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Abstract—The concept of coded caching shows that by exploit-
ing the multicasting opportunity, one could significantly reduce
the content delivery time of traditional uncoded caching schemes.
The most commonly used setting consists of the following five
elements: (i) homogeneous file sizes, (ii) homogeneous cache sizes,
(iii) user-independent homogeneous file popularity (i.e., all users
share the same file preference), (iv) worst-case rate analysis, and
(v) order-optimal designs when the number of files N and the
number of users K are large. While recent results have relaxed
some of these assumptions, deeper understanding of the full
heterogeneity setting is still much needed since traditional caching
schemes place little assumptions on file/cache sizes and almost
always allow each user to have his/her own file preference through
individualized file request prediction. Taking a microscopic ap-
proach, this paper characterizes the exact capacity of the smallest
2-user/2-file (N = K = 2) coded caching problem but under
the fullest heterogeneity assumptions, including (i) heterogeneous
files sizes, (ii) heterogeneous cache size, (iii) user-dependent
file popularity, and (iv) average-rate analysis according to the
underlying heterogeneous file popularity. Solving completely the
case of N = K = 2, the results would shed further insights
on the performance and complexity of coded caching with full
heterogeneity for arbitrary N and K.

I. INTRODUCTION

Nowadays high-definition video streaming motivates the
demand of high-throughput Internet traffic with small delay.
One way to maintain the peak load within the underlying
communication channel capacity is to use caching to re-
distribute some of the peak traffic to off-peak hours by
prefetching (some of) the content in advance. The design tasks
of a caching scheme consist of two parts: how to place the
content during off-peak hours and how to satisfy the requests
and deliver the needed packets in peak hours. Caching is
especially attractive under the model of broadcast channels
for which a single packet transmission could simultaneously
benefit/reach multiple destinations.

Content caching has been studied in various perspectives
[1], such as exploiting the opportunities of user population,
file correlation, and time correlation. These techniques usually
divide each file into multiple (uncoded) pieces, prefetch some
of them, and transmit the rest when needed. Recently, coded
caching is proposed in [2], which substitutes the uncoded
pieces with new coded versions during both the content
placement and the delivery phases.

The study in [2] shows that the worst-case delivery time
of coded caching can be shortened to ( 1

1+KM/FN ) of the
traditional uncoded caching schemes, where N is the number
of files, K is the number of users, M is the individual cache
size and F is the individual file size. Although the capacity of

the general coded caching problem remains an open problem,
the optimal coded caching scheme (exact capacity) is proposed
for some special cases [2]–[5] and order-optimal capacity
characterization for several more general scenarios [2], [6]–
[9].

The above setting of (i) homogeneous file sizes, (ii) ho-
mogeneous cache size, (iii) user-independent homogeneous
file popularity, and (iv) worst-case analysis is not 100%
compatible with the traditional uncoded caching solutions.
Specifically, the basic design principle of a traditional uncoded
caching scheme is to first predict the likelihood of the next file
request for each individual user (i.e., user-dependent heteroge-
neous file popularity), then let each user store the most likely
file(s) until his/her cache is full (which is naturally applicable
to heterogeneous file and cache sizes). The rationale behind is
that such probability-based greedy solution should minimize
the average rate during the delivery phase. Because of the
aforementioned differences in their settings, a coded scheme
designed for the homogeneous, worst-case setting could have
significantly worse average-rate performance in practice when
compared to a traditional scheme, especially for the scenarios
in which the individualized file request prediction is very
effective and the file and cache sizes are highly heterogeneous.

It is worth emphasizing that since coded caching is a strict
generalization of any uncoded solution, an optimal coded
caching solution should always outperform its non-coded
counterpart under any setting. Such potential loss of perfor-
mance in practice1 is mainly due to that the coded caching
schemes are not optimized for the heterogeneous settings. The
main motivation of this work is to study the exact capacity
region under (i) heterogeneous file sizes, (ii) heterogeneous
cache size, (iii) user-dependent heterogeneous file popularity,
and (iv) average-case analysis. Such results, if successful,
would allow the system designers to carefully evaluate the
performance gain of coded caching (the ultimate capacity
minus the achievable rate of uncoded schemes) against the
implementation overhead in a practical heterogeneous setting.
While the problem remains open for general N and K values,
we characterize the exact capacity for the microscopic case
of N = K = 2. The results would shed further insight for
general N and K.

1In practice, there are other issues that need to be addressed, e.g., synchro-
nization [10]. In this work, we ignore the implementation overhead and focus
exclusively on the theoretic performance under heterogeneous settings.
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A. Comparison to Existing Results

Several existing works relaxed some parts of the above
conditions (i) to (iv). Table ?? provides a non-comprehensive
list of many related important results. For example, .

[discuss 2 to 3 the most important ones. For example,
explain that there are user-independent heterogeneous file
popularity but there is no user-dependent heterogeneous file
popularity results. Also emphasize that there are order optimal
results but no capacity results. Basically this part is NOT to
make comprehensive comparison. Instead, to emphasize how
difficult the problem is and no existing results actually handle
the problem. Dont make it too long. 1 to 2 short paragraphs
would suffice. Only talk about the most important, relevant
results.]

This work considers the N = K = 2 case of full
heterogeneity. For example, suppose the first file is 50% larger
than the second file, i.e., F1 = 1.5 and F2 = 1. Also
assume that user-1 (strongly) prefers file-1 with probability
(p1, p2) = (2/3, 1/3) while user-2 slightly prefers file-2 with
probability (q1, q2) = (0.4, 0.6). The capacity, i.e., the smallest
possible average rate over the given request probability model,
is then a function of (M1,M2), the cache sizes of users
1 and 2. We use our main results, formally stated later in
Proposition ??, to plot the capacity vs (M1,M2) in Fig. ??.
One can see that the capacity region is an asymmetric 3D
polytope due to the underlying heterogeneity. There are 12
facets in the polytope, which showcases the intricate analysis
needed in order to balance different effects of heterogeneous
file sizes, cache sizes, and file popularities.

II. PROBLEM SETTING

We consider a coded caching system with one server
connected to K users. The shared link between the server
and users is assumed error-free. The server has accessed to a
database of N independent files W1, . . . ,WN , corresponding
to file size F1, . . . , FN bits, respectively. We assume message
Wn is independently and uniformly randomly distributed over
{0, 1}Fn . Each user k accesses its own cache memory Zk of
size Mk, where Mk ∈ [0,

∑N
i=1 Fi]. We use [K] , {1, . . . , N}

to denote the set of integer from 1 to K while use ~F ,
(F1, . . . , FN ) and ~M , (M1, . . . ,MK) to denote the vector
the file size and memory size, respectively.

The operation of the system contains two phase, placement
phase and delivery phase in time order. In the placement phase,
each users k is allowed to access the database W1, . . . ,WN

through the server to store its cache as

Zk = φk(W1, . . . ,WN ), (1)

where φk is the caching function of user k. The cache content
of each user is known by the server as they are accessed via the
server. In the delivery phase, only the server is able to access
the database W1, . . . ,WN . Each user k sends a request of
single file Wdk

∈ {W1, . . . ,WN} in the database to the server.
The demand pattern of K users ~D , (d1, . . . , dK) ∈ [N ]K

occurs with probability p~D, where
∑

~D p~D = 1. A demand
probability is user-independent if there exist real pk,i ∈ [0, 1],

k ∈ [K] and i ∈ [N ], such that for all k ∈ [K],
∑N

i=1 pk,i = 1

and for all ~D ∈ [N ]K , p~D =
∏

k∈[K] pk,dk
.

After receiving the demand index vector of all users, d the
server transmits an encoded signal

X~D = ψ( ~D,W1, . . . ,WN ) (2)

of R~D bits with encoding function ψ through the shared link to
all the users. In this phase, since the database is not available
for users, the cache content Z1, . . . , ZK are unchanged. After
transmission, due to the error free link, each users k receives
the signal X~D and combines its cache content Zk to decode
the request file

Ŵdk
= µk( ~D,X~D, Zk), (3)

where µk is the decoding function of user k. A general coded
caching scheme is then consisted of K caching functions φk,
k ∈ [K], in the placement phase and encoding functions ψ
along with K decoding functions µk, k ∈ [K], in the delivery
phase.

Denoting rate vector of all demand patterns as ~R ,
(R(1,...,1), . . . , R(N,...,N)) ∈ RNK

, we define zero-error coded
caching scheme ~R and coded caching capacity as follows.

Definition 1. A coded caching scheme is of zero-error if for
all ~D ∈ [N ]K

Pr
(
Ŵdk

6= Wdk

)
= 0, ∀k ∈ [K]. (4)

Definition 2. The worst-case rate of a zero-error scheme is
defined as

R∗ = max
~D∈[N ]K s.t. p~D>0

R~D. (5)

The zero-error worst-cast capacity is defined as the minimum
of the worst-cast rates of all zero-error schemes.

Definition 3. The average rate of a zero-error scheme is
defined as

R̄ =
∑

~D∈[N ]K

p~DR~D. (6)

The zero-error average-rate capacity is defined as the mini-
mum of the average rates of all zero-error schemes.

For notational simplicity, we slightly abuse the above nota-
tion and directly use R∗ and R̄ to denote the worst-case and the
average-rate capacities, respectively, even though their original
notations in (5) and (6) are for the achievable rates instead.

III. MAIN RESULTS

In this section, we first proposed 7 elementary coded
caching schemes for the 2-file/2-user setting (N = K = 2),
then provide the lower bounds of 4-D coded caching rate
(R(1,1), R(1,2), R(2,1), R(2,2)), and finally show the the ele-
mentary schemes can achieve the 4-D rate lower bounds. The
end result is thus a complete characterization of the coded
caching capacity of N = K = 2 with heterogeneous file
size F1 and F2, heterogeneous cache size M1 and M2, and
heterogeneous file popularity p~D.
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A. Elementary Coded Caching Schemes

Consider two users of cache memory size m1 and m2 with
two files w1 and w2 of size f1 and f2, the 7 elementary zero-
error coded caching schemes of parameters (w1, w2,m1,m2)
as listed in Table I are described as follows.

1) Mix.Emp: Consider the two files of equal size f1 =
f2 = f , and the two users of memory size m1 = f
and m2 = 0. In the placement phase, user 1 caches
w1 ⊕ w2 and in the delivery phase, the transmitted
signals for the demands are X(1,1) = w1, X(1,2) = w2,
X(2,1) = w1, and X(2,2) = w2, which results the rate
(R(1,1), R(1,2), R(2,1), R(2,2)) = (f, f, f, f).

2) Emp.Mix: The scheme is symmetric to Mix.Emp by
exchanging user 1 and user 2.

3) Ha.Fi: Consider the two files of equal size f1 = f2 = f ,
and the two users of equal memory size m1 = m2 = f ,
we divide w1 to two subfiles (u1, u2) of size (f/2, f/2)
and divide w2 to two subfiles (v1, v2) of size (f/2, f/2).
In the placement phase, user 1 caches (u1, v1) and user
2 caches (u2, v2). In the delivery phase, the transmit-
ted signals for the demands are X(1,1) = u1 ⊕ u2,
X(1,2) = u2⊕v1, X(2,1) = u1⊕v2, and X(2,2) = v1⊕v2,
which results the rate (R(1,1), R(1,2), R(2,1), R(2,2)) =
(f/2, f/2, f/2, f/2).

4) 1.1.Cov: Consider the two user of cache memory size
max(m1,m2) ≤ f1. Without loss of generality, let
m1 ≥ m2, we divide w1 to three subfiles (u1, u2, u3)
of file size (m2,m1 −m2, f1 −m1). In the placement
phase, user 1 caches (u1, u2) and user 2 caches u1.
In the delivery phase, the transmitted signals for the
demands are X(1,1) = (u2, u3), X(1,2) = (u3, w2),
X(2,1) = (u2, u3, w2), and X(2,2) = w2, which results
the rate (R(1,1), R(1,2), R(2,1), R(2,2)) = (f1−m2, f1 +
f2 −m1, f1 + f2 −m2, f2).

5) 1.2.Cov: Consider the two user of cache memory size
m1 ≤ f1 and m2 ≤ f2. Without loss of generality, let
m1 ≥ m2, we divide w1 to three subfiles (u1, u2, u3)
of file size (m2,m1 − m2, f1 − m1) and divide w2

to two subfiles (v1, v2) of file size (m2, f2 − m2). In
the placement phase, user 1 caches (u1, u2) and user 2
caches v1. In the delivery phase, the transmitted signals
for the demands are X(1,1) = w1, X(1,2) = (u2, v2),
X(2,1) = (u1 ⊕ v1, u2, u3, v2), and X(2,2) = w2,
which results the rate (R(1,1), R(1,2), R(2,1), R(2,2)) =
(f1, f1 + f2 −m1 −m2, f1 + f2 −m2, f2).

6) 2.1.Cov: The scheme is symmetric to 1.2.Cov by ex-
changing user 1 and user 2.

7) 2.2.Cov: The scheme is symmetric to 1.1.Cov by ex-
changing file 1 and file 2.

B. Rate Lower Bound for N = K = 2

The lower bound for of N = K = 2 with homogeneous
file size and homogeneous memory size is provided in [2].
The following lower bounds are the extended version for
heterogeneous file size F1 and F2, and heterogeneous memory
size M1 and M2.

Case 0: Nonnegative rate. R~D ≥ 0 for all ~D ∈ {1, 2}2.

R(1,1) ≥ 0 (O-1)
R(2,1) ≥ 0 (O-3)

R(1,2) ≥ 0 (O-2)
R(2,2) ≥ 0 (O-4)

Case 1: One user with one request. For any i, j ∈ {1, 2}

R(i,j) +M1 ≥H(X(i,j), Z1) ≥ I(Wi;X(i,j), Z1) ≥ Fi,

R(i,j) +M2 ≥H(X(i,j), Z2) ≥ I(Wj ;X(i,j), Z) ≥ Fi.

And then list the eight different ”realization” of the inequali-
ties.

R(1,1) +M1 ≥ F1 (I-1)
R(1,2) +M1 ≥ F1 (I-3)
R(2,1) +M1 ≥ F2 (I-5)
R(2,2) +M1 ≥ F2 (I-7)

R(1,1) +M2 ≥ F1 (I-2)
R(1,2) +M2 ≥ F2 (I-4)
R(2,1) +M2 ≥ F1 (I-6)
R(2,2) +M2 ≥ F2 (I-8)

Case 2: Two users with one request. For any (i, j) = (1, 2)
or (2, 1)

R(i,j) +M1 +M2 ≥ H(X(i,j), Z1, Z2) ≥ F1 + F2.

Then the two realizations are as follows

R(1,2) +M1 +M2 ≥ F1 + F2 (II-1)
R(2,1) +M1 +M2 ≥ F1 + F2. (II-2)

Case 3: One user with two requests. for any i, j ∈ {1, 2}

R(i,1)+R(j,2) +M2 ≥ H(X(i,1), X(j,2), Z2) ≥ F1 + F2,

R(1,i)+R(2,j) +M1 ≥ H(X(1,i), X(2,j), Z2) ≥ F1 + F2.

Then expand all the 8 realizations below.

R(1,1) +R(1,2) +M2 ≥F1 + F2, (III-1)
R(1,1) +R(2,1) +M1 ≥F1 + F2, (III-2)
R(1,1) +R(2,2) +M1 ≥F1 + F2, (III-3)
R(1,1) +R(2,2) +M2 ≥F1 + F2, (III-4)
R(1,2) +R(2,1) +M1 ≥F1 + F2, (III-5)
R(1,2) +R(2,1) +M2 ≥F1 + F2, (III-6)
R(1,2) +R(2,2) +M1 ≥F1 + F2, (III-7)
R(2,1) +R(2,2) +M2 ≥F1 + F2. (III-8)

Case 4: Two users with two requests. For any (i, j) =
(1, 2), (2, 1), (2, 2)

R(i,1)+R(1,j) +M1 +M2 ≥ H(X(i,1), Z2) +H(X(1,j), Z1)

H(X(i,1), Z2|W1) +H(X(1,j), Z1|W1) + 2F1

≥ H(X(i,1), Z2, X(1,j), Z1|W1) + 2F1

≥ 2F1 + F2,

and similarly for any (i, j) = (1, 2), (2, 1), (1, 1)

R(i,2) +R(2,j) = M1 +M2 ≥ F1 + 2F2.
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TABLE I
ELEMENTARY CODED CACHING SCHEMES FOR TWO FILES (w1, w2) OF SIZE (f1, f2) AND WE MAY HAVE f1 ≥ f2 OR f2 ≤ f1 .

Scheme Condition Rate (R(1,1), R(1,2), R(2,1), R(2,2)) Intuition
Mix.Emp(w1, w2,m, 0) f = f1 = f2 = m (f, f, f, f) Premixing at d1
Emp.Mix(w1, w2, 0,m) f = f1 = f2 = m (f, f, f, f) Premixing at d2
Ha.Fi(w1, w2,m1,m2) f = f1 = f2 = m1 = m2 (f/2, f/2, f/2, f/2) Splitting file half

1.1.Cov(w1, w2,m1,m2) max(m1,m2) ≤ f1 (f1 −min(m1,m2), f1 + f2 −m1, f1 + f2 −m2, f2) Covering ~D = (1, 1)

1.2.Cov(w1, w2,m1,m2) m1 ≤ f1, m2 ≤ f2 (f1, f1 + f2 −m1 −m2, f1 + f2 −min(m1,m2), f2) Covering ~D = (1, 2)

2.1.Cov(w1, w2,m1,m2) m1 ≤ f2, m2 ≤ f1 (f1, f1 + f2 −min(m1,m2), f1 + f2 −m1 −m2, f2) Covering ~D = (2, 1)

2.2.Cov(w1, w2,m1,m2) max(m1,m2) ≤ f2 (f1, f1 + f2 −m2, f1 + f2 −m1, f2 −min(m1,m2)) Covering ~D = (2, 2)

Then list all 6 realizations.

