unknowns, and volume unknowns
respectively.
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Fig. 4. Illustration of the new surface unknown ordering scheme (each solid
straight line segment represents one edge basis).

C. Computation-Free Decomposition of the Surface-Unknown-
Based System into 1-D matrices, with Each 1-D Matrix
Tridiagonal

In Ps , i.e., the surface-unknown-based part of Fig. 3(b), all
Dl and �l (l = 1, 2, . . ., L) matrices are diagonal due to
the orthogonality of the vector basis functions. This matrix,
however, is not amenable for parallelization. Next, we will
show how we can permute Ps to make it block diagonal and,
hence, embarrassingly parallelizable.

Assuming that the discretization results in Ns unknowns on
a single surface, and L layers, and hence L + 1 surfaces. In
the original OrFE-RR algorithm, we order Ns unknowns on
the first surface, then Ns unknowns on the second surface,
then Ns unknowns on the third surface, and continue to the
Ns unknowns on the (L + 1)th surface. The resultant system
is a block tridiagonal matrix with each block being diagonal.
To facilitate parallelization, we change the ordering scheme
as follows. Instead of ordering the Ns unknowns on a single
surface layer by layer, we start from just one of the Ns

unknowns on the first surface, we then order the counterpart
of this single unknown on the second surface, then on the third
surface, and continue to the last surface. We then go back to
the first surface to order another surface unknown across all
layers, we continue until all the Ns unknowns are traversed.
Fig. 4 gives an illustration of the new ordering scheme.

As a result, we obtain a block diagonal matrix of Ns blocks,
as shown in (7)

PS =

⎡
⎢⎢⎣

T̃1

T̃2
· · ·

T̃NS

⎤
⎥⎥⎦. (7)

More importantly, each diagonal block T̃i (i = 1, 2, . . ., Ns )
is a tridiagonal matrix of size L + 1

T̃i =

⎡
⎢⎢⎣

D1,i �1,i

�1,i D1,i + D2,i �2,i

· · · �L ,i

�L ,i DL+1,i

⎤
⎥⎥⎦ (8)

where D j,i and � j,i denote the i th entries in matrices D j

and � j , respectively. Essentially, the matrix PS in (6) is
decomposed into small matrices T̃i of 1-D sizes. It is clear

that such decomposition is computation-free. In addition, each
T̃i is a tridiagonal matrix. Its inverse can be stored and
obtained efficiently in linear complexity [16]. The decoupled
Ns subsystems can be readily distributed to a many-core/node
platform to solve them in an embarrassingly parallel fashion.

D. Computation-Free Decomposition of the Volume-Unknown-
Based System into 1-D matrices, with Each 1-D Matrix
Tridiagonal

To facilitate parallelization, we split the volume-unknown-
based system PVl as follows:

PVl = P − L − U (9)

with P being the block diagonal matrix, –L the strict lower
triangular part and –U the strict upper triangular part. Each
diagonal block of P can be shown to be tridiagonal [10], and L
and U are sparse matrices. The matrix P serves as an effective
preconditioner of PV l . It is shown by numerical experiments
that, with P, the iterative process of solving the second
equation in (6) converges in a few iterations for realistic on-
chip and package examples. By using P as the preconditioner,
the second equation in (6) can be solved iteratively as

Px (k+1) = (L + U)x (k) + bVl , k ≥ 0 (10)

with k being the iteration number. When (10) converges,
x (k+1) = x (k), and hence (P−L−U)x (k+1) = bVl . From (9), it
can be seen that x (k+1) is the solution of the volume equation
in (6). It is proven in [10] that, because of the property of PVl ,
the iteration in (10) converges for any right-hand side bVl and
any initial vector x (0).

Since PV l is a block tridiagonal matrix, (10) can be simpli-
fied to

Pii x (k+1)
i = Li,i−1 x (k)

i−1 + Ui,i+1 x (k)
i+1 + di , 1 ≤ i ≤ Nx (11)

in which i denotes the line index, as shown in [10 Fig. 6],
and Pii denotes the i th diagonal block of P, this is formed by
volume unknowns on line i . Since Pii is a tridiagonal matrix,
P−1

ii b can again be performed in linear complexity. As a result,
the decoupled Pii can also be readily distributed to a many-
core/node platform to solve them in an almost embarrassingly
parallel fashion.

IV. PARALLELIZATION

In this section, we show how to parallelize the proposed fast
electromagnetic solver, made embarrassingly parallelizable
with a low communication-to-computation ratio.