R(1,1) +R(1,2) +M1 +M2 ≥2F1 + F2, (IV-1)
R(1,1) +R(2,1) +M1 +M2 ≥2F1 + F2, (IV-2)
R(1,2) +R(2,1) +M1 +M2 ≥2F1 + F2, (IV-3)
R(1,2) +R(2,1) +M1 +M2 ≥F1 + 2F2, (IV-4)
R(1,2) +R(2,2) +M1 +M2 ≥F1 + 2F2, (IV-5)
R(2,1) +R(2,2) +M1 +M2 ≥F1 + 2F2. (IV-6)

Combining equation (O-1) to (IV-6), the lower bounds for
4-D rate (R(1,1), R(1,2), R(2,1), R(2,2)) are given by

Group A: Bounds of single variable derived from Cases 0
to 2.

R(1,1) ≥ a1 , max(0, F1 −M1, F1 −M2), (A1)

R(1,2) ≥ a2 , max(0, F1 −M1, F2 −M2,

F1 + F2 −M1 −M2), (A2)

R(2,1) ≥ a3 , max(0, F2 −M1, F1 −M2,

F1 + F2 −M1 −M2), (A3)

R(2,2) ≥ a4 , max(0, F2 −M1, F2 −M2). (A4)

Group B: Bounds of two variables derived from Cases 3
and 4.

R(1,1) +R(1,2) ≥ b1 , max(F1 + F2 −M2,

2F1 + F2 −M1 −M2), (B1)

R(1,1) +R(2,1) ≥ b2 , max(F1 + F2 −M1,

2F1 + F2 −M1 −M2), (B2)

R(1,1) +R(2,2) ≥ b3 , max(F1 + F2 −M1,

F1 + F2 −M2), (B3)

R(1,2) +R(2,1) ≥ b4 , max(F1 + F2 −M1, F1 + F2 −M2,

2F1 + F2 −M1 −M2, F1 + 2F2 −M1 −M2), (B4)

R(1,2) +R(2,2) ≥ b5 , max(F1 + F2 −M1,

F1 + 2F2 −M1 −M2), (B5)

R(2,1) +R(2,2) ≥ b6 , max(F1 + F2 −M2,

F1 + 2F2 −M1 −M2). (B6)

The 10 inequalities (A1) to (B6) jointly bound the rate
region of ~R = (R(1,1), R(1,2), R(2,1), R(2,2)).

C. Coded Caching Capacity for N = K = 2

Without loss of generality, we assume heterogeneous file
size F1, F2 ≥ 0 and heterogeneous cache memory size

M1,M2 ∈ [0, F1 + F2]. Section III-B shows that for
any zero-error scheme, the achievable rate vector ~R =
(R(1,1), R(1,2), R(2,1), R(2,2)) must satisfy (A1) to (B6). We
then prove the following results.

Proposition 1. For N = K = 2, the inequalities (A1) to (B6)
characterize the coded caching capacity. That is, for any rate
~R satisfying (A1) to (B6), we can find a zero-error scheme
attaining the given rate ~R.

Proof. We show the coded caching capacity by finding the
zero-error achievable schemes corresponding to all corner
points of the polytope formed by (A1) to (B6). The details
are relegated in [].

One byproduct of the above proposition is

Proposition 2. The collection of the 7 elementary schemes
are capacity-achieving in GF(2). Namely, any 4-D rate vector
~R can be achieved by space sharing among the 7 elementary
schemes in GF(2).

During the proof of Proposition 1, we have also closely
examined the polytope formed by (A1) to (B6). In particular,
depending on the values of M1, M2, F1, and F2, we have

Proposition 3. Without loss of generality, let F1 ≥ F2 and
M1 ≥ M2, the four-dimensional polytope formed by (A1) to
(B6) contains 2 to 6 distinct corner points. The exhaustive
enumeration of all the corner points are provided in Fig. 1
and Table II.

The exhaustive list of the corner points is very beneficial
and implies the following corollary.

Corollary 1. Suppose (F1, F2,M1,M2) = (1.5, 1, 0.8, 0.5)
and user-1 demands file-1 and file-2 with probability 2/3 and
1/3, respectively and user-2 demands file-1 and file-2 with
probability 0.4 and 0.6, respectively, and the demands of the
two users are independent. Then, the corresponding zero-error
average-rate capacity is 1.25.

Proof. Since F1 = 1.5 < 2 = 2F2, M2 < M1 <
F2 < F1 and F2 = 1 < 1.3 = M1 + M2, the
tuple (F1, F2,M1,M2) is in the upper triangular region
of Case 1 in Fig. 1(b). Therefore we only have to con-
sider the 6 corner points of (R(1,1), R(1,2), R(2,1), R(2,2))
listed in Table II as (1, 1.7, 1.7, 1), (1.5, 1.2, 1.5, 1),
(1.5, 1.5, 1.2, 1), (1.5, 1.7, 1.7, 0.5), (1.35, 1.35, 1.35, 0.85),
(1.25, 1.45, 1.45, 0.75) and the corresponding average rate
R̄ =

∑
~D p~DR~D being 412

300 , 384
300 , 408

300 , 422
300 , 375

300 , 377
300 , re-
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18,19,20,
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�

�
1,9,10,

11,12,

13

(b) F1 < 2F2

Fig. 1. The region for Case 1 to 6 and the corresponding corner points in each case. (a) If F1 ≥ 2F2; (b) If F1 < 2F2. For simplicity, we only describe the
cases when M1 ≥ M2. The case of M2 ≥ M1 can be obtained by symmetry. In either (a) or (b), there are 6 major regions described by solid lines, which
are labeled as Cases 1 to 6. The 6 major regions are further partitioned into 11 sub-regions by three dotted lines. The numbers within each sub-regions are
the indices of the corner points of the 4-D polytope of ~R when (M1,M2) falls into the sub-region. For example, in both (a) and (b), the triangular subregion
corresponding to “0 ≤ M2 ≤ M1 and M1 + M2 ≤ F2” are labeled by “1,2,5,7”. This means that when “0 ≤ M2 ≤ M1 and M1 + M2 ≤ F2” holds,
there are 4 corner points in the polytope and they are vertices 1, 2, 5, and 7 described in Table II.

TABLE II
THE EXPRESSIONS OF ALL POSSIBLE CORNER POINTS. THE THIRD COLUMN SPECIFIES THE PLANES THAT MEET AT THE GIVEN CORNER POINT. FOR

EXAMPLE, VERTEX 1 IS THE CORNER POINT CONSTRUCTED BY (I-2), (III-4), (IV-1), AND (IV-2).

Label Vertex Intersecting inequalities
1 (F1 −M2, F1 + F2 −M1, F1 + F2 −M1, F2) (I-2), (III-4), (IV-1), (IV-2)
2 (F1, F1 + F2 −M1 −M2, F1 + F2 −M1 −M2, F2) (II-1), (II-2), (IV-1), (IV-2), (IV-5), (IV-6)
3 (F1, F1 + F2 −M1, F1 + F2 −M1, F2 −M2) (I-8), (III-4), (IV-5), (IV-6)
4 (F1 − M2

2
, F1 + F2 −M1 − M2

2
, F1 + F2 −M1 − M2

2
, F2 − M2

2
) (III-4), (IV-1), (IV-2), (IV-5), (IV-6)

5 (F1, F1 + F2 −M1 −M2, F1, F2) (II-1), (IV-1), (IV-3), (IV-5)
6 (F1, F1, F1 + F2 −M1 −M2, F2) (II-2), (IV-2), (IV-3), (IV-6)
7 (F1 + 1

2
(F2 −M1 −M2), F1 + 1

2
(F2 −M1 −M2), F1 + 1

2
(F2 −M1 −M2),

1
2
(3F2 −M1 −M2)) (IV-1), (IV-2), (IV-3), (IV-5), (IV-6)

8 (F1 −M2, F1 + F2 −M1, F1 −M2, F2) (I-2), (I-6), (III-4), (III-8), (IV-1), (IV-3),
9 (F1, F1 + F2 −M1 −M2, F1, F2) (II-1), (IV-1), (IV-3), (IV-5)
10 (F1, F1 + F2 −M1, F1, F2 −M2) (I-8), (III-4), (III-8), (IV-5)
11 (F1 − M2

2
, F1 + F2 −M1 − M2

2
, F1 − M2

2
, F2 − M2

2
) (III-4), (III-8), (IV-1), (IV-3), (IV-5)

12 (F1 + F2 −M1, F1 + F2 −M1, F1 −M2, F2) (I-6), (III-8), (IV-2), (IV-3)
13 (F1 + 1

2
(F2 −M1 −M2), F1 + 1

2
(F2 −M1 −M2), F1 + 1

2
(F2 −M1 −M2),

1
2
(F2 +M1 −M2)) (III-4), (III-8), (IV-1), (IV-2), (IV-3)

14 (F1 −M2, F2, F1 −M2, F2) (I-2), (I-6), (III-1), (III-4), (III-6), (III-8)
15 (F1, F2 −M2, F1, F2 −M2) (I-4), (I-8), (III-1), (III-4), (III-6), (III-8)
16 (F1, F2 −M2, F1, F1 + F2 −M1) (I-4), (III-1), (III-6), (IV-5)
17 ( 1

2
(F1 +M1 −M2), F2 + 1

2
(F1 −M1 −M2),

1
2
(F1 +M1 −M2), F2 + 1

2
(F1 −M1 −M2)) (III-1), (III-4), (III-6), (III-8), (IV-5)

18 (F1 −M2, F2, F1 + F2 −M1, F2) (I-2), (III-1), (III-4), (IV-2)
19 (F1 + F2 −M1, F2, F1 −M2, F2) (I-6), (III-6), (III-8), (IV-2)
20 (F1 + 1

2
(F2 −M1 −M2),

1
2
(F2 +M1 −M2), F1 + 1

2
(F2 −M1 −M2),

1
2
(F2 +M1 −M2)) (III-1), (III-4), (III-6), (III-8), (IV-2)

21 (F1 + F2 −M2, F1 −M1, F1 + F2 −M2, F2) (I-3), (III-7), (IV-1), (IV-3)
22 (F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2, 0) (O-4), (III-4), (III-7), (III-8)
23 (F1 + F2

2
−M2, F1 + F2

2
−M1, F1 + F2

2
−M2,

F2
2
) (III-4), (III-7), (III-8), (IV-1), (IV-3)

24 (F1 + F2 −M2, 0, F1 + F2 −M2, F1 + F2 −M1) (O-2), (III-1), (III-6), (III-7)
25 ( 1

2
(F1 + F2 +M1)−M2,

1
2
(F1 + F2 −M1),

1
2
(F1 + F2 +M1)−M2,

1
2
(F1 + F2 −M1)) (III-1), (III-4), (III-6), (III-7), (III-8)

26 (0, F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2) (O-1), (III-1), (III-2), (III-4)
27 (F1 + F2 −M1, F1 + F2 −M2, 0, F1 + F2 −M2) (O-3), (III-2), (III-6), (III-8)
28 ( 1

2
(F1 + F2 −M1),

1
2
(F1 + F2 +M1)−M2,

1
2
(F1 + F2 −M1),

1
2
(F1 + F2 +M1)−M2) (III-1), (III-2), (III-4), (III-6), (III-8)
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Fig. 2. The capacity of average rate with independent popularity.

spectively. We have the zero-error average-rate capacity R̄ =
375
300 = 1.25.

Since we fully characterized the average-rate capacity of
N = K = 2 with full heterogeneity on file sizes, memory
sizes, and demand popularity, the above corollary can be
easily derived for any given (F1, F2,M1,M2) and any demand
distribution p~D. Fig. 2 extends the the result with file size
F1 = 1.5, F2 = 1, and user-independent popularity p~D =
( 4
15 ,

2
5 ,

2
15 ,

1
5 ) in Corollary 1 to all the heterogeneous memory

pair (M1,M2). We can observe that since the popularity of
the two users is asymmetric, the capacity region is asymmetric
about M1 = M2. However, if we reflect the edges in the
region M2 ≥ M1 about the line M1 = M2, all the edges
of the capacity surface are belongs to the edges in Fig. 1(b).
Another example for file size F1 = 2.5, F2 = 1, and user-
dependent popularity p~D = (0.15, 0.2, 0.55, 0.1) is shown
in Fig. 3, which is also asymmetric about M1 = M2 and
which edges belong to the edges in Fig. 1(a). The capacity
region of homogeneous popularity give us some intuition for
memory allocation problem [11]. More specifically, given the
two files sizes (F1, F2), heterogeneous popularity p~D, and
total available memories Mt ,M1 +M2, how to allocate the
memory to the two users for the optimal rate. Take F1 = 2.5,
F2 = 1, p~D = (0.15, 0.2, 0.55, 0.1), and Mt = F1 +F2 = 3.5
for example. The optimal rate is 0.975 when M1 = F2 = 1
and M2 = F1 = 2.5.

Now we consider a special case of uniform demand popu-
larity as follows.

Corollary 2. Suppose the two users demand the two files of
size F1 and F2 uniformly randomly. That is p~D = 1/4 for
all ~D ∈ {1, 2}2. Then the zero-error uniform average-rate
capacity R̄ is described by Fig. 4.

Similarly, Fig. 4 can be obtained by checking all the corner
points and the relation among the edges does not vary whether
F1 is larger than twice of F2 or not. On the other hand, if we
take the worst-case rate in Definition 2 as objective, we derive
the following result.

Fig. 3. The capacity of average rate with dependent popularity.

Fig. 4. The capacity of uniform-average rate.

Corollary 3. The 2-user/2-file zero-error worst-case capacity
R∗ is described by Fig. 5.

Since the worst-case objective (5) is not a linear function
of rates R~D, ~D ∈ [N ]K , the optimal rate may not occur at
the corner points. Instead, we solve the convex optimization
of objective (5) constrained on (A1) to (B6) to obtain Fig. 5. It
can be observed that the edges (v6, v8) and (v7, v9) in Fig. 5
are not belong to the edges in Fig. 1.

IV. CONCLUSION

We have shown the 2-user/2-file coded caching capacity
with heterogeneous file size, heterogeneous cache memory
size, and heterogeneous demand popularity. We exhaustively
list all the corner points of the 4-D capacity region and each
corner point corresponds to a linear zero-error achievable
scheme that is space-sharing of the 7 elementary coded
caching schemes. From the 4-D capacity region, we can derive
worst-case rate capacity and average rate capacity for any
specific popularity.
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Fig. 5. The capacity of worst-case rate.

APPENDIX A
PROOF OF PROPOSITION 1

Without loss of generality, we assume F1 ≥ F2 and
M1 ≥M2, which is true by relabeling the files and the users
according to the file and memory sizes, respectively. Recall
that Section III-B shows that any achievable 4-dimensional
rate vector ~R = (R(1,1), R(1,2), R(2,1), R(2,2)) must satisfy 10
equalities (A1) to (A4) and (B1) to (B6), with the correspond-
ing a1 to a4 and b1 to b6 determined by evaluating the max
operations in (A1) to (B6). It turns out that a1 to b6 can take
one of 6 different sets of values, depending on into which of
the 6 cases the vector (F1, F2,M1,M2) falls.

Prerequisite: There are 10 inequalities in (A1) to (B6).
Each corner point in this 4-D polytope must satisfy at least 4
of them with equalities and sometimes more. If an inequality
is satisfied with equality, we say such an inequality is tight.
Therefore, we need to have at least 4 tight inequalities. One
main contribution is to analyze the relationship among these 10
inequalities so that we do not need to exhaustively examining
all
(
10
4

)
combinations.

Steps of verifying the achievability scheme: We describe
the achievable scheme for each corner point as a table in the
following cases. Each achievable scheme is legitimate under
the corresponding required conditions on (M1,M2, F1, F2).
Specifically, to prove the legitimacy of a given scheme, we
need to verify the following conditions/steps while assuming
the required conditions hold.

1) All the file sizes and the memory sizes are non-negative.
For example, in the scheme of Vertex 15, W1 is divided
to subfiles (U1, U2) of size (fu1 , fu2) = (F2−M2, F1−
F2 +M2) and W2 is divided to subfiles (V1, V2) of size
(fv1 , fv2) = (F2 −M2,M2). The sub-schemes requires
memory size F2 −M2, F1 − F2 + M2, M2 of user 1
and M2 of user 2. Therefore the scheme should satisfy
F2 −M2 ≥ 0, F1 − F2 +M2 ≥ 0, and M2 ≥ 0.

2) Subfiles {U1, U2, · · · } is a legitimate partition of file
W1, i.e., the sum of the file sizes of {U1, U2, · · · } is
F1. Symmetrically, subfiles {V1, V2, · · · } is a legitimate
partition of file W2. For example, the scheme of Vertex

15 should satisfy fu1 + fu2 = (F2−M2) + (F1−F2 +
M2) = F1 and fv1 + fv2 = (F2 −M2) +M2 = F2.

3) The combined memory usage for di is indeed ≤ Mi.
That is, the memory size constraint is met. For example,
For example, the scheme of Vertex 15 should satisfy
(F2 −M2) + (F1 − F2 +M2) +M2 = F1 +M2 ≤M1

and 0 + 0 +M2 ≤M2.
4) For any given row of the table, the assigned sub-

file sizes and the assigned memory sizes satisfy the
required condition of a given scheme listed in Ta-
ble I. For example, in the scheme of Vertex 8, we
ensure Mix.Emp(U1,W2, F2, 0) to satisfy fu1 = F2

and 1.1.Cov(U2, E,M1−F2,M2) to satisfy max(M1−
F2,M2) = M1 − F2 ≤ fu2

= F1 − F2.
5) For any given row of the table, the delivery rate

vector is computed correctly according to Table I.
For example, in the scheme of Vertex 8, the rate of
Mix.Emp(U1,W2, F2, 0) is ~R1 = (fu1 , fu1 , fu1 , fu1) =
(F2, F2, F2, F2) and the rate of 1.1.Cov(U2, E,M1 −
F2,M2) is ~R2 = (fu2−max(M1−F2, F2), fu2−(M1−
F2), fu2−M2, 0) = (F1−F2−M2, F1−M1, F1−F2−
M2, 0).

6) The combined delivery rate vector is indeed the tar-
get/claimed achievable rate vector ~R. For example, in
the scheme of Vertex 8, the total rate should satisfy
~R = ~R1+ ~R2 = (F1−M2, F1+F2−M1, F1−M2, F2).

Remark 1: The achievable scheme table does not assume any
condition on (M1,M2, F1, F2) and is legitimate if and only if
the given conditions are satisfied. No additional condition is
needed for proving its legitimacy.

Remark 2: The table only lists the performance of the
scheme when the given conditions hold, i.e., when the scheme
is legitimate. The corresponding rate vector may or may not
be meeting the capacity. However, in Fig. 1 we list the sub-
regions when the schemes are not only legitimate but also
attain the capacity.

Case 1: 0 < M2 ≤ M1 ≤ F2 ≤ F1. This is the scenario
when the (M1,M2) value falls into the lower-left triangle in
Fig. 1 with solid edges and being marked as “Case 1”. In this
case, the a1 to b6 values of (A1) to (B6) become

a1 = F1 −M2, a2 = a3 = F1 + F2 −M1 −M2,

a4 = F2 −M2, b1 = b2 = b4 = 2F1 + F2 −M1 −M2,

b3 = F1 + F2 −M2, b5 = b6 = F1 + 2F2 −M1 −M2.

Before proceeding, we further divide this case into two sub-
cases depending on whether M1 +M2 ≤ F2 or not.

Case 1.1: M1 + M2 ≤ F2. This sub-case further divides
the solid lower-left triangle of Fig. 1 by a dotted line and we
focus on the left sub-triangle. We now consider the following
5 cases.

Case 1.1.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain

R(1,2) ≥max(a2, b1 − a1)

= max(F1 + F2 −M1 −M2, F1 + F2 −M1)

=F1 + F2 −M1; (7)
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combine (A3) and (B2) to obtain

R(2,1) ≥max(a3, b2 − a1)

= max(F1 + F2 −M1 −M2, F1 + F2 −M1)

=F1 + F2 −M1; (8)

and combine (A4) and (B3) to obtain

R(2,2) ≥max(a4, b3 − a1)

= max(F2 −M2, F2) = F2. (9)

We then notice that any R(1,2), R(2,1), and R(2,2) satisfying
(7) to (9) automatically satisfy the remaining three inequalities
(B4) to (B6). That is,

R(1,2) +R(2,1) ≥2(F1 + F2 −M1)

≥b4 = 2F1 + F2 −M1 −M2 (10)
R(1,2) +R(2,2) ≥F1 + 2F2 −M1

≥b5 = F1 + 2F2 −M1 −M2 (11)
R(2,1) +R(2,2) ≥F1 + 2F2 −M1

≥b6 = F1 + 2F2 −M1 −M2 (12)

where (10) follows from the Case-1 condition M1 ≤ F2, which
implies F2 −M1 ≥ 0 ≥ −M2. From the above arguments,
the four linearly independent inequalities that are needed to
form the corner point in Case-1.1.1 can only be (A1), (7),
(8), and (9). The corresponding corner point is thus Vertex 1
(F1−M2, F1 +F2−M1, F1 +F2−M1, F2) and we describe
the corresponding achievable scheme in Table III.

Case 1.1.2: (A2) is tight. i.e., R(1,2) = a2. We can then
combine (A1) and (B1) to obtain

R(1,1) ≥ max(a1, b1 − a2) = max(F1 −M2, F1) = F1;
(13)

combine (A3) and (B4) to obtain

R(2,1) ≥ max(a3, b4 − a2) = max(F1 + F2 −M1 −M2, F1)

= F1 + F2 −M1 −M2 (14)

where (14) follows from the Case-1.1 condition M1 +M2 ≤
F2; and combine (A4) and (B5) to obtain

R(2,2) ≥ max(a4, b5 − a2) = max(F2 −M2, F2) = F2.
(15)

We then notice that any R(1,1), R(2,1), and R(2,2) satisfying
(13) to (15) automatically satisfy the remaining three inequal-
ities (B2), (B3), and (B6). That is,

R(1,1) +R(2,1) ≥ 2F1 + F2 −M1 −M2 = b2 (16)
R(1,1) +R(2,2) ≥ F1 + F2 ≥ F1 + F2 −M2 = b3 (17)

R(2,1) +R(2,2) ≥ F1 + 2F2 −M1 −M2 = b6. (18)

From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in Case-
1.1.2 can only be (A2), (13), (14), and (15). The corresponding
corner point is thus Vertex 2 (F1, F1+F2−M1−M2, F1+F2−
M1 −M2, F2) and we describe the corresponding achievable
scheme in Table IV.

Case 1.1.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain

R(1,1) ≥ max(a1, b2 − a3) = max(F1 −M2, F1) = F1;
(19)

combine (A2) and (B4) to obtain

R(1,2) ≥ max(a2, b4 − a3) = max(F1 + F2 −M1 −M2, F1)

= F1 + F2 −M1 −M2 (20)

where (20) follows from the Case-1.1 condition M1 +M2 ≤
F2; and combine (A4) and (B6) to obtain

R(2,2) ≥ max(a4, b6 − a3) = max(F2 −M2, F2) = F2.
(21)

Note that any R(1,1), R(1,2), and R(2,2) satisfying (19) to (21)
automatically satisfy the remaining three inequalities (B1),
(B3), and (B5). That is,

R(1,1) +R(1,2) ≥ 2F1 + F2 −M1 −M2 = b1 (22)
R(1,1) +R(2,2) ≥ F1 + F2 ≥ F1 + F2 −M2 = b3 (23)

R(1,2) +R(2,2) ≥ F1 + 2F2 −M1 −M2 = b5. (24)

From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in Case-
1.1.3 can only be (A3), (19), (20), and (21). The corresponding
corner point is thus Vertex 2 (F1, F1 + F2 −M1 −M2, F1 +
F2 −M1 −M2, F2) described previously in Case-1.1.2.

Case 1.1.4: (A4) is tight. i.e., R(2,2) = a4. We can then
combine (A1) and (B3) to obtain

R(1,1) ≥ max(a1, b3 − a4) = max(F1 −M2, F1) = F1;
(25)

combine (A2) and (B5) to obtain

R(1,2) ≥ max(a2, b5 − a4)

= max(F1 + F2 −M1 −M2, F1 + F2 −M1)

= F1 + F2 −M1; (26)

and combine (A3) and (B6) to obtain

R(2,1) ≥ max(a3, b6 − a4)

= max(F1 + F2 −M1 −M2, F1 + F2 −M1)

= F1 + F2 −M1. (27)

Note that any R(1,1), R(1,2), and R(2,1) satisfying (25) to (27)
automatically satisfy (B1), (B2), and (B4). That is, they satisfy
(10) that follows from the Case-1 condition M1 ≤ F2 and
satisfy

R(1,1) +R(1,2) ≥ 2F1 + F2 −M1

≥ b1 = 2F1 + F2 −M1 −M2 (28)
R(1,1) +R(2,1) ≥ 2F1 + F2 −M1

≥ b2 = 2F1 + F2 −M1 −M2. (29)

From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in Case-
1.1.4 can only be (A4), (25), (26), and (27). The corresponding
corner point is thus Vertex 3 (F1, F1 + F2 −M1, F1 + F2 −
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TABLE III
VERTEX 1 (F1 −M2, F1 + F2 −M1, F1 + F2 −M1, F2), ACHIEVABLE UNDER THE CONDITION M2 ≤ M1 ≤ min(F1, F2 +M2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = M1 −M2 V1 fv1 = M1 −M2 Mix.Emp(U1, V1,M1 −M2, 0) (M1 −M2,M1 −M2,M1 −M2,M1 −M2)
U2 fu2 = F1 +M2 −M1 V2 fv2 = F2 +M2 −M1 1.1.Cov(U2, V2,M2,M2) (fu2 −M2, fu2 + fv2 −M2, fu2 + fv2 −M2, fv2 )

TABLE IV
VERTEX 2 (F1, F1 + F2 −M1 −M2, F1 + F2 −M1 −M2, F2), ACHIEVABLE UNDER THE CONDITION M1 +M2 ≤ min(F1, F2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = M1 V1 fv1 = M1 Mix.Emp(U1, V1,M1, 0) (M1,M1,M1,M1)
U2 fu2 = M2 V2 fv2 = M2 Emp.Mix(U1, V1, 0,M2) (M2,M2,M2,M2)
U3 fu3 = F1 −M1 −M2 V3 fv3 = F2 −M1 −M2 1.1.Cov(U3, V3, 0, 0) (fu3 , fu3 + fv3 , fu3 + fv3 , fv3 )

TABLE V
VERTEX 3 (F1, F1 + F2 −M1, F1 + F2 −M1, F2 −M2), ACHIEVABLE UNDER THE CONDITION M2 ≤ M1 ≤ min(F1 +M2, F2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = M1 −M2 V1 fv1 = M1 −M2 Mix.Emp(U1, V1,M1 −M2, 0) (M1 −M2,M1 −M2,M1 −M2,M1 −M2)
U2 fu2 = F1 −M1 +M2 V2 fv2 = F2 −M1 +M2 2.2.Cov(U2, V2,M2,M2) (fu2 , fu2 + fv2 −M2, fu2 + fv2 −M2, fv2 −M2)

M1, F2 −M2) and we describe the corresponding achievable
scheme in Table V.

Case 1.1.5: None of (A1) to (A4) is tight. We first notice
that for any corner point satisfying (A1) to (A4) loosely must
also satisfy (B4) loosely. That is,

R(1,2) +R(2,1) >a2 + a3 = 2(F1 + F2 −M1 −M2)

≥b4 = 2F1 + F2 −M1 −M2 (30)

where (30) follows from the Case-1.1 condition M1 +M2 ≤
F2. Therefore, the corner point (R(1,1), R(1,2), R(2,1), R(2,2))
must satisfy 4 out of the 5 equations in (B1), (B2), (B3), (B5),
and (B6).

We now argue that the corner point in Case-1.1.5 must
satisfy R(1,2) = R(2,1). Suppose not, say R(1,2) > R(2,1).
Since b1 = b2 and b5 = b6 in Case-1, we know that (B1) and
(B5) must be loose. Therefore, only 3 equalities (B2), (B3)
and (B6) are tight, which contradicts the fact that each corner
point corresponds to at least 4 tight inequalities.

Since R(1,2) = R(2,1), the 5 equations in (B1), (B2), (B3),
(B5), and (B6) collapse to three equations (B2), (B3), and
(B6) that involve only 3 free variables (since R(1,2) = R(2,1)).
Solving the three equations shows that the corner point being
Vertex 4 (F1 − M2

2 , F1 + F2 −M1 − M2

2 , F1 + F2 −M1 −
M2

2 , F2 − M2

2 ). Vertex 4 is a legitimate corner point since it
also satisfies (A1) to (A4), i.e.,

F1 −
M2

2
≥ a1 = F1 −M2 (31)

F1 + F2 −M1 −
M2

2
≥ a2 = a3 = F1 + F2 −M1 −M2

(32)

F2 −
M2

2
≥ a4 = F2 −M2. (33)

The achievable scheme for Vertex 4 is provided in Table VI.
Case 1.2: M1 +M2 > F2. This sub-case further divides the

solid lower-left triangle of Fig. 1 by a dotted line and we focus
on the upper sub-triangle. We now consider the following 6
cases.

Case 1.2.1: (A1) is tight. i.e., R(1,1) = a1. The analysis is
verbatim to Case-1.1.1 and the corner point is also Vertex 1.

Case 1.2.2: (A2) is tight. i.e., R(1,2) = a2. We can then
combine (A1) and (B1) to obtain (13); combine (A3) and (B4)
to obtain

R(2,1) ≥max(a3, b4 − a2)

= max(F1 + F2 −M1 −M2, F1) = F1 (34)

where (34) follows from the Case-1.2 condition M1 +M2 >
F2; and combine (A4) and (B5) to obtain (15).

We then notice that any R(1,1), R(2,1), and R(2,2) satisfying
(13), (34), and (15) automatically satisfy the remaining three
inequalities (B2), (B3), and (B6). That is,

R(1,1) +R(2,1) ≥ 2F1 ≥ b2 = 2F1 + F2 −M1 −M2 (35)
R(1,1) +R(2,2) ≥ F1 + F2 ≥ b3 = F1 + F2 −M2 (36)
R(2,1) +R(2,2) ≥ F1 + F2 ≥ b6 = F1 + 2F2 −M1 −M2.

(37)

where (35) and (37) follow from the Case-1.2 condition
M1 + M2 > F2. From the above arguments, the four lin-
early independent inequalities that are needed to form the
corner point in Case-1.2.2 can only be (A2), (13), (34),
and (15). The corresponding corner point is thus Vertex 5
(F1, F1 + F2 − M1 − M2, F1, F2) and the corresponding
achievable scheme is provided in Table VII.

Case 1.2.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain (19); combine (A2) and (B4)
to obtain

R(1,2) ≥max(a2, b4 − a3)

= max(F1 + F2 −M1 −M2, F1) = F1 (38)

where (38) follows from the Case-1.2 condition M1 +M2 >
F2; and combine (A4) and (B6) to obtain (21).
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TABLE VI
VERTEX 4

(
F1 − M2

2
, F1 + F2 −M1 − M2

2
, F1 + F2 −M1 − M2

2
, F2 − M2

2

)
, ACHIEVABLE UNDER THE CONDITION M2 ≤ M1 ≤ min(F1, F2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = M1 −M2 V1 fv1 = M1 −M2 Mix.Emp(U1, V1,M1 −M2, 0) (M1 −M2,M1 −M2,M1 −M2,M1 −M2)
U2 fu2 = M2 V2 fv2 = M2 Ha.Fi(U2, V2,M2,M2) (M2/2,M2/2,M2/2,M2/2)
U3 fu3 = F1 −M1 V3 fv3 = F2 −M1 1.1.Cov(U3, V3, 0, 0) (F1 −M1, F1 + F2 − 2M1, F1 + F2 − 2M1, F2 −M1)

TABLE VII
VERTEX 5 (F1, F1 + F2 −M1 −M2, F1, F2), ACHIEVABLE UNDER THE CONDITION max(M1,M2) ≤ F2 ≤ min(F1,M1 +M2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F2 −M1 V2 fv2 = F2 −M1 Emp.Mix(U1, V1, 0, F2 −M1) (fu2 , fu2 , fu2 , fu2 )
U3 fu3 = F1 +M1 +M2 − 2F2 V3 fv3 = M1 +M2 − F2 1.2.Cov(U2, V2, fv3 , fv3 ) (fu3 , fu3 − fv3 , fu3 , fv3 )

We then notice that any R(1,1), R(1,2), and R(2,2) satisfying
(19), (38), and (21) automatically satisfy the remaining three
inequalities (B1), (B3), and (B5). That is,

R(1,1) +R(1,2) ≥ 2F1 ≥ b1 = 2F1 + F2 −M1 −M2 (39)
R(1,1) +R(2,2) ≥ F1 + F2 ≥ b3 = F1 + F2 −M2 (40)
R(1,2) +R(2,2) ≥ F1 + F2 ≥ b5 = F1 + 2F2 −M1 −M2.

(41)

where (39) and (41) follow from the Case-1.2 condition
M1 + M2 > F2. From the above arguments, the four lin-
early independent inequalities that are needed to form the
corner point in Case-1.2.3 can only be (A3), (19), (38),
and (21). The corresponding corner point is thus Vertex 6
(F1, F1, F1 + F2 − M1 − M2, F2) and the corresponding
achievable scheme is provided in Table VIII.

Case 1.2.4: (A4) is tight. i.e., R(2,2) = a4. The analysis is
verbatim to Case-1.1.4 and the corner point is also Vertex 3.

Case 1.2.5: None of (A1) to (A4) is tight while (B4) is tight.
We first argue that the corner point in such case must satisfy
R(1,2) = R(2,1). Suppose not, say R(1,2) >

b4
2 > R(2,1). Since

b1 = b2 and b5 = b6 in Case-1, we know that (B1) and (B5)
must be loose. Therefore, the 4 equalities (B2), (B3), (B4) and
(B6) must be tight. Solving these 4 equalities, we have

R(2,1) =
b2 + b6 − b3

2
= F1 + F2 −M1 −

M2

2

≥ b4
2

= F1 +
F2 −M1 −M2

2
(42)

where (42) follows from the Case-1 condition F2 ≥ M1.
Ineq. (42) contradicts the assumption b4

2 > R(2,1).
Since the corner point rates of Case-1.2.5 satisfies R(1,2) =

R(2,1), we have

R(1,2) = R(2,1) =
b4
2

= F1 +
F2 −M1 −M2

2
. (43)

We then combine (A1), (B1), (B2) to obtain

R(1,1) ≥ max(a1, b1 −
b4
2
, b2 −

b4
2

)

= max(F1 −M2, F1 +
F2 −M1 −M2

2
)

= F1 +
F2 −M1 −M2

2
; (44)

which follows from the Case-1 condition that F2 ≥ M1 that
implies F2 −M1 ≥ 0 ≥ −M2; and combine (A4), (B5), (B6)
to obtain

R(2,2) ≥ max(a4, b5 −
b4
2
, b6 −

b4
2

)

= max(F2 −M2,
3F2 −M1 −M2

2
)

=
3F2 −M1 −M2

2
. (45)

which again follows from the Case-1 condition that F2−M1 ≥
0 ≥ −M2. We then notice that any R(1,1), R(1,2), R(2,1), and
R(2,2) satisfying (43), (44), and (45) automatically satisfy the
remaining conditions (A2), (A3), and (B3). That is,

R(1,2) = R(2,1) =
b4
2

= F1 +
F2 −M1 −M2

2
> a2 = a3 = F1 + F2 −M1 −M2 (46)

R(1,1) +R(2,2) ≥ F1 + 2F2 −M1 −M2

≥ b3 = F1 + F2 −M2 (47)

where (46) follows from the Case-1.2 condition M1 +M2 >
F2 and (47) follows from the Case-1 condition F2 ≥ M1.
From the above arguments, the four linearly independent
inequalities characterizing the corner point in Case-1.2.5 must
be (43), (44), and (45). The corresponding corner point
is thus Vertex 7 (F1 + F2−M1−M2

2 , F1 + F2−M1−M2

2 , F1 +
F2−M1−M2

2 , 3F2−M1−M2

2 ) and the corresponding achievable
scheme is provided in Table IX.