A. Partition

Fig. 5 shows a 3-D layered system, which can be a
combined chip–package system, assuming that z is the layer
growth direction. We partition the system along x into n
subdomains. The interface between two adjacent subdomains
is parallel to the yz plane. Here, we assume that there are
n lines (running along the y-direction), each of which has
n volume unknowns. A uniform partitioning will therefore
assign (n/P) lines to each node/core. There are, therefore,
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Fig. 5. Illustration of the partition scheme.

n2/P volume unknowns to be computed in each node/core.
As we observed from (16), only the two lines on the two
vertical boundaries of a partition require volume unknowns
that have been operated on by the two neighboring nodes/cores
in the previous time step and in the previous iteration. The
data transferred between two neighboring nodes/cores are
therefore in the order of O(n), resulting in a per-node/core
communication-to-computation ratio of P/n, as the computa-
tion has a linear complexity.

B. Obtaining Right-Hand Side

Since the matrix structure is the same in each sudomain,
we can perform the simulation in the same manner for all
subdomains concurrently. The first task is to update the right-
hand-side vector. We need to synchronize the field values on
the interface between two adjacent subdomains after finishing
the matrix–vector multiplications shown in the right-hand side
of (4). Since the number of interface unknowns is very small
compared to the unknowns in the whole system, the time spent
on the communication between two adjacent nodes/cores is
small. Further, if using a distributed system, the latency of
the synchronization process can be hidden very well by com-
putation. After obtaining the right-hand-side vector, we can
simultaneously solve surface unknowns and volume unknowns
in each subdomain, which is detailed in next two subsections.

C. Solving for Surface Unknowns

For the surface-unknown system within each sudomain,
because the basis functions associated with surface edges
are orthogonal, there exists no crosstalk between two surface
edges in two different subdomains; hence the matrix within
each subdomain is completely decoupled. Therefore, with the
interface unknowns synchronized on the boundary between
two adjacent subdomains, the process of solving surface
unknowns is embarrassingly parallel across all the nodes/cores.
The surface-unknown-based matrix handled by each node/core
is a block diagonal one with each block tridiagonal, as shown
in (7) and (8), and can be solved readily in linear complexity
by each node/core.
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Fig. 6. Validation of the proposed parallel solver.

D. Solving for Volume Unknowns

For the volume-unknown system, however, the paralleliza-
tion procedure is more involved. Since the volume-unknown
system is solved iteratively as shown in (11), based on the
partition scheme shown in Fig. 5, we suffer from the crosstalk
between two adjacent lines within a volume-unknown system.
This is because we have to communicate the boundary data at
each iteration step between two adjacent subdomains. Though
the amount of data to be transferred at each iteration step is
very small, we have to transfer the data for several times when
solving for volume unknowns. The number of data transfer
depends on the number of iterations. Since there are thousands
of volume unknowns in a realistic IC and package structure,
the total number of communications can be quite large. In
addition, the computational complexity of solving the volume-
unknown system is linear. As a result, the time spent on
solving the volume unknowns is small in a sequential case.
The total communication time of solving volume unknowns,
therefore, cannot be neglected by relying on the partition
scheme shown in Fig. 5 only. It was shown by our numerical
experiments, in fact, that the volume-unknown communication
time dominated the solution time. We therefore augmented
the partition scheme as follows by developing an alternative
approach to solve volume unknowns.

In orthogonal basis functions developed for triangular prism
elements, there are 12 surface unknowns and 3 volume un-
knowns in each element. This indicates that the number of
surface unknowns is greater than that of the volume unknowns.
A typical ratio of the number of volume unknowns to the
number of surface unknowns is 1:10 or even less. Aggregating
the separated pieces of a volume-unknown system in one
layer to an entire one on a distinct node/core, therefore,
becomes feasible in this case. In fact, the communication time
of the aggregation is negligible since the volume unknowns
account for only a small portion of the entire system, the data
aggregation only needs to be conducted twice, i.e., before
and after solving the volume-unknown system. The amount
of data to be transferred on each computer in this process
can be calculated by L NV /p, where NV is the number of
volume unknowns in one layer of the entire system, L is the
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number of layers, and P is the number of nodes/cores. We
can see that, when increasing the number of nodes/cores, the
amount of transferred data on each computer is decreased.
Also, the amount of data to be transferred is trivial compared
to the amount of data in the entire system, which is dominated
by the surface unknowns. The communication time therefore
is very small. In fact, since the surface-unknown system and
the volume-unknown system are fully decoupled, they can be
handled concurrently. We can use the computation in solving
the surface-unknown system to overlap the communication of
this process. Hence, the latency, which is small, can be very
well hidden. The communication can be then neglected. It is
worth mentioning that the separated volume-unknown system
matrix parts are aggregated before the time marching, which
only needs to be done once.

E. Overall Procedure

We update the right-hand-side vector within each subdomain
and communicate the unknowns residing on the interface
between two subdomains. The embarrassingly parallel matrix
solution has two components: 1) solve the surface-unknown
system in each subdomain assigned to each node/core, and
2) solve the volume-unknown system assigned to each
node/core. There is no need to communicate data during
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Fig. 8. Simulation of a 400×400 μm2 combined die-package system from
M2 to M8 to full package stack. (a) Waveforms of the output voltage. (b)
Voltage map of the combined die-package system on M8 at a time instant.

the iteration. Before solving the volume-unknown system, we
aggregate the volume unknowns in one layer and combine
them in one distinct node/core. The latency can be hidden by
the computation of solving surface unknowns. After solving
the volume-unknown system, we redistribute the volume un-
knowns back to the subdomains assigned to each node/core.
The communication time is small compared to the computation
time. Steps 1) and 2) can be done concurrently.