Case 1.2.6: None of the five inequalities (A1) to (A4) and
(B4) is tight. We now argue that the corner point in Case-
1.2.6 must satisfy R(1,2) = R(2,1). Suppose not, say R(1,2) >
R(2,1). Since b1 = b2 and b5 = b6 in Case-1, we know that
(B1) and (B5) must be loose. Therefore, only 3 equalities (B2),
(B3) and (B6) are tight, which contradicts the fact that each
corner point corresponds to at least 4 tight inequalities.

Since R(1,2) = R(2,1), the 5 equations in (B1), (B2),
(B3), (B5), and (B6) collapse to three equations (B2),
(B3), and (B6) that involve only 3 free variables (since
R(1,2) = R(2,1)). Solving the three equations shows that
(R(1,1), R(1,2), R(2,1), R(2,2)) = (F1 − M2

2 , F1 + F2 −M1 −
M2

2 , F1 +F2 −M1 − M2

2 , F2 − M2

2 ), which is identical to the
expression of Vertex 4 in Case-1.1.5 and in Table VI. We note
that Vertex 4 is a legitimate corner point in this case (Case-
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TABLE VIII
VERTEX 6 (F1, F1, F1 + F2 −M1 −M2, F2), ACHIEVABLE UNDER THE CONDITION max(M1,M2) ≤ F2 ≤ min(F1,M1 +M2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F2 −M1 V2 fv2 = F2 −M1 Emp.Mix(U1, V1, 0, F2 −M1) (fu2 , fu2 , fu2 , fu2 )
U3 fu3 = F1 +M1 +M2 − 2F2 V3 fv3 = M1 +M2 − F2 2.1.Cov(U2, V2, fv3 , fv3 ) (fu3 , fu3 , fu3 − fv3 , fv3 )

TABLE IX
VERTEX 7

(
F1 + 1

2
(F2 −M1 −M2), F1 + 1

2
(F2 −M1 −M2), F1 + 1

2
(F2 −M1 −M2),

1
2
(3F2 −M1 −M2)

)
, ACHIEVABLE UNDER THE

CONDITION max(M1,M2) ≤ F2 ≤ min(F1,M1 +M2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F2 −M1 V2 fv2 = F2 −M1 Emp.Mix(U1, V1, 0, F2 −M1) (fu2 , fu2 , fu2 , fu2 )
U3 fu3 = M1 +M2 − F2 V3 fv3 = M1 +M2 − F2 Ha.Fi(U2, V2,M1 +M2 − F2,M1 +M2 − F2) (fu3/2, fu3/2, fu3/2, fu3/2)
U4 fu4 = F1 − F2 E 0 1.1.Cov(U4, E, 0, 0) (fu4 , fu4 , fu4 , 0)

1.2.6) since it satisfies (A1) to (A4), as was shown previously
in (31) to (33), and it also satisfies (B4)

R(1,2) +R(2,1) = 2F1 + 2F2 − 2M1 −M2

≥ b4 = 2F1 + F2 −M1 −M2 (48)

due the Case-1 condition M1 ≤ F2. The achievable scheme
for Vertex 4 is provided in Table VI.

Case 2: 0 < M2 ≤ F2 < M1 ≤ F1. This is the scenario
when the (M1,M2) value falls into the lower-mid rectangle
in Fig. 1 with solid edges and being marked as “Case 2”. In
this case, the a1 to b6 values of (A1) to (B6) become

a1 = a3 = F1 −M2, a2 = F1 + F2 −M1 −M2,

a4 = F2 −M2, b1 = b2 = b4 = 2F1 + F2 −M1 −M2,

b3 = b6 = F1 + F2 −M2, b5 = F1 + 2F2 −M1 −M2.

Before proceeding, we further divide this case into two sub-
cases depending on whether F2 +M2 ≤M1 or not.

Case 2.1: F2 +M2 < M1. This sub-case further divides the
solid lower-mid rectangle of Fig. 1 by a dotted line and we
focus on the right sub-region. We now consider the following
5 cases.

Case 2.1.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain (7); combine (A3) and (B2)
to obtain

R(2,1) ≥ max(a3, b2 − a1) = max(F1 −M2, F1 + F2 −M1)

= F1 −M2 (49)

where (49) follows from the Case-2.1 condition F2 + M2 <
M1; and combine (A4) and (B3) to obtain

R(2,2) ≥ max(a4, b3 − a1) = max(F2 −M2, F2) = F2.
(50)

We then notice that any R(1,2), R(2,1), and R(2,2) satisfying
(7), (49), and (50) automatically satisfy the remaining three
inequalities (B4) to (B6). That is, they satisfy (11) and

R(1,2) +R(2,1) ≥ 2F1 + F2 −M1 −M2 = b4 (51)
R(2,1) +R(2,2) ≥ F1 + F2 −M2 = b6. (52)

From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in Case-
2.1.1 can only be (A1), (7), (49), and (50). The corresponding

corner point is thus Vertex 8 (F1 −M2, F1 + F2 −M1, F1 −
M2, F2) and we describe the corresponding achievable scheme
in Table X.

Case 2.1.2: (A2) is tight. i.e., R(1,2) = a2. We can then
combine (A1) and (B1) to obtain (13); combine (A3) and (B4)
to obtain

R(2,1) ≥max(a3, b4 − a2) = max(F1 −M2, F1) = F1;
(53)

and combine (A4) and (B5) to obtain (15). We then notice that
any R(1,1), R(2,1), and R(2,2) satisfying (13), (53), and (15)
automatically satisfy the remaining three inequalities (B2),
(B3), and (B6). That is, they satisfy (17) and

R(1,1) +R(2,1) ≥ 2F1 ≥ b2 = 2F1 + F2 −M1 −M2 (54)
R(2,1) +R(2,2) ≥ F1 + F2 ≥ b6 = F1 + F2 −M2. (55)

where (54) follows from the Case-2 condition M1 > F2, which
implies F2 −M1 −M2 < 0. From the above arguments, the
four linearly independent inequalities that are needed to form
the corner point in Case-2.1.2 can only be (A2), (13), (53), and
(15). The corresponding corner point is thus Vertex 9 (F1, F1+
F2 −M1 −M2, F1, F2) and we describe the corresponding
achievable scheme in Table XI.

Case 2.1.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain

R(1,1) ≥ max(a1, b2 − a3)

= max(F1 −M2, F1 + F2 −M1) = F1 −M2 (56)

where (56) follows from the Case-2.1 condition F2 + M2 <
M1; combine (A2) and (B4) to obtain

R(1,2) ≥ max(a2, b4 − a3)

= max(F1 + F2 −M1 −M2, F1 + F2 −M1)

= F1 + F2 −M1; (57)

and combine (A4) and (B6) to obtain (21). Note that any
R(1,1), R(1,2), and R(2,2) satisfying (56), (57), and (21)
automatically satisfy the remaining three inequalities (B1),
(B3), and (B5). That is, they imply (22) and

R(1,1) +R(2,2) ≥ F1 + F2 −M2 = b3. (58)
R(1,2) +R(2,2) ≥ F1 + 2F2 −M1

≥ b5 = F1 + 2F2 −M1 −M2. (59)
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TABLE X
VERTEX 8 (F1 −M2, F1 + F2 −M1, F1 −M2, F2) ACHIEVABLE UNDER THE CONDITION F2 +M2 ≤ M1 ≤ F1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 W2 F2 Mix.Emp(U1,W2, F2, 0) (F2, F2, F2, F2)
U2 fu2 = F1 − F2 E 0 1.1.Cov(U2, E,M1 − F2,M2) (F1 − F2 −M2, F1 −M1, F1 − F2 −M2, 0)

TABLE XI
VERTEX 9 (F1, F1 + F2 −M1 −M2, F1, F2) ACHIEVABLE UNDER THE CONDITION M2 ≤ F2 ≤ M1 ≤ F1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (F2 −M2, F2 −M2, F2 −M2, F2 −M2)
U2 fu2 = F1 +M2 − F2 V2 fv2 = M2 1.2.Cov(U2, V2,M1 +M2 − F2,M2) (F1 +M2 − F2, F1 −M1, F1 +M2 − F2,M2)

From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in Case-
2.1.3 can only be (A3), (56), (57), and (21). The corresponding
corner point is thus Vertex 8 (F1 −M2, F1 + F2 −M1, F1 −
M2, F2) described previously in Case-2.1.1.

Case 2.1.4: (A4) is tight. i.e., R(2,2) = a4. We can then
combine (A1) and (B3) to obtain (25); combine (A2) and (B5)
to obtain (26); and combine (A3) and (B6) to obtain

R(2,1) ≥ max(a3, b6 − a4) = max(F1 −M2, F1) = F1.
(60)

Note that any R(1,1), R(1,2), and R(2,1) satisfying (25), (26),
and (60) automatically satisfy (B1), (B2), and (B4). That is,
they satisfy (28) and

R(1,1) +R(2,1) ≥ 2F1 ≥ b2 = 2F1 + F2 −M1 −M2 (61)
R(1,2) +R(2,1) ≥ 2F1 + F2 −M1

≥ b4 = 2F1 + F2 −M1 −M2 (62)

where (61) follows from the Case-2 condition M1 > F2, whish
implies F2 − M1 − M2 < 0. From the above arguments,
the four linearly independent inequalities that are needed to
form the corner point in Case-2.1.4 can only be (A4), (25),
(26), and (60). The corresponding corner point is thus Vertex
10 (F1, F1 + F2 − M1, F1, F2 − M2) and we describe the
corresponding achievable scheme in Table XII.

Case 2.1.5: None of (A1) to (A4) is tight. We first notice
that for any corner point satisfying (A1) to (A4) loosely must
also satisfy (B2) loosely. That is,

R(1,1) +R(2,1) >a1 + a3 = 2F1 − 2M2

≥b2 = 2F1 + F2 −M1 −M2 (63)

where (63) follows from the Case-2.1 condition F2 + M2 <
M1. Therefore, the corner point (R(1,1), R(1,2), R(2,1), R(2,2))
must meet 4 out of the 5 equations in (B1), (B3), (B4), (B5),
and (B6).

We now argue that the corner point in Case-2.1.5 must
satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) > R(2,1).
Since b1 = b4 and b3 = b6 in Case-2, we know that (B1) and
(B3) must be loose. Therefore, only 3 equalities (B4), (B5)
and (B6) may be tight, which contradicts the fact that each
corner point corresponds to at least 4 tight inequalities.

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3), (B4),
(B5), and (B6) collapse to three equations (B4), (B5), and
(B6) that involve only 3 free variables (since R(1,1) = R(2,1)).

Solving the three equations shows that the corner point being
Vertex 11 (F1− M2

2 , F1 +F2−M1− M2

2 , F1− M2

2 , F2− M2

2 ).
Vertex 11 is a legitimate corner point since it also satisfies
(A1) to (A4), i.e.,

F1 −
M2

2
≥ a1 = a3 = F1 −M2 (64)

F1 + F2 −M1 −
M2

2
≥ a2 = F1 + F2 −M1 −M2 (65)

F2 −
M2

2
≥ a4 = F2 −M2. (66)

The achievable scheme for Vertex 11 is provided in Table XIII.
Case 2.2: F2 +M2 ≥M1. This sub-case further divides the

solid lower-mid rectangle of Fig. 1 by a dotted line and we
focus on the left sub-region. We now consider the following
6 cases.

Case 2.2.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain (7); combine (A3) and (B2)
to obtain

R(2,1) ≥max(a3, b2 − a1)

= max(F1 −M2, F1 + F2 −M1)

=F1 + F2 −M1 (67)

where (67) follows from the Case-2.2 condition F2 + M2 ≥
M1; and combine (A4) and (B3) to obtain (9). We then notice
that any R(1,2), R(2,1), and R(2,2) satisfying (7), (67), and (9)
automatically satisfy the remaining three inequalities (B4) to
(B6). That is, they satisfy (10), (11), and

R(2,1) +R(2,2) ≥ F1 + 2F2 −M1

> b6 = F1 + F2 −M2 (68)

where (10) and (68) follow from the Case-2.2 condition
F2 +M2 ≥M1. From the above arguments, the four linearly
independent inequalities that are needed to form the corner
point in Case-2.2.1 can only be (A1), (7), (67), and (9). The
corresponding corner point is thus Vertex 1 (F1 −M2, F1 +
F2−M1, F1+F2−M1, F2) and we describe the corresponding
achievable scheme in Table III.

Case 2.2.2: (A2) is tight. i.e., R(1,2) = a2. The analysis is
verbatim to Case-2.1.2 and the corner point is also Vertex 9.

Case 2.2.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain

R(1,1) ≥ max(a1, b2 − a3) = max(F1 −M2, F1 + F2 −M1)

= F1 + F2 −M1 (69)
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TABLE XII
VERTEX 10 (F1, F1 + F2 −M1, F1, F2 −M2) ACHIEVABLE UNDER CONDITION M2 ≤ F2 ≤ M1 ≤ F1 +M2 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (F2 −M2, F2 −M2, F2 −M2, F2 −M2)
U2 fu2 = F1 +M2 − F2 E 0 1.1.Cov(U2, E,M1 − F2, 0) (F1 +M2 − F2, F1 +M2 −M1, F1 +M2 − F2, 0)
E 0 V2 fv2 = M2 2.2.Cov(E, V2,M2,M2) (0, 0, 0, 0)

TABLE XIII
VERTEX 11 (F1 − M2

2
, F1 + F2 −M1 − M2

2
, F1 − M2

2
, F2 − M2

2
) ACHIEVABLE UNDER CONDITION M2 ≤ F2 ≤ M1 ≤ F1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (F2 −M2, F2 −M2, F2 −M2, F2 −M2)
U2 fu2 = M2 V2 fv2 = M2 Ha.Fi(U2, V2,M2,M2) (M2/2,M2/2,M2/2,M2/2)
U3 fu3 = F1 − F2 E 0 1.1.Cov(U3, E,M1 − F2, 0) (F1 − F2, F1 −M1, F1 − F2, 0)

which follows from the Case-2.2 condition F2 + M2 ≥ M1;
combine (A2) and (B4) to obtain

R(1,2) ≥ max(a2, b4 − a3)

= max(F1 + F2 −M1 −M2, F1 + F2 −M1)

= F1 + F2 −M1; (70)

and combine (A4) and (B6) to obtain (21). Note that any
R(1,1), R(1,2), and R(2,2) satisfying (69), (70), and (21)
automatically satisfy the remaining three inequalities (B1),
(B3), and (B5). That is,

R(1,1) +R(1,2) ≥ 2(F1 + F2 −M1)

≥ b1 = 2F1 + F2 −M1 −M2 (71)
R(1,1) +R(2,2) ≥ F1 + 2F2 −M1

≥ b3 = F1 + F2 −M2 (72)
R(1,2) +R(2,2) ≥ F1 + 2F2 −M1

≥ b5 = F1 + 2F2 −M1 −M2. (73)

where (71) and (72) follow the Case-2.2 condition M2 +F2 ≥
M1. From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in Case-
2.2.3 can only be (A3), (69), (70), and (21). The corresponding
corner point is thus Vertex 12 (F1 + F2 − M1, F1 + F2 −
M1, F1 −M2, F2) and the corresponding achievable scheme
in Table XIV.

Case 2.2.4: (A4) is tight. i.e., R(2,2) = a4. The analysis is
verbatim to Case-2.1.4 and the corner point is also Vertex 10.

Case 2.2.5: (B2) is tight but none of (A1) to (A4) is tight.
We first argue that the corner point in such case must satisfy
R(1,1) = R(2,1). Suppose not, say R(1,1) >

b2
2 > R(2,1). Since

b1 = b4 and b3 = b6 in Case-2, we know that (B1) and (B3)
must be loose. Therefore, the 4 equalities (B2), (B4), (B5) and
(B6) must be tight. Solving these 4 equalities, we have

R(2,1) =
b4 + b6 − b5

2
= F1 −

M2

2

≥ b2
2

= F1 +
F2 −M1 −M2

2
(74)

where (74) follows from the Case-2 condition F2 < M1.
Ineq. (74) contradicts the assumption b2

2 > R(2,1).

Since the corner point rate vector of Case-2.2.5 satisfies
R(1,1) = R(2,1), we have

R(1,1) = R(2,1) =
b2
2

= F1 +
F2 −M1 −M2

2
. (75)

We then combine (A2), (B1), (B4) to obtain

R(1,2) ≥ max(a2, b1 −
b2
2
, b4 −

b2
2

)

= max(F1 + F2 −M1 −M2, F1 +
F2 −M1 −M2

2
)

= F1 +
F2 −M1 −M2

2
(76)

which follows from the Case-2 condition that F2 < M1 that
implies F2−M1−M2 < 0; and combine (A4), (B3), (B6) to
obtain

R(2,2) ≥ max(a4, b3 −
b2
2
, b6 −

b2
2

)

= max(F2 −M2,
F2 −M2 +M1

2
)

=
F2 −M2 +M1

2
> 0. (77)

which again follows from the Case-2 condition M1 > F2

that implies F2 − M1 − M2 < 0. We then notice that any
R(1,1), R(1,2), R(2,1), and R(2,2) satisfying (75), (76), and (77)
automatically satisfy the remaining conditions (A1), (A3), and
(B5). That is,

R(1,1) = R(2,1) = b2/2 = F1 +
F2 −M1 −M2

2
≥ a1 = a3 = F1 −M2 (78)

R(1,2) +R(2,2) ≥ F1 + F2 −M2

≥ b5 = F1 + 2F2 −M1 −M2 (79)

where (78) follows from the Case-2.2 condition F2 + M2 ≥
M1; and (79) follows from the Case-2 condition M1 > F2.
From the above arguments, the four linearly independent
inequalities characterizing the corner point in Case-2.2.5 must
be (75), (76), and (77). The corresponding corner point is thus
Vertex 13 (F1+ 1

2 (F2−M1−M2), F1+ 1
2 (F2−M1−M2), F1+

1
2 (F2−M1−M2), 12 (F2 +M1−M2)) and the corresponding
achievable scheme is provided in Table XV.

Case 2.2.6: None of the five inequalities (A1) to (A4) and
(B2) is tight. We now argue that the corner point in Case-
2.2.6 must satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) >
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TABLE XIV
VERTEX 12 (F1 + F2 −M1, F1 + F2 −M1, F1 −M2, F2) ACHIEVABLE UNDER THE CONDITION max(M2, F2) ≤ M1 ≤ min(F1, F2 +M2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = M1 −M2 V1 fv1 = M1 −M2 Mix.Emp(U1, V1,M1 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F2 +M2 −M1 V2 fv2 = F2 +M2 −M1 2.1.Cov(U2, V2, fu2 , fu2 ) (fu2 , fu2 , 0, fu2 )
U3 fu3 = F1 − F2 E 0 1.1.Cov(U3, E,M1 − F2,M1 − F2) (F1 −M1, F1 −M1, F1 −M1, 0)

TABLE XV
VERTEX 13

(
F1 + 1

2
(F2 −M1 −M2), F1 + 1

2
(F2 −M1 −M2), F1 + 1

2
(F2 −M1 −M2),

1
2
(F2 +M1 −M2)

)
ACHIEVABLE UNDER THE

CONDITION max(M2, F2) ≤ M1 ≤ min(F1,M2 + F2).

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = M1 −M2 V1 fv1 = M1 −M2 Mix.Emp(U1, V1,M1 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F2 +M2 −M1 V2 fv2 = F2 +M2 −M1 Ha.Fi(U2, V2, F2 +M2 −M1, F2 +M2 −M1) (fu2/2, fu2/2, fu2/2, fu2/2)
U3 fu3 = F1 − F2 E 0 1.1.Cov(U3, E,M1 − F2,M1 − F2) (F1 −M1, F1 −M1, F1 −M1, 0)

R(2,1). Since b1 = b4 and b3 = b6 in Case-2, we know that
(B1) and (B3) must be loose. Therefore, only 3 equalities (B4),
(B5) and (B6) are tight, which contradicts the fact that each
corner point corresponds to at least 4 tight inequalities.

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3),
(B4), (B5), and (B6) collapse to three equations (B4),
(B5), and (B6) that involve only 3 free variables (since
R(1,1) = R(2,1)). Solving the three equations shows that
(R(1,1), R(1,2), R(2,1), R(2,2)) = (F1 − M2

2 , F1 + F2 −M1 −
M2

2 , F1 − M2

2 , F2 − M2

2 ), which is identical to the expression
of Vertex 11 in Case-2.1.5 and in Table XIII. We note that
Vertex 11 is a legitimate corner point in this case (Case-2.2.6)
since it satisfies (A1) to (A4), as was shown previously in (64)
to (66), and it also satisfies (B2)

R(1,1) +R(2,1) = 2F1 −M2

≥ b2 = 2F1 + F2 −M1 −M2 (80)

due to the Case-2 condition M1 > F2. The achievable scheme
for Vertex 11 is provided in Table XIII.

Case 3: 0 < M2 ≤ F2 ≤ F1 < M1 ≤ F1 + F2. This is the
scenario when the (M1,M2) value falls into the lower-right
rectangle in Fig. 1 with solid edges and being marked as “Case
3”. In this case, the a1 to b6 values of (A1) to (B6) become

a1 = a3 = F1 −M2, a2 = a4 = F2 −M2,

b1 = b3 = b4 = b6 = F1 + F2 −M2,

b2 = 2F1 + F2 −M1 −M2, b5 = F1 + 2F2 −M1 −M2.

Before proceeding, we further divide this case into three sub-
cases depending on whether F1 + M2 < M1, F2 + M2 <
M1 ≤ F1 +M2 or M1 ≤ F2 +M2.

Case 3.1: F1 +M2 < M1. This sub-case further divides the
solid lower-right rectangle of Fig. 1 by a dotted line and we
focus on the right sub-region. We now consider the following
5 cases.

Case 3.1.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain

R(1,2) ≥max(a2, b1 − a1)

= max(F2 −M2, F2) = F2; (81)

combine (A3) and (B2) to obtain (49), which follows from
the Case-3.1 condition M1 > F1 + M2 that implies M1 ≥

F2 +M2; and combine (A4) and (B3) to obtain (50). We then
notice that any R(1,2), R(2,1), and R(2,2) satisfying (81), (49),
and (50) automatically satisfy the remaining three inequalities
(B4) to (B6). That is, they satisfy (52) and

R(1,2) +R(2,1) ≥ F1 + F2 −M2 = b4 (82)
R(1,2) +R(2,2) ≥ 2F2 ≥ b5 = F1 + 2F2 −M1 −M2. (83)

where (83) follows from the Case-3 condition M1 > F1, which
implies F1 −M1 −M2 < 0. From the above arguments, the
four linearly independent inequalities that are needed to form
the corner point in Case-3.1.1 can only be (A1), (81), (49),
and (50). The corresponding corner point is thus Vertex 14
(F1−M2, F2, F1−M2, F2) and we describe the corresponding
achievable scheme in Table XVI.

Case 3.1.2: (A2) is tight. i.e., R(1,2) = a2. We can then
combine (A1) and (B1) to obtain (13); combine (A3) and (B4)
to obtain (53); and combine (A4) and (B5) to obtain

R(2,2) ≥max(a4, b5 − a2)

= max(F2 −M2, F1 + F2 −M1) = F2 −M2 (84)

where (84) follows from the Case-3.1 condition F1 + M2 <
M1. We then notice that any R(1,1), R(2,1), and R(2,2) satis-
fying (13), (53), and (84) automatically satisfy the remaining
three inequalities (B2), (B3), and (B6). That is, they satisfy
(54), which follows from the Case-3 condition M1 > F2, and
satisfy

R(1,1) +R(2,2) ≥ F1 + F2 −M2 = b3 (85)
R(2,1) +R(2,2) ≥ F1 + F2 −M2 = b6. (86)

From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in Case-
3.1.2 can only be (A2), (13), (53), and (84). The corresponding
corner point is thus Vertex 15 (F1, F2 − M2, F1, F2 − M2)
and we describe the corresponding achievable scheme in Table
XVII.

Case 3.1.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain (56), which follows from
the Case-3.1 condition F2 +M2 ≤ F1 +M2 < M1; combine
(A2) and (B4) to obtain

R(1,2) ≥ max(a2, b4 − a3)

= max(F2 −M2, F2) = F2; (87)
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TABLE XVI
VERTEX 14 (F1 −M2, F2, F1 −M2, F2) ACHIEVABLE UNDER THE CONDITION max(F1, F2 +M2) ≤ M1 ≤ F1 + F2 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F1 + F2 −M1 V1 fv1 = F1 + F2 −M1 Mix.Emp(U1, V1, F1 + F2 −M1, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = M1 − F2 E 0 1.1.Cov(U2, E,M1 − F2,M2) (M1 − F2 −M2, 0,M1 − F2 −M2, 0)
E 0 V2 fv2 = M1 − F1 2.2.Cov(E, V2,M1 − F1, 0) (0,M1 − F1, 0,M1 − F1)

TABLE XVII
VERTEX 15 (F1, F2 −M2, F1, F2 −M2) ACHIEVABLE UNDER THE CONDITION M2 ≤ F2 ≤ F1 +M2 ≤ M1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (F2 −M2, F2 −M2, F2 −M2, F2 −M2)
U2 fu2 = F1 − F2 +M2 E 0 1.1.Cov(U2, E, F1 − F2 +M2, 0) (F1 − F2 +M2, 0, F1 − F2 +M2, 0)
E 0 V2 fv2 = M2 2.2.Cov(E, V2,M2,M2) (0, 0, 0, 0)

and combine (A4) and (B6) to obtain (21). Note that any
R(1,1), R(1,2), and R(2,2) satisfying (56), (87), and (21)
automatically satisfy the remaining three inequalities (B1),
(B3), and (B5). That is, they satisfy (58) and

R(1,1) +R(1,2) ≥ F1 + F2 −M2 = b1 (88)
R(1,2) +R(2,2) ≥ 2F2 ≥ b5 = F1 + 2F2 −M1 −M2 (89)

where (89) follows from the Case-3 condition M1 > F1, which
implies F1 −M1 −M2 < 0. From the above arguments, the
four linearly independent inequalities that are needed to form
the corner point in Case-3.1.3 can only be (A3), (56), (87),
and (21). The corresponding corner point is thus Vertex 14
(F1 − M2, F2, F1 − M2, F2) described previously in Case-
3.1.1.

Case 3.1.4: (A4) is tight. i.e., R(2,2) = a4. We can then
combine (A1) and (B3) to obtain (25); combine (A2) and (B5)
to obtain

R(1,2) ≥ max(a2, b5 − a4) = max(F2 −M2, F1 + F2 −M1)

= F2 −M2 (90)

where (90) follows from the Case-3.1 condition F1 + M2 <
M1; and combine (A3) and (B6) to obtain (60). Note that
any R(1,1), R(1,2), and R(2,1) satisfying (25), (90), and (60)
automatically satisfy (B1), (B2), and (B4). That is, they satisfy
(61), which follows from the Case-3 condition M1 > F2, and
satisfy

R(1,1) +R(1,2) ≥ 2F1 −M2 ≥ b1 = F1 + F2 −M2 (91)
R(1,2) +R(2,1) ≥ 2F1 −M2 ≥ b4 = F1 + F2 −M2 (92)

where (91) and (92) follow from the Case-3 condition F1 ≥
F2. From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in Case-
3.1.4 can only be (A4), (25), (90), and (60). The corresponding
corner point is thus Vertex 15 (F1, F2 −M2, F1, F2 −M2)
described previously in Case-3.1.2.

Case 3.1.5: None of (A1) to (A4) is tight. We first notice
that for any corner point satisfying (A1) to (A4) loosely must
also satisfy (B2) and (B5) loosely. That is, they must satisfy
(63) and

R(1,2) +R(2,2) >a2 + a4 = 2F2 − 2M2

≥b5 = F1 + 2F2 −M1 −M2 (93)

where (63) and (93) follow from the Case-3.1 condition
F2 + M2 ≤ F1 + M2 < M1. Therefore, the corner point
(R(1,1), R(1,2), R(2,1), R(2,2)) must satisfy the remaining 4
equations in (B1), (B3), (B4), and (B6). However, the four
equations (B1), (B3), (B4), and (B6) (assuming they are all
tight) are linearly dependent. That is, (B6) = (B3) + (B4) −
(B1). Therefore we only have 3 linearly independent equations
and they are not possible to determine a corner point. As a
result, there is no corner point in Case-3.1.5.

Case 3.2: F2+M2 < M1 ≤ F1+M2. This sub-case further
divides the solid lower-right rectangle of Fig. 1 by a dotted
line and we focus on the mid sub-region. We now consider
the following 5 cases.

Case 3.2.1: (A1) is tight. i.e., R(1,1) = a1. The analysis is
verbatim to Case-3.1.1, since the Case-3.2 condition ensures
that F2 +M2 < M1 and the argument for (49) thus holds as
well. The corner point is also Vertex 14.

Case 3.2.2: (A2) is tight. i.e., R(1,2) = a2. We can then
combine (A1) and (B1) to obtain (13); combine (A3) and (B4)
to obtain (53); and combine (A4) and (B5) to obtain

R(2,2) ≥ max(a4, b5 − a2) = max(F2 −M2, F1 + F2 −M1)

= F1 + F2 −M1 (94)

where (94) follows from the Case-3.2 condition M1 ≤ F1 +
M2. We then notice that any R(1,1), R(2,1), and R(2,2) satis-
fying (13), (53), and (94) automatically satisfy the remaining
three inequalities (B2), (B3), and (B6). That is, they satisfy
(54), which follows from the Case-3 condition M1 > F2, and
satisfy

R(1,1) +R(2,2) ≥ 2F1 + F2 −M1

≥ b3 = F1 + F2 −M2 (95)
R(2,1) +R(2,2) ≥ 2F1 + F2 −M1

≥ b6 = F1 + F2 −M2 (96)

where (95) and (96) follow from the Case-3.2 condition
M1 ≤ F1 +M2. From the above arguments, the four linearly
independent inequalities that are needed to form the corner
point in Case-3.2.2 can only be (A2), (13), (53), and (94).
The corresponding corner point is thus Vertex 16 (F1, F2 −
M2, F1, F1 + F2 −M1) and we describe the corresponding
achievable scheme in Table XVIII.

Case 3.2.3: (A3) is tight. i.e., R(2,1) = a3. The analysis is
verbatim to Case-3.1.3, since the Case-3.2 condition ensures
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TABLE XVIII
VERTEX 16 (F1, F2 −M2, F1, F1 + F2 −M1) ACHIEVABLE UNDER THE SIMULTANEOUS CONDITIONS (I) F2 − F1 ≤ M2 ≤ F2 ; AND (II)

F1 ≤ M1 ≤ F1 +M2 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F1 +M2 − F2 V2 fv2 = F1 +M2 −M1 1.2.Cov(U2, V2, F1 +M2 − F2, F1 +M2 −M1) (fu2 , 0, fu2 , fv2 )
E 0 V3 fv3 = M1 − F1 2.2.Cov(E, V3,M1 − F1,M1 − F1) (0, 0, 0, 0)

that F2 +M2 < M1 and the argument for (56) thus holds as
well. The corner point is also Vertex 14.

Case 3.2.4: (A4) is tight. i.e., R(2,2) = a4. We can then
combine (A1) and (B3) to obtain (25); combine (A2) and (B5)
to obtain

R(1,2) ≥ max(a2, b5 − a4) = max(F2 −M2, F1 + F2 −M1)

= F1 + F2 −M1 (97)

where (97) follows from the Case-3.2 condition M1 ≤ F1 +
M2; and combine (A3) and (B6) to obtain (60). Note that
any R(1,1), R(1,2), and R(2,1) satisfying (25), (97), and (60)
automatically satisfy (B1), (B2), and (B4). That is, they satisfy
(61), which follows from the Case-3 condition M1 > F2, and
satisfy

R(1,1) +R(1,2) ≥ 2F1 + F2 −M1

≥ b1 = F1 + F2 −M2 (98)
R(1,2) +R(2,1) ≥ 2F1 + F2 −M1

≥ b4 = F1 + F2 −M2 (99)

where (98) and (99) follow from the Case-3.2 condition
M1 ≤ F1 + M2. From the above arguments, the four lin-
early independent inequalities that are needed to form the
corner point in Case-3.2.4 can only be (A4), (25), (97),
and (60). The corresponding corner point is thus Vertex 10
(F1, F1+F2−M1, F1, F2−M2) described previously in Case-
2.1.4.

Case 3.2.5: None of (A1) to (A4) is tight. From the
Case-3.2 condition F2 + M2 ≤ M1 and (63), we no-
tice that any corner point satisfying (A1) to (A4) loosely
must also satisfy (B2) loosely. Therefore, the corner point
(R(1,1), R(1,2), R(2,1), R(2,2)) must satisfy 4 out of the 5
equations in (B1), (B3), (B4), (B5), and (B6).

We now argue that the corner point in Case-3.2.5 must
satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) > R(2,1).
Since b1 = b4 and b3 = b6 in Case-3, we know that (B1) and
(B3) must be loose. Therefore, only 3 equalities (B4), (B5)
and (B6) are tight, which contradicts the fact that each corner
point corresponds to at least 4 tight inequalities.

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3), (B4),
(B5), and (B6) collapse to three equations (B4), (B5), and
(B6) that involve only 3 free variables (since R(1,1) = R(2,1)).
Solving the three equations shows that the corner point being
Vertex 17 ( 1

2 (F1 +M1−M2), F2 + 1
2 (F1−M1−M2), 12 (F1 +

M1−M2), F2 + 1
2 (F1−M1−M2)) . Vertex 17 is a legitimate

corner point since it also satisfies (A1) to (A4), i.e.,

R(1,1) = R(2,1) =
F1 +M1 −M2

2
≥ a1 = a3 = F1 −M2 (100)

R(1,2) = R(2,2) = F2 +
F1 −M1 −M2

2
≥ a2 = a4 = F2 −M2 (101)

where (100) follows from the Case-3 condition M1 > F1; and
(101) follows from the Case-3.2 condition M1 ≤ F1 + M2.
The achievable scheme for Vertex 17 is provided in Table XIX.