V. NUMERICAL RESULTS

We implemented the proposed parallel transient simulator
using message passing interface to fully utilize distributed ma-
chines in a cluster and multicores available in each machine.
Each machine has the following hardware configuration.

CPU Memory Cache size
Intel(R) Xeon(R) CPU 5300 @ 2.66 GHz 32 GB 6144 KB

We first validated the proposed parallel electromagnetics-
based transient simulator on a test-chip interconnect structure.
The structure was fabricated using silicon processing technol-
ogy on a test chip [17], [18]. The structure was of 300 μm
width, and involved a 10-μm-wide strip in M2 layer, one
ground plane in M1 layer, and one ground plane in M3 layer.
The distance of this strip to the M2 returns at the left- and
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(a)

(b)

Fig. 9. Illustration of the die-package power delivery example. (a) Top view
from the package side (big circles are holes; small circles are sampled via
contacts). (b) Bottom view from the on-chip side.

right-hand sides was 50 μm, the strip was 2000 μm long. The
structure was discretized into 4 812 943 unknowns, and the
time step was chosen as 1.2 × 10−16 s. The CPU cost at each
time step on 8 computer nodes was 0.99 s. The S-parameters
simulated by the proposed parallel algorithm were compared
with measured data in Fig. 6. An excellent agreement can be
observed.

Next, we simulated a large-scale combined die–package
structure obtained from a real product, which was provided
by Intel Corporation. The structure involved a complete on-die
power grid from M2 to M8 and a complete 17-layer package
for power delivery. The chip size was 400 × 400 μm2. Due
to the high integration density of the on-chip interconnects,
the discretization of the structure resulted in 333 182 390
unknowns. The number of layers used in discretization was
1247 and the number of volume unknowns in each layer
was 27 370. The total number of volume unknowns accounted
for 10.2% of the total number of unknowns. We tested the
performance of the proposed parallel transient simulator using
this example. The CPU cost at each time step is plotted
with respect to the number of CPUs in Fig. 7(a) with the
speedup shown in Fig. 7(b), clearly, a linear speedup is
observed. In the intermediate range between 8 and 20 CPUs,
we even obtain a superlinear speedup. This can be interpreted
as follows: since the entire system is large involving over
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M4 to M8 to full package stack. (a) Voltage map on M8 at a time instant.
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power, and VSS represents ground).

330 million unknowns, the cache missing issue becomes
pronounced in the sequential implementation. By dividing the
large system into small pieces, however, the cache missing
issue can be alleviated. In addition, from Fig. 7(a), we observe
that the sequential solver is already very fast. It solved the
330-million-unknown system in less than 200 s. By developing
an embarrassingly parallel solution to the fast sequential
solver, we are able to bring the co-simulation of a complete
chip and full package with uncompromised accuracy even
closer to reality. In Fig. 8(a), we plot the time-domain voltage
simulated by the proposed parallel solver, which is shown to
agree very well the sequential simulation. In Fig. 8(b), we plot
the voltage map of the combined die-package system on M8
at a time instant.

The last example is an ultralarge-scale combined die–
package structure that involves a chip area of 2000 ×
2000 μm2, which is illustrated in Fig. 9. The on-chip part
contains a full power grid from M4 to M8. The package part
has a full package stack of 17 layers. Again, the structure
is from a real product provided by Intel Corporation. The
on-chip structure involves a massive number of power and
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ground rails, together with ∼1.1774 million vias. The package
structure consists of power and ground strips, power and
ground planes, holes, and vias that traverse the 17 package
layers. The discretization of the entire structure results in
3 542 604 266 unknowns, which is over 3.5 billion. The
number of unknowns on each surface is 789 388, the number
of volume unknowns in each layer is 90 509. There are 25
current sources uniformly distributed across the chip area. The
time step used was 0.5 × 10−16 s. In total, 10 001 steps were
simulated. We used 12 nodes with eight cores on each node
to simulate this example. The CPU cost at each time step, i.e.,
one matrix solve, was only 48.12 s. The performance of the
proposed parallel solver could be even better if more caches
are available on each computer core. In Fig. 10(a), we plot
the voltage map of the M8 layer sampled at the 5000th time
step. In Fig. 10(b), we show the voltage waveforms sampled
in the combined die–package system.

VI. CONCLUSION

A parallel transient simulator, having electromagnetic ac-
curacy, linear complexity, and linear speedup, was developed
for large-scale IC and package simulation such as the co-
simulation of die–package interaction that involves billions
of unknowns. Numerical experiments have demonstrated its
superior performance.
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