Case 3.3: M1 ≤ F2 +M2. This sub-case further divides the
solid lower-right rectangle of Fig. 1 by a dotted line and we
focus on the left sub-region. We now consider the following
6 cases.

Case 3.3.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain (81); combine (A3) and
(B2) to obtain (67), which follows from the Case-3.3 condition
M1 ≤ F2 + M2; and combine (A4) and (B3) to obtain (50).
We then notice that any R(1,2), R(2,1), and R(2,2) satisfying
(81), (67), and (50) automatically satisfy the remaining three
inequalities (B4) to (B6). That is, they satisfy (83), which
follows from the Case-3 condition M1 > F1, and satisfy

R(1,2) +R(2,1) ≥ F1 + 2F2 −M1

≥ b4 = F1 + F2 −M2 (102)
R(2,1) +R(2,2) ≥ F1 + 2F2 −M1

≥ b6 = F1 + F2 −M2 (103)

where (102) and (103) follow from the Case-3.3 condition
M1 ≤ F2 +M2. From the above arguments, the four linearly
independent inequalities that are needed to form the corner
point in Case-3.3.1 can only be (A1), (81), (67), and (50).
The corresponding corner point is thus Vertex 18 (F1 −
M2, F2, F1+F2−M1, F2) and we describe the corresponding
achievable scheme in Table XX.

Case 3.3.2: (A2) is tight. i.e., R(1,2) = a2. The analysis is
verbatim to Case-3.2.2 and the corner point is also Vertex 16.

Case 3.3.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain (69), which follows from
the Case-3.3 condition M1 ≤ F2 + M2; combine (A2) and
(B4) to obtain (87); and combine (A4) and (B6) to obtain (21).
Note that any R(1,1), R(1,2), and R(2,2) satisfying (69), (87),
and (21) automatically satisfy the remaining three inequalities
(B1), (B3), and (B5). That is, they satisfy (89), which follows
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TABLE XIX
VERTEX 17

(
1
2
(F1 +M1 −M2), F2 + 1

2
(F1 −M1 −M2),

1
2
(F1 +M1 −M2), F2 + 1

2
(F1 −M1 −M2)

)
ACHIEVABLE UNDER THE SIMULTANEOUS

CONDITIONS (I) M2 ≤ F2 ≤ M1 ≤ F1 +M2 ; AND (II) F1 ≤ M1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 −M2 V1 fv1 = F2 −M2 Mix.Emp(U1, V1, F2 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F1 +M2 −M1 V2 fv2 = F1 +M2 −M1 Ha.Fi(U2, V2, F1 +M2 −M1, F1 +M2 −M1) (fu2/2, fu2/2, fu2/2, fu2/2)
U3 fu3 = M1 − F2 E 0 1.1.Cov(U3, E,M1 − F2, 0) (M1 − F2, 0,M1 − F2, 0)
E 0 V3 fv3 = M1 − F1 2.2.Cov(E, V3,M1 − F1,M1 − F1) (0, 0, 0, 0)

TABLE XX
VERTEX 18 (F1 −M2, F2, F1 + F2 −M1, F2) ACHIEVABLE UNDER THE CONDITION M2 ≤ F1 ≤ M1 ≤ F2 +M2 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F1 −M2 V1 fv1 = F1 −M2 Mix.Emp(U1, V1, F1 −M2, 0) (F1 −M2, F1 −M2, F1 −M2, F1 −M2)
U2 fu2 = M2 E 0 1.1.Cov(U2, E,M2,M2) (0, 0, 0, 0)
E 0 V2 fv2 = F2 +M2 − F1 2.2.Cov(E, V2,M1 − F1, 0) (0, F2 +M2 − F1, F2 +M2 −M1, F2 +M2 − F1)

from the Case-3 condition M1 > F1, and satisfy

R(1,1) +R(1,2) ≥ F1 + 2F2 −M1

≥ b1 = F1 + F2 −M2 (104)
R(1,1) +R(2,2) ≥ F1 + 2F2 −M1

≥ b3 = F1 + F2 −M2 (105)

where (104) and (105) follow from the Case-3.3 condition
M1 ≤ F2 +M2. From the above arguments, the four linearly
independent inequalities that are needed to form the corner
point in Case-3.3.3 can only be (A3), (69), (87), and (21).
The corresponding corner point is thus Vertex 19 (F1 + F2 −
M1, F2, F1 − M2, F2) and we describe the corresponding
achievable scheme in Table XXI.

Case 3.3.4: (A4) is tight. i.e., R(2,2) = a4. The analysis is
verbatim to Case-3.2.4 and the corner point is also Vertex 10.

Case 3.3.5: (B2) is tight but none of (A1) to (A4) is tight.
We first argue that the corner point in such case must satisfy
R(1,1) = R(2,1). Suppose not, say R(1,1) >

b2
2 > R(2,1). Since

b1 = b4 and b3 = b6 in Case-3, we know that (B1) and (B3)
must be loose. Therefore, the 4 equalities (B2), (B4), (B5) and
(B6) must be tight. Solving these 4 equalities, we have

R(2,1) =
b4 + b6 − b5

2
=
F1 +M1 −M2

2

≥ b2
2

= F1 +
F2 −M1 −M2

2
(106)

where (106) follows from the Case-3 condition M1 > F1 ≥
F2 that implies 2M1 ≥ F1 + F2. Ineq. (100) contradicts the
assumption b2

2 > R(2,1).
Since the corner point of Case-3.3.5 satisfies R(1,1) =

R(2,1), we have

R(1,1) = R(2,1) = b2/2 = F1 +
F2 −M1 −M2

2
. (107)

We then combine (A2), (B1), (B4) to obtain

R(1,2) ≥ max(a2, b1 −
b2
2
, b4 −

b2
2

)

= max(F2 −M2,
F2 +M1 −M2

2
) =

F2 +M1 −M2

2
(108)

which follows from the Case-3 condition M1 > F2; and
combine (A4), (B3), (B6) to obtain

R(2,2) ≥ max(a4, b3 −
b2
2
, b6 −

b2
2

)

= max(F2 −M2,
F2 +M1 −M2

2
) =

F2 +M1 −M2

2
(109)

which again follows from the Case-3 condition M1 > F2. We
then notice that any R(1,1), R(1,2), R(2,1), and R(2,2) satisfying
(107), (108), and (109) automatically satisfy the remaining
conditions (A1), (A3), and (B5). That is,

R(1,1) = R(2,1) = b2/2 = F1 +
F2 −M1 −M2

2
≥ a1 = a3 = F1 −M2 (110)

R(1,2) +R(2,2) ≥ F2 +M1 −M2

≥ b5 = F1 + 2F2 −M1 −M2 (111)

where (110) follows from the Case-3.3 condition F2 +M2 ≥
M1; and (111) follows from the Case-3 condition M1 > F1 ≥
F2. From the above arguments, the four linearly independent
inequalities characterizing the corner point in Case-3.3.5 must
be (107), (108), and (109). The corresponding corner point is
thus Vertex 20 (F1+ 1

2 (F2−M1−M2), 12 (F2+M1−M2), F1+
1
2 (F2−M1−M2), 12 (F2 +M1−M2)) and the corresponding
achievable scheme is provided in Table XXII.

Case 3.3.6: None of the five inequalities (A1) to (A4) and
(B2) is tight. We now argue that the corner point in Case-
3.3.6 must satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) >
R(2,1). Since b1 = b4 and b3 = b6 in Case-3, we know that
(B1) and (B3) must be loose. Therefore, only 3 equalities (B4),
(B5) and (B6) are tight, which contradicts the fact that each
corner point corresponds to at least 4 tight inequalities.

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3),
(B4), (B5), and (B6) collapse to three equations (B4),
(B5), and (B6) that involve only 3 free variables (since
R(1,1) = R(2,1)). Solving the three equations shows that
(R(1,1), R(1,2), R(2,1), R(2,2)) = ( 1

2 (F1 + M1 − M2), F2 +
1
2 (F1−M1−M2), 12 (F1+M1−M2), F2+ 1

2 (F1−M1−M2)),
which is identical to the expression of Vertex 17 in Case-3.2.5
and in Table XIX. We note that Vertex 17 is a legitimate corner
point in this case (Case-3.3.6) since it satisfies (A1) to (A4), as
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TABLE XXI
VERTEX 19 (F1 + F2 −M1, F2, F1 −M2, F2) ACHIEVABLE UNDER THE SIMULTANEOUS CONDITIONS (I) M2 ≤ F1 ≤ M1 ≤ F2 +M2 ; AND (II)

F2 ≤ M1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F1 −M2 V1 fv1 = F1 −M2 Mix.Emp(U1, V1, F1 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F2 +M2 −M1 V2 fv2 = F2 +M2 − F1 2.1.Cov(U2, V2, F2 +M2 − F1, F2 +M2 −M1) (fu2 , fv2 , 0, fv2 )
U3 fu3 = M1 − F2 E 0 1.1.Cov(U3, E,M1 − F2,M1 − F2) (0, 0, 0, 0)

TABLE XXII
VERTEX 20

(
F1 + 1

2
(F2 −M1 −M2),

1
2
(F2 +M1 −M2), F1 + 1

2
(F2 −M1 −M2),

1
2
(F2 +M1 −M2)

)
ACHIEVABLE UNDER THE SIMULTANEOUS

CONDITIONS (I) M2 ≤ F1 ≤ M1 ≤ F2 +M2 ; AND (II) F2 ≤ M1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F1 −M2 V1 fv1 = F1 −M2 Mix.Emp(U1, V1, F1 −M2, 0) (fu1 , fu1 , fu1 , fu1 )
U2 fu2 = F2 +M2 −M1 V2 fv2 = F2 +M2 −M1 Ha.Fi(U2, V2, F2 +M2 −M1, F2 +M2 −M1) (fu2/2, fu2/2, fu2/2, fu2/2)
U3 fu3 = M1 − F2 E 0 1.1.Cov(U3, E,M1 − F2,M1 − F2) (0, 0, 0, 0)
E 0 V3 fv3 = M1 − F1 2.2.Cov(E, V3,M1 − F1, 0) (0,M1 − F1, 0,M1 − F1)

was shown previously in (100) and (101), where (100) follows
from the Case-3 condition M1 > F1 and (101) follows from
the Case-3.3 condition M1 ≤ F2 +M2 ≤ F1 +M2. Vertex 17
also satisfies (B2)

R(1,1) +R(2,1) = F1 +M1 −M2

≥ b2 = 2F1 + F2 −M1 −M2 (112)

due the Case-3 condition M1 > F1 ≥ F2. The achievable
scheme for Vertex 17 is provided in Table XIX.

Case 4: F2 < M2 ≤ M1 ≤ F1. This is the scenario when
the (M1,M2) value falls into the mid-left triangle in Fig. 1
with solid edges and being marked as “Case 4”. In this case,
the a1 to b6 values of (A1) to (B6) become

a1 = a3 = F1 −M2, a2 = F1 −M1, a4 = 0,

b1 = b2 = b4 = 2F1 + F2 −M1 −M2,

b3 = b6 = F1 + F2 −M2, b5 = F1 + F2 −M1.

Before proceeding, we further divide this case into two sub-
cases depending on whether F2 +M2 < M1 or not.

Case 4.1: F2 + M2 < M1. This sub-case further divides
the solid mid-left triangle of Fig. 1 by a dotted line and we
focus on the right sub-region. We now consider the following
5 cases.

Case 4.1.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain

R(1,2) ≥max(a2, b1 − a1) = max(F1 −M1, F1 + F2 −M1)

= F1 + F2 −M1; (113)

combine (A3) and (B2) to obtain (49), which follows from the
Case-4.1 condition F2 + M2 < M1; and combine (A4) and
(B3) to obtain

R(2,2) ≥ max(a4, b3 − a1) = max(0, F2) = F2. (114)

We then notice that any R(1,2), R(2,1), and R(2,2) satisfying
(113), (49), and (114) automatically satisfy the remaining three
inequalities (B4) to (B6). That is, they satisfy (51), (52), and

R(1,2) +R(2,2) ≥ F1 + 2F2 −M1

≥ b5 = F1 + F2 −M1. (115)

From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in
Case-4.1.1 can only be (A1), (113), (49), and (114). The
corresponding corner point is thus Vertex 8 (F1 −M2, F1 +
F2 −M1, F1 −M2, F2) described previously in Case-2.1.1.

Case 4.1.2: (A2) is tight. i.e., R(1,2) = a2. We can then
combine (A1) and (B1) to obtain

R(1,1) ≥max(a1, b1 − a2) = max(F1 −M2, F1 + F2 −M2)

= F1 + F2 −M2; (116)

combine (A3) and (B4) to obtain

R(2,1) ≥max(a3, b4 − a2) = max(F1 −M2, F1 + F2 −M2)

= F1 + F2 −M2; (117)

and combine (A4) and (B5) to obtain

R(2,2) ≥ max(a4, b5 − a2) = max(0, F2) = F2. (118)

We then notice that any R(1,1), R(2,1), and R(2,2) satisfying
(116), (117), and (118) automatically satisfy the remaining
three inequalities (B2), (B3), and (B6). That is,

R(1,1) +R(2,1) ≥ 2(F1 + F2 −M2) ≥ b2
= 2F1 + F2 −M1 −M2 (119)

R(1,1) +R(2,2) ≥ F1 + 2F2 −M2

≥ b3 = F1 + F2 −M2 (120)
R(2,1) +R(2,2) ≥ F1 + 2F2 −M2

≥ b6 = F1 + F2 −M2 (121)

where (119) follows from the Case-4 condition M1 ≥ M2,
which implies F2 −M2 ≥ −M1. From the above arguments,
the four linearly independent inequalities that are needed to
form the corner point in Case-4.1.2 can only be (A2), (116),
(117), and (118). The corresponding corner point is thus Vertex
21 (F1+F2−M2, F1−M1, F1+F2−M2, F2) and we describe
the corresponding achievable scheme in Table XXIII.

Case 4.1.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain (56), which follows from
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TABLE XXIII
VERTEX 21 (F1 + F2 −M2, F1 −M1, F1 + F2 −M2, F2) ACHIEVABLE UNDER CONDITION F2 ≤ M2 ≤ M1 ≤ F1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 W2 F2 1.2.Cov(U1,W2, F2, F2) (F2, 0, F2, F2)
U2 fu2 = F1 − F2 E 0 1.1.Cov(U2, E,M1 − F2,M2 − F2) (F1 −M2, F1 −M1, F1 −M2, 0)

the Case-4.1 condition F2 + M2 < M1; combine (A2) and
(B4) to obtain

R(1,2) ≥ max(a2, b4 − a3) = max(F1 −M1, F1 + F2 −M1)

= F1 + F2 −M1; (122)

and combine (A4) and (B6) to obtain

R(2,2) ≥ max(a4, b6 − a3) = max(0, F2) = F2. (123)

Note that any R(1,1), R(1,2), and R(2,2) satisfying (56), (122),
and (123) automatically satisfy the remaining three inequalities
(B1), (B3), and (B5). That is, they satisfy (22), (58), and

R(1,2) +R(2,2) ≥ F1 + 2F2 −M1

≥ b5 = F1 + F2 −M1. (124)

From the above arguments, the four linearly independent
inequalities that are needed to form the corner point in
Case-4.1.3 can only be (A3), (56), (122), and (123). The
corresponding corner point is thus Vertex 8 (F1 −M2, F1 +
F2 −M1, F1 −M2, F2) described previously in Case-2.1.1.

Case 4.1.4: (A4) is tight. i.e., R(2,2) = a4. We can then
combine (A1) and (B3) to obtain

R(1,1) ≥ max(a1, b3 − a4) = max(F1 −M2, F1 + F2 −M2)

= F1 + F2 −M2; (125)

combine (A2) and (B5) to obtain

R(1,2) ≥ max(a2, b5 − a4) = max(F1 −M1, F1 + F2 −M1)

= F1 + F2 −M1; (126)

and combine (A3) and (B6) to obtain

R(2,1) ≥ max(a3, b6 − a4) = max(F1 −M2, F1 + F2 −M2)

= F1 + F2 −M2; (127)

Note that any R(1,1), R(1,2), and R(2,1) satisfying (125), (126),
and (127) automatically satisfy (B1), (B2), and (B4). That is,

R(1,1) +R(1,2) ≥ 2F1 + 2F2 −M1 −M2

≥ b1 = 2F1 + F2 −M1 −M2 (128)
R(1,1) +R(2,1) ≥ 2(F1 + F2 −M2)

≥ b2 = 2F1 + F2 −M1 −M2 (129)
R(1,2) +R(2,1) ≥ 2F1 + 2F2 −M1 −M2

≥ b4 = 2F1 + F2 −M1 −M2 (130)

where (129) follows from the Case-4 condition M1 ≥ M2,
which implies F2 −M2 ≥ −M1. From the above arguments,
the four linearly independent inequalities that are needed to
form the corner point in Case-4.1.4 can only be (A4), (125),
(126), and (127). The corresponding corner point is thus Vertex
22 (F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2, 0) and we
describe the corresponding achievable scheme in Table XXIV.

Case 4.1.5: None of (A1) to (A4) is tight. We first notice
that for any corner point satisfying (A1) to (A4) loosely
must also satisfy (B2) loosely. That is, it must satisfy (63),
which follows from the Case-4.1 condition F2 + M2 < M1.
Therefore, the corner point (R(1,1), R(1,2), R(2,1), R(2,2)) must
satisfy 4 out of the 5 equations in (B1), (B3), (B4), (B5), and
(B6).

We now argue that the corner point in Case-4.1.5 must
satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) > R(2,1).
Since b1 = b4 and b3 = b6 in Case-4, we know that (B1) and
(B3) must be loose. Therefore, only 3 equalities (B4), (B5)
and (B6) are tight, which contradicts the fact that each corner
point corresponds to at least 4 tight inequalities.

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3), (B4),
(B5), and (B6) collapse to three equations (B4), (B5), and
(B6) that involve only 3 free variables (since R(1,1) = R(2,1)).
Solving the three equations shows that the corner point being
Vertex 23 (F1 + F2

2 −M2, F1 + F2

2 −M1, F1 + F2

2 −M2,
F2

2 ).
Vertex 23 is a legitimate corner point since it also satisfies
(A1) to (A4), i.e.,

F1 +
F2

2
−M2 ≥ a1 = a3 = F1 −M2 (131)

F1 +
F2

2
−M1 ≥ a2 = F1 −M1 (132)

F2

2
≥ a4 = 0. (133)

The achievable scheme for Vertex 23 is provided in Table
XXV.

Case 4.2: F2 + M2 ≥ M1. This sub-case further divides
the solid mid-left triangle of Fig. 1 by a dotted line and we
focus on the left sub-region. We now consider the following
6 cases.

Case 4.2.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain (113); combine (A3) and
(B2) to obtain (67), which follows from the Case-4.2 condition
F2 +M2 ≥M1; and combine (A4) and (B3) to obtain (114).
We then notice that any R(1,2), R(2,1), and R(2,2) satisfying
(113), (67), and (114) automatically satisfy the remaining three
inequalities (B4) to (B6). That is, they satisfy (10), (115), and

R(2,1) +R(2,2) ≥ F1 + 2F2 −M1

≥ b6 = F1 + F2 −M2 (134)

where (10) and (134) follows from the Case-4.2 condition
F2 + M2 ≥ M1. From the above arguments, the four lin-
early independent inequalities that are needed to form the
corner point in Case-4.2.1 can only be (A1), (113), (67),
and (114). The corresponding corner point is thus Vertex
1 (F1 − M2, F1 + F2 − M1, F1 + F2 − M1, F2) described
previously in Case-1.1.1.

Case 4.2.2: (A2) is tight. i.e., R(1,2) = a2. The analysis is
verbatim to Case-4.1.2 and the corner point is also Vertex 21.
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TABLE XXIV
VERTEX 22 (F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2, 0) ACHIEVABLE UNDER THE CONDITION F2 ≤ M2 ≤ M1 ≤ F1 + F2 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
W1 F1 E 0 1.1.Cov(W1, E,M1 − F2,M2 − F2) (F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2, 0)
E 0 W2 F2 2.2.Cov(E,W2, F2, F2) (0, 0, 0, 0)

TABLE XXV
VERTEX 23

(
F1 + F2

2
−M2, F1 + F2

2
−M1, F1 + F2

2
−M2,

F2
2

)
ACHIEVABLE UNDER CONDITION F2 ≤ M2 ≤ M1 ≤ F1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F2 W2 F2 Ha.Fi(U1,W2, F2, F2) (F2/2, F2/2, F2/2, F2/2)
U2 fu2 = F1 − F2 E 0 1.1.Cov(U2, E,M1 − F2,M2 − F2) (F1 −M2, F1 −M1, F1 −M2, 0)

Case 4.2.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain (69), which follows from
the Case-4.2 condition F2 + M2 ≥ M1; combine (A2) and
(B4) to obtain (122); and combine (A4) and (B6) to obtain
(123). Note that any R(1,1), R(1,2), and R(2,2) satisfying (69),
(122), and (123) automatically satisfy the remaining three
inequalities (B1), (B3), and (B5). That is, they satisfy (71),
(72), and (124) where (71) and (72) follow from the Case-
4.2 condition F2 + M2 ≥ M1. From the above arguments,
the four linearly independent inequalities that are needed to
form the corner point in Case-4.2.3 can only be (A3), (69),
(122), and (123). The corresponding corner point is thus Vertex
12 (F1 + F2 −M1, F1 + F2 −M1, F1 −M2, F2) described
previously in Case-2.2.3.

Case 4.2.4: (A4) is tight. i.e., R(2,2) = a4. The analysis is
verbatim to Case-4.1.4 and the corner point is also Vertex 22.

Case 4.2.5: (B2) is tight but none of (A1) to (A4) is tight.
We first argue that the corner point in such case must satisfy
R(1,1) = R(2,1). Suppose not, say R(1,1) >

b2
2 > R(2,1). Since

b1 = b4 and b3 = b6 in Case-4, we know that (B1) and (B3)
must be loose. Therefore, the 4 equalities (B2), (B4), (B5) and
(B6) must be tight. Solving these 4 equalities, we have

R(2,1) =
b4 + b6 − b5

2
= F1 +

F2

2
−M2

≥ b2
2

= F1 +
F2 −M1 −M2

2
(135)

where (135) follows from the Case-4 condition M1 ≥ M2.
Ineq. (135) contradicts the assumption b2

2 > R(2,1).
Since the corner point of Case-4.2.5 satisfies R(1,1) =

R(2,1), we have

R(1,1) = R(2,1) =
b2
2

= F1 +
F2 −M1 −M2

2
. (136)

We then combine (A2), (B1), and (B4) to obtain

R(1,2) ≥ max(a2, b1 −
b2
2
, b4 −

b2
2

)

= max(F1 −M1, F1 +
F2 −M1 −M2

2
)

= F1 +
F2 −M1 −M2

2
(137)

which follows from the Case-4 condition M1 ≥ M2, which
implies F2 −M2 ≥ −M1; and combine (A4), (B3), (B6) to

obtain

R(2,2) ≥ max(a4, b3 −
b2
2
, b6 −

b2
2

)

= max(0,
F2 +M1 −M2

2
) =

F2 +M1 −M2

2
(138)

which again follows from the Case-4 condition M1 ≥M2. We
then notice that any R(1,1), R(1,2), R(2,1), and R(2,2) satisfying
(136), (137), and (138) automatically satisfy the remaining
conditions (A1), (A3), and (B5). That is, the satisfy (110),
which follows from the Case-4.2 condition F2 + M2 ≥ M1,
and satisfy

R(1,2) +R(2,2) ≥ F1 + F2 −M2 ≥ b5 = F1 + F2 −M1

(139)

where (139) follows from the Case-4 condition M1 ≥ M2.
From the above arguments, the four linearly independent
inequalities characterizing the corner point in Case-4.2.5 must
be (136), (137), and (138). The corresponding corner point is
thus Vertex 13 (F1 + 1

2 (F2 −M1 −M2), F1 + 1
2 (F2 −M1 −

M2), F1 + 1
2 (F2 −M1 −M2), 12 (F2 +M1 −M2)) described

previously in Case-2.2.5.
Case 4.2.6: None of the five inequalities (A1) to (A4) and

(B2) is tight. We now argue that the corner point in Case-
4.2.6 must satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) >
R(2,1). Since b1 = b4 and b3 = b6 in Case-4, we know that
(B1) and (B3) must be loose. Therefore, only 3 equalities (B4),
(B5) and (B6) are tight, which contradicts the fact that each
corner point corresponds to at least 4 tight inequalities.

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3),
(B4), (B5), and (B6) collapse to three equations (B4),
(B5), and (B6) that involve only 3 free variables (since
R(1,1) = R(2,1)). Solving the three equations shows that
(R(1,1), R(1,2), R(2,1), R(2,2)) = (F1 + F2

2 −M2, F1 + F2

2 −
M1, F1 + F2

2 −M2,
F2

2 ), which is identical to the expression
of Vertex 23 in Case-4.1.5 and in Table XXV. We note that
Vertex 23 is a legitimate corner point in this case (Case-4.2.6)
since it satisfies (A1) to (A4), as was shown previously in
(131) to (133), and it also satisfies (B2)

R(1,1) +R(2,1) = 2F1 + F2 − 2M2

≥ b2 = 2F1 + F2 −M1 −M2 (140)

due to the Case-4 condition M1 ≥M2. The achievable scheme
for Vertex 23 is provided in Table XXV.
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Case 5: F2 < M2 ≤ F1 < M1 ≤ F1 + F2. This is the
scenario when the (M1,M2) value falls into the mid-right
rectangle in Fig. 1 with solid edges and being marked as “Case
5”. In this case, the a1 to b6 values of (A1) to (B6) become

a1 = a3 = F1 −M2, a2 = a4 = 0,

b1 = b3 = b4 = b6 = F1 + F2 −M2,

b2 = 2F1 + F2 −M1 −M2, b5 = F1 + F2 −M1.

Before proceeding, we further divide this case into two sub-
cases depending on whether F2 +M2 < M1 or not.

Case 5.1: F2 + M2 < M1. This sub-case further divides
the solid mid-right rectangle of Fig. 1 by a dotted line and we
focus on the right sub-region. We now consider the following
5 cases.

Case 5.1.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain

R(1,2) ≥max(a2, b1 − a1) = max(0, F2) = F2; (141)

combine (A3) and (B2) to obtain (49), which follows from the
Case-5.1 condition F2 + M2 < M1; and combine (A4) and
(B3) to obtain (114). We then notice that any R(1,2), R(2,1),
and R(2,2) satisfying (141), (49), and (114) automatically
satisfy the remaining three inequalities (B4) to (B6). That is,
they satisfy (52) and

R(1,2) +R(2,1) ≥ F1 + F2 −M2 = b4 (142)
R(1,2) +R(2,2) ≥ 2F2 ≥ b5 = F1 + F2 −M1. (143)

where (143) follows from Case-5 condition M1 > F1, which
implies F2 > F1 −M1. From the above arguments, the four
linearly independent inequalities that are needed to form the
corner point in Case-5.1.1 can only be (A1), (141), (49), and
(114). The corresponding corner point is thus Vertex 14 (F1−
M2, F2, F1 −M2, F2) described previously in Case-3.1.1.

Case 5.1.2: (A2) is tight. i.e., R(1,2) = a2. We can then
combine (A1) and (B1) to obtain (116); combine (A3) and
(B4) to obtain (117); and combine (A4) and (B5) to obtain

R(2,2) ≥ max(a4, b5 − a2) = max(0, F1 + F2 −M1)

= F1 + F2 −M1. (144)

We then notice that any R(1,1), R(2,1), and R(2,2) satisfying
(116), (117), and (144) automatically satisfy the remaining
three inequalities (B2), (B3), and (B6). That is, they satisfy
(119), which follows from the Case-5 condition M1 ≥ M2,
and satisfy

R(1,1) +R(2,2) ≥ 2F1 + 2F2 −M1 −M2

≥ b3 = F1 + F2 −M2 (145)
R(2,1) +R(2,2) ≥ 2F1 + 2F2 −M1 −M2

≥ b6 = F1 + F2 −M2 (146)

where (145) and (146) follow from the Case-5 condition
F1 + F2 ≥ M1. From the above arguments, the four lin-
early independent inequalities that are needed to form the
corner point in Case-5.1.2 can only be (A2), (116), (117),
and (144). The corresponding corner point is thus Vertex 24
(F1+F2−M2, 0, F1+F2−M2, F1+F2−M1) and we describe
the corresponding achievable scheme in Table XXVI.

Case 5.1.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain (56), which follows from
the Case-5.1 condition F2 + M2 < M1; combine (A2) and
(B4) to obtain

R(1,2) ≥ max(a2, b4 − a3) = max(0, F2) = F2; (147)

and combine (A4) and (B6) to obtain (123). Note that any
R(1,1), R(1,2), and R(2,2) satisfying (56), (147), and (123)
automatically satisfy the remaining three inequalities (B1),
(B3), and (B5). That is, they satisfy (58) and

R(1,1) +R(1,2) ≥ F1 + F2 −M2 = b1 (148)
R(1,2) +R(2,2) ≥ 2F2 ≥ b5 = F1 + F2 −M1 (149)

where (149) follows from Case-5 condition M1 > F1, which
implies F2 > F1 −M1. From the above arguments, the four
linearly independent inequalities that are needed to form the
corner point in Case-5.1.3 can only be (A3), (56), (147), and
(123). The corresponding corner point is thus Vertex 14 (F1−
M2, F2, F1 −M2, F2) described previously in Case-3.1.1.

Case 5.1.4: (A4) is tight. i.e., R(2,2) = a4. We can then
combine (A1) and (B3) to obtain (125); combine (A2) and
(B5) to obtain

R(1,2) ≥ max(a2, b5 − a4) = max(0, F1 + F2 −M1)

= F1 + F2 −M1; (150)

and combine (A3) and (B6) to obtain (127). Note that any
R(1,1), R(1,2), and R(2,1) satisfying (125), (150), and (127)
automatically satisfy (B1), (B2), and (B4). That is, they satisfy
(129), which follows from the Case-5 condition M1 ≥ M2,
and satisfy

R(1,1) +R(1,2) ≥ 2F1 + 2F2 −M1 −M2

≥ b1 = F1 + F2 −M2 (151)
R(1,2) +R(2,1) ≥ 2F1 + 2F2 −M1 −M2

≥ b4 = F1 + F2 −M2 (152)

where (151) and (152) follow from the Case-5 condition
F1 + F2 ≥ M1. From the above arguments, the four lin-
early independent inequalities that are needed to form the
corner point in Case-5.1.4 can only be (A4), (125), (150),
and (127). The corresponding corner point is thus Vertex 22
(F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2, 0) described
previously in Case-4.1.4.

Case 5.1.5: None of (A1) to (A4) is tight. We first notice
that for any corner point satisfying (A1) to (A4) loosely
must also satisfy (B2) loosely. That is, they satisfy (63),
which follows from the Case-5.1 condition F2 + M2 < M1.
Therefore, the corner point (R(1,1), R(1,2), R(2,1), R(2,2)) must
satisfy 4 out of the 5 equations in (B1), (B3), (B4), (B5), and
(B6).

We now argue that the corner point in Case-5.1.5 must
satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) > R(2,1).
Since b1 = b4 and b3 = b6 in Case-5, we know that (B1) and
(B3) must be loose. Therefore, only 3 equalities (B4), (B5)
and (B6) are tight, which contradicts the fact that each corner
point corresponds to at least 4 tight inequalities.
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TABLE XXVI
VERTEX 24 (F1 +F2 −M2, 0, F1 +F2 −M2, F1 +F2 −M1) ACHIEVABLE UNDER THE SIMULTANEOUS CONDITIONS (I) F2 ≤ M2 ≤ M1 ≤ F1 +F2 ;

AND (II) F1 ≤ M1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F1 + F2 −M1 V1 fv1 = F1 + F2 −M1 1.2.Cov(U1, V1, F1 + F2 −M1, F1 + F2 −M1) (fu1 , 0, fu1 , fu1 )
U2 fu2 = M1 − F2 E 0 1.1.Cov(U2, E,M1 − F2,M2 − F2) (M1 −M2, 0,M1 −M2, 0)
E 0 V2 fv2 = M1 − F1 2.2.Cov(E, V2,M1 − F1,M1 − F1) (0, 0, 0, 0)

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3), (B4),
(B5), and (B6) collapse to three equations (B4), (B5), and
(B6) that involve only 3 free variables (since R(1,1) = R(2,1)).
Solving the three equations shows that the corner point being
Vertex 25 ( 1

2 (F1 +F2 +M1)−M2,
1
2 (F1 +F2−M1), 12 (F1 +

F2 +M1)−M2,
1
2 (F1 +F2−M1)). Vertex 25 is a legitimate

corner point since it also satisfies (A1) to (A4), i.e.,

R(1,1) = R(2,1) =
(F1 + F2 +M1)

2
−M2

≥ a1 = a3 = F1 −M2 (153)

R(1,2) = R(2,2) =
(F1 + F2 −M1)

2
≥ a2 = a4 = 0 (154)

where (153) follows from the Case-5 condition M1 > F1; and
(154) follows from the Case-5 condition F1 + F2 ≥M1. The
achievable scheme for Vertex 25 is provided in Table XXVII.

Case 5.2: F2 + M2 ≥ M1. This sub-case further divides
the solid mid-right rectangle of Fig. 1 by a dotted line and we
focus on the left sub-region. We now consider the following
6 cases.

Case 5.2.1: (A1) is tight. i.e., R(1,1) = a1. We can then
combine (A2) and (B1) to obtain (141); combine (A3) and
(B2) to obtain (67), which follows from the Case-5.2 condition
F2 +M2 ≥M1; and combine (A4) and (B3) to obtain (114).
We then notice that any R(1,2), R(2,1), and R(2,2) satisfying
(141), (67), and (114) automatically satisfy the remaining three
inequalities (B4) to (B6). That is, they satisfy (143), which
follows from the Case-5 condition M1 > F1, and satisfy

R(1,2) +R(2,1) ≥ F1 + 2F2 −M1

≥ b4 = F1 + F2 −M2 (155)
R(2,1) +R(2,2) ≥ F1 + 2F2 −M1

≥ b6 = F1 + F2 −M2 (156)

where (155) and (156) follow from Case-5.2 condition F2 +
M2 ≥ M1. From the above arguments, the four linearly
independent inequalities that are needed to form the cor-
ner point in Case-5.2.1 can only be (A1), (141), (67), and
(114). The corresponding corner point is thus Vertex 18
(F1−M2, F2, F1+F2−M1, F2) described previously in Case-
3.3.1.

Case 5.2.2: (A2) is tight. i.e., R(1,2) = a2. The analysis is
verbatim to Case-5.1.2 and the corner point is also Vertex 24.

Case 5.2.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain (69), which follows from the
Case-5.2 condition F2 + M2 ≥ M1; combine (A2) and (B4)
to obtain (147); and combine (A4) and (B6) to obtain (123).
Note that any R(1,1), R(1,2), and R(2,2) satisfying (69), (147),
and (123) automatically satisfy the remaining three inequalities

(B1), (B3), and (B5). That is, they satisfy (149), which follows
from the Case-5 condition M1 > F1, and satisfy

R(1,1) +R(1,2) ≥ F1 + 2F2 −M1

≥ b1 = F1 + F2 −M2 (157)
R(1,1) +R(2,2) ≥ F1 + 2F2 −M1

≥ b3 = F1 + F2 −M2 (158)

where (157) and (158) follow from the Case-5.2 condition
F2 +M2 ≥M1. From the above arguments, the four linearly
independent inequalities that are needed to form the corner
point in Case-5.2.3 can only be (A3), (69), (147), and (123).
The corresponding corner point is thus Vertex 19 (F1 + F2 −
M1, F2, F1 −M2, F2) described previously in Case-3.3.3.

Case 5.2.4: (A4) is tight. i.e., R(2,2) = a4. The analysis is
verbatim to Case-5.1.4 and the corner point is also Vertex 22.

Case 5.2.5: (B2) is tight but none of (A1) to (A4) is tight.
We first argue that the corner point in such case must satisfy
R(1,1) = R(2,1). Suppose not, say R(1,1) >

b2
2 > R(2,1). Since

b1 = b4 and b3 = b6 in Case-5, we know that (B1) and (B3)
must be loose. Therefore, the 4 equalities (B2), (B4), (B5) and
(B6) must be tight. Solving these 4 equalities, we have

R(2,1) =
b4 + b6 − b5

2
=
F1 + F2 +M1

2
−M2

≥ b2
2

= F1 +
F2 −M1 −M2

2
(159)

where (159) follows from the Case-5 condition M1 > F1 ≥
M2. Ineq. (159) contradicts the assumption b2

2 > R(2,1).
Since the corner point of Case-5.2.5 satisfies R(1,1) =

R(2,1), we have (107). We then combine (A2), (B1), and
(B4) to obtain (108), which follows from the Case-5 condition
M1 > F1 ≥ F2; and combine (A4), (B3), and (B6) to
obtain (109), which again follows from the Case-5 condition
M1 > F1 ≥ F2. We then notice that any R(1,1), R(1,2), R(2,1),
and R(2,2) satisfying (107), (108), and (109) automatically
satisfy the remaining conditions (A1), (A3), and (B5). That is,
they satisfy (110), which follows from the Case-5.2 condition
F2 +M2 ≥M1, and satisfy

R(1,2) +R(2,2) ≥ F2 +M1 −M2

≥ b5 = F1 + F2 −M2 (160)

where (160) follows from the Case-5 condition M1 > F1.
From the above arguments, the four linearly independent
inequalities characterizing the corner point in Case-5.2.5 must
be (107), (108), and (109). The corresponding corner point
is thus Vertex 20 (F1 + 1

2 (F2 − M1 − M2), 12 (F2 + M1 −
M2), F1 + 1

2 (F2 −M1 −M2), 12 (F2 +M1 −M2)) described
previously in Case-3.3.5.
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TABLE XXVII
VERTEX 25

(
1
2
(F1 + F2 +M1)−M2,

1
2
(F1 + F2 −M1),

1
2
(F1 + F2 +M1)−M2,

1
2
(F1 + F2 −M1)

)
ACHIEVABLE UNDER THE SIMULTANEOUS

CONDITIONS (I) F2 ≤ M2 ≤ M1 ≤ F1 + F2 ; AND (II) F1 ≤ M1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F1 + F2 −M1 V1 fv1 = F1 + F2 −M1 Ha.Fi(U2, V2, F1 + F2 −M1, F1 + F2 −M1) (fu1/2, fu1/2, fu1/2, fu1/2)
U2 fu2 = M1 − F2 E 0 1.1.Cov(U2, E,M1 − F2,M2 − F2) (M1 −M2, 0,M1 −M2, 0)
E 0 V2 fv2 = M1 − F1 2.2.Cov(E, V3,M1 − F1,M1 − F1) (0, 0, 0, 0)

Case 5.2.6: None of the five inequalities (A1) to (A4) and
(B2) is tight. We now argue that the corner point in Case-
5.2.6 must satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) >
R(2,1). Since b1 = b4 and b3 = b6 in Case-5, we know that
(B1) and (B3) must be loose. Therefore, only 3 equalities (B4),
(B5) and (B6) are tight, which contradicts the fact that each
corner point corresponds to at least 4 tight inequalities.

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3),
(B4), (B5), and (B6) collapse to three equations (B4),
(B5), and (B6) that involve only 3 free variables (since
R(1,1) = R(2,1)). Solving the three equations shows that
(R(1,1), R(1,2), R(2,1), R(2,2)) = ( 1

2 (F1 + F2 + M1) −
M2,

1
2 (F1 +F2−M1), 12 (F1 +F2 +M1)−M2,

1
2 (F1 +F2−

M1)), which is identical to the expression of Vertex 25 in
Case-5.1.5 and in Table XXVII. We note that Vertex 25 is
a legitimate corner point in this case (Case-5.2.6) since it
satisfies (A1) to (A4), as was shown previously in (153) and
(154), which follow the Case-5 condition F1+F2 ≥M1 > F1;
and it also satisfies (B2)

R(1,1) +R(2,1) = F1 + F2 +M1 − 2M2

≥ b2 = 2F1 + F2 −M1 −M2 (161)

due to the Case-5 condition M1 > F1 ≥ M2. The achievable
scheme for Vertex 25 is provided in Table XXVII.

Case 6: F2 ≤ F1 < M2 ≤ M1 ≤ F1 + F2. This is the
scenario when the (M1,M2) value falls into the upper triangle
in Fig. 1 with solid edges and being marked as “Case 6”. In
this case, the a1 to b6 values of (A1) to (B6) become

a1 = a2 = a3 = a4 = 0,

b1 = b3 = b4 = b6 = F1 + F2 −M2,

b2 = b5 = F1 + F2 −M1.

We now consider the following 6 cases.
Case 6.1: (A1) is tight. i.e., R(1,1) = a1. We can then

combine (A2) and (B1) to obtain

R(1,2) ≥max(a2, b1 − a1) = max(0, F1 + F2 −M2)

= b1 = F1 + F2 −M2; (162)

combine (A3) and (B2) to obtain

R(2,1) ≥max(a3, b2 − a1) = max(0, F1 + F2 −M1)

= b2 = F1 + F2 −M1; (163)

and combine (A4) and (B3) to obtain

R(2,2) ≥max(a4, b3 − a1) = max(0, F1 + F2 −M2)

= b3 = F1 + F2 −M2; (164)

We then notice that any R(1,2), R(2,1), and R(2,2) satisfying
(162), (163), and (164) automatically satisfy the remaining
three inequalities (B4) to (B6). That is,

R(1,2) +R(2,1) ≥ b1 + b2 = b4 + b2 ≥ b4 (165)
R(1,2) +R(2,2) ≥ 2(F1 + F2 −M2)

≥ b5 = F1 + F2 −M1 (166)
R(2,1) +R(2,2) ≥ b2 + b3 = b2 + b6 ≥ b6. (167)

where (166) follows from Case-6 condition M2 ≤ M1 ≤
F1 + F2. From the above arguments, the four linearly inde-
pendent inequalities that are needed to form the corner point
in Case-6.1 can only be (A1), (162), (163), and (164). The
corresponding corner point is thus Vertex 26 (0, F1 + F2 −
M2, F1 + F2 − M1, F1 + F2 − M2) and we describe the
corresponding achievable scheme in Table XXVIII.

Case 6.2: (A2) is tight. i.e., R(1,2) = a2. We can then
combine (A1) and (B1) to obtain

R(1,1) ≥ max(a1, b1 − a2) = max(0, F1 + F2 −M2)

= F1 + F2 −M2; (168)

combine (A3) and (B4) to obtain

R(2,1) ≥ max(a3, b4 − a2) = max(0, F1 + F2 −M2)

= F1 + F2 −M2; (169)

and combine (A4) and (B5) to obtain (144). We then notice
that any R(1,1), R(2,1), and R(2,2) satisfying (168), (169), and
(144) automatically satisfy the remaining three inequalities
(B2), (B3), and (B6). That is, they satisfy (145), (146), and

R(1,1) +R(2,1) ≥ 2(F1 + F2 −M2) ≥ F1 + F2 −M2

≥ b2 = F1 + F2 −M1 (170)

where (145), (146), and (170) follow from the Case-6 condi-
tion M2 ≤ M1 ≤ F1 + F2. From the above arguments, the
four linearly independent inequalities that are needed to form
the corner point in Case-6.2 can only be (A2), (168), (169),
and (144). The corresponding corner point is thus Vertex 24
(F1 + F2 −M2, 0, F1 + F2 −M2, F1 + F2 −M1) described
previously in Case-5.1.2.

Case 6.3: (A3) is tight. i.e., R(2,1) = a3. We can then
combine (A1) and (B2) to obtain

R(1,1) ≥ max(a1, b2 − a3) = max(0, F1 + F2 −M1)

= b2 = F1 + F2 −M1; (171)

combine (A2) and (B4) to obtain

R(1,2) ≥ max(a2, b4 − a3) = max(0, F1 + F2 −M2)

= b4 = F1 + F2 −M2; (172)
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TABLE XXVIII
VERTEX 26 (0, F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2) ACHIEVABLE UNDER THE CONDITION F1 ≤ M2 ≤ M1 ≤ F1 + F2 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
W1 F1 E 0 1.1.Cov(W1, E, F1, F1) (0, 0, 0, 0)
E 0 W2 F2 2.2.Cov(E,W2,M1 − F1,M2 − F1) (0, F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2)

and combine (A4) and (B6) to obtain

R(2,2) ≥ max(a4, b6 − a3) = max(0, F1 + F2 −M2)

= b6 = F1 + F2 −M2; (173)

Note that any R(1,1), R(1,2), and R(2,2) satisfying (171), (172),
and (173) automatically satisfy the remaining three inequalities
(B1), (B3), and (B5). That is,

R(1,1) +R(1,2) ≥ b2 + b4 ≥ b4 = b1 (174)
R(1,1) +R(2,2) ≥ b2 + b6 ≥ b6 = b3. (175)
R(1,2) +R(2,2) ≥ 2(F1 + F2 −M2) ≥ F1 + F2 −M2

≥ b5 = F1 + F2 −M1 (176)

where (176) follows from Case-6 condition M2 ≤ M1 ≤
F1 + F2. From the above arguments, the four linearly inde-
pendent inequalities that are needed to form the corner point
in Case-6.3 can only be (A3), (171), (172), and (173). The
corresponding corner point is thus Vertex 27 (F1 + F2 −
M1, F1 + F2 −M2, 0, F1 + F2 −M2) and we describe the
corresponding achievable scheme in Table XXIX.

Case 6.4: (A4) is tight. i.e., R(2,2) = a4. We can then
combine (A1) and (B3) to obtain

R(1,1) ≥ max(a1, b3 − a4) = max(0, F1 + F2 −M2)

= F1 + F2 −M2; (177)

combine (A2) and (B5) to obtain (150); and combine (A3)
and (B6) to obtain

R(2,1) ≥ max(a3, b6 − a4) = max(0, F1 + F2 −M2)

= F1 + F2 −M2. (178)

Note that any R(1,1), R(1,2), and R(2,1) satisfying (177), (150),
and (178) automatically satisfy (B1), (B2), and (B4). That is,
they satisfy (151), (152), and

R(1,1) +R(2,1) ≥ 2(F1 + F2 −M2) ≥ F1 + F2 −M2

≥ b2 = F1 + F2 −M1 (179)

where (151), (152), and (179) follow from the Case-6 condi-
tion M2 ≤ M1 ≤ F1 + F2. From the above arguments, the
four linearly independent inequalities that are needed to form
the corner point in Case-6.4 can only be (A4), (177), (150),
and (178). The corresponding corner point is thus Vertex 22
(F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2, 0) described
previously in Case-4.1.4.

Case 6.5: (B2) is tight but none of (A1) to (A4) is tight.
We first argue that the corner point in such case must satisfy
R(1,1) = R(2,1). Suppose not, say R(1,1) >

b2
2 > R(2,1). Since

b1 = b4 and b3 = b6 in Case-6, we know that (B1) and (B3)

must be loose. Therefore, the 4 equalities (B2), (B4), (B5) and
(B6) must be tight. Solving these 4 equalities, we have

R(2,1) =
b4 + b6 − b5

2
=
F1 + F2 +M1

2
−M2

≥ b2
2

=
F1 + F2 −M1

2
(180)

where (180) follows from the Case-6 condition M1 ≥ M2.
Ineq. (180) contradicts the assumption b2

2 > R(2,1).
Since the corner point rates of Case-6.5 satisfies R(1,1) =

R(2,1), we have

R(1,1) = R(2,1) =
b2
2

=
F1 + F2 −M1

2
. (181)

We then combine (A2), (B1), and (B4) to obtain

R(1,2) ≥ max(a2, b1 −
b2
2
, b4 −

b2
2

) =
F1 + F2 +M1

2
−M2;

(182)

and combine (A4), (B3), and (B6) to obtain

R(2,2) ≥ max(a4, b3 −
b2
2
, b6 −

b2
2

) =
F1 + F2 +M1

2
−M2.

(183)

where (182) and (183) follow form the Case-6 condition
M2 ≤ M1 ≤ F1 + F2. We then notice that any R(1,1),
R(1,2), R(2,1), and R(2,2) satisfying (181), (182), and (183)
automatically satisfy the remaining conditions (A1), (A3), and
(B5). That is,

R(1,1) = R(2,1) =
b2
2

=
F1 + F2 −M1

2
≥ a1 = a3 = 0

(184)
R(1,2) +R(2,2) ≥ F1 + F2 +M1 − 2M2

≥ b5 = F1 + F2 −M2 (185)

where (184) follows from the Case-6 condition M1 ≤ F1+F2,
and (185) follows from the Case-6 condition M1 ≥M2. From
the above arguments, the four linearly independent inequalities
characterizing the corner point in Case-6.5 must be (181),
(182), and (183). The corresponding corner point is thus Vertex
28 ( 1

2 (F1 +F2 −M1), 12 (F1 +F2 +M1)−M2,
1
2 (F1 +F2 −

M1), 12 (F1+F2+M1)−M2) and the corresponding achievable
scheme is provided in Table XXX.

Case 6.6: None of the five inequalities (A1) to (A4) and
(B2) is tight. We now argue that the corner point in Case-
6.6 must satisfy R(1,1) = R(2,1). Suppose not, say R(1,1) >
R(2,1). Since b1 = b4 and b3 = b6 in Case-6, we know that
(B1) and (B3) must be loose. Therefore, only 3 equalities (B4),
(B5) and (B6) are tight, which contradicts the fact that each
corner point corresponds to at least 4 tight inequalities.

Since R(1,1) = R(2,1), the 5 equations in (B1), (B3),
(B4), (B5), and (B6) collapse to three equations (B4),
(B5), and (B6) that involve only 3 free variables (since



25

TABLE XXIX
VERTEX 27 (F1 +F2 −M1, F1 +F2 −M2, 0, F1 +F2 −M2) ACHIEVABLE UNDER THE SIMULTANEOUS CONDITIONS (I) F1 ≤ M2 ≤ M1 ≤ F1 +F2 ;

AND (II) F2 ≤ M1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F1 + F2 −M1 V1 fv1 = F1 + F2 −M1 2.1.Cov(W1, E, F1 + F2 −M1, F1 + F2 −M1) (fu1 , fu1 , 0, fu1 )
U2 fu2 = M1 − F2 E 0 1.1.Cov(U2, E,M1 − F2,M1 − F2) (0, 0, 0, 0)
E 0 V2 fv2 = M1 − F1 2.2.Cov(E, V2,M1 − F1,M2 − F1) (0,M1 −M2, 0,M1 −M2)

TABLE XXX
VERTEX 28

(
1
2
(F1 + F2 −M1),

1
2
(F1 + F2 +M1)−M2,

1
2
(F1 + F2 −M1),

1
2
(F1 + F2 +M1)−M2

)
ACHIEVABLE UNDER THE SIMULTANEOUS

CONDITIONS (I) F2 ≤ M2 ≤ M1 ≤ F1 + F2 ; AND (II) F1 ≤ M1 .

W1 F1 W2 F2 Scheme (R(1,1), R(1,2), R(2,1), R(2,2))
U1 fu1 = F1 + F2 −M1 V1 fv1 = F1 + F2 −M1 Ha.Fi(W1, E, F1 + F2 −M1, F1 + F2 −M1) (fu1/2, fu1/2, fu1/2, fu1/2)
U2 fu2 = M1 − F2 E 0 1.1.Cov(U2, E,M1 − F2,M1 − F2) (0, 0, 0, 0)
E 0 V2 fv2 = M1 − F1 2.2.Cov(E, V2,M1 − F1,M2 − F1) (0,M1 −M2, 0,M1 −M2)

R(1,1) = R(2,1)). Solving the three equations shows that
(R(1,1), R(1,2), R(2,1), R(2,2)) = ( 1

2 (F1 + F2 + M1) −
M2,

1
2 (F1 +F2−M1), 12 (F1 +F2 +M1)−M2,

1
2 (F1 +F2−

M1)), which is identical to the expression of Vertex 25 in
Case-5.1.5 and in Table XXVII. We note that Vertex 25 is a
legitimate corner point in this case (Case-6.6) since it satisfies
(A1) to (A4) as well as (B2). That is

R(1,1) = R(2,1) =
F1 + F2 +M1

2
−M2 ≥ a1 = a3 = 0

(186)

R(1,2) = R(2,2) =
F1 + F2 −M1

2
≥ a2 = a4 = 0 (187)

R(1,1) +R(2,1) = F1 + F2 +M1 − 2M2

≥ b2 = F1 + F2 −M1 (188)

due to the Case-6 condition M2 ≤ M1 ≤ F1 + F2. The
achievable scheme for Vertex 25 is provided in Table XXVII.
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