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Abstract—The most commonly used setting in the coded
caching literature consists of the following five elements: (i)
homogeneous file sizes, (ii) homogeneous cache sizes, (iii) user-
independent homogeneous file popularity (i.e., all users share the
same file preference), and (iv) worst-case rate analysis. While
recent results have relaxed some of these assumptions, deeper un-
derstanding of the full heterogeneity setting is still much needed
since traditional caching schemes place little assumptions on
file/cache sizes and almost always allow each user to have his/her
own file preference through individualized file request prediction.
Taking a microscopic approach, this paper characterizes the exact
capacity of the smallest 2-user/2-file (N = K = 2) problem but
under the most general setting that simultaneously allows for (i)
heterogeneous files sizes, (ii) heterogeneous cache size, (iii) user-
dependent file popularity, and (iv) average-rate analysis. Solving
completely the case of N = K = 2, the results would shed
further insights on the performance and complexity of optimal
coded caching with full heterogeneity for arbitrary N and K.

I. INTRODUCTION

Recently [1] shows that coded caching can shorten the
worst-case delivery time by a factor of ( 1

1+KM/FN ) when
compared to the traditional uncoded caching schemes, where
N is the number of files, K is the number of users, M is
the individual cache size and F is the individual file size.
Although the capacity of the general coded caching problem
remains an open problem, the optimal coded caching scheme
(exact capacity) is characterized for some special cases [1]–[3]
and order-optimal capacity characterization for several more
general scenarios [1], [4]–[8].

Most existing results are based on the settings of (i) ho-
mogeneous file sizes, (ii) homogeneous cache size, (iii) user-
independent homogeneous file popularity, and (iv) worst-case
analysis. These settings are not 100% compatible with the
traditional uncoded caching solutions. Specifically, the basic
design principle of traditional schemes is to first predict the
likelihood of the next file request for each individual user
(i.e., user-dependent heterogeneous file popularity), then let
each user store the most likely file(s) until his/her cache is
full (which is naturally applicable to heterogeneous file and
cache sizes). The rationale behind is that such probability-
based greedy solution would reduce the average rate during
delivery, even though there is no optimality guarantee.

Because of the aforementioned differences between their
settings, a coded scheme designed for the homogeneous,
worst-case setting could have significantly worse average-
rate performance in practice when compared to a traditional
scheme, especially for the scenarios in which the individual-
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ized file request prediction is very effective and the file and
cache sizes are highly heterogeneous.

In principle, since coded caching is a strict generalization
of any uncoded solution, an optimal coded caching solution
should outperform its non-coded counterpart under any setting.
This potential loss of performance is mainly due to the homo-
geneous settings on which existing coded caching schemes are
optimized, which mismatch the practical scenarios.

Motivated by this observation, this work studies the exact
capacity region and the corresponding optimal coded caching
schemes under (i) heterogeneous file sizes, (ii) heterogeneous
cache size, (iii) user-dependent heterogeneous file popularity,
and (iv) average-case analysis. Such results, if successful,
would allow the system designers to accurately assess the
performance gain of coded caching (the ultimate capacity
minus the achievable rate of traditional uncoded schemes) in
a practical heterogeneous setting. While the problem remains
open for general N and K values, we characterize the exact
capacity for N = K = 2. The results would shed further
insight for general N and K.

A. Comparison to Existing Results

Several existing works relaxed parts of the above conditions
(i) to (iv). Table I provides a non-comprehensive list of
several related results. As can be seen in Table I, finding
the exact capacity remains a difficult task and most existing
exact capacity results are based on small K (i.e., K = 2 or
K = 3) and focus on the worst-case rate rather than a general
probabilistic average rate model, e.g., [1]–[3], [9]. One of the
most general heterogeneous setting results is [10], which uses
linear programming results to search for better achievable rates
without deriving any converse bounds, and is not focused on
the general user-dependent file popularity setting. To the best
of our knowledge, there exists neither exact capacity nor order-
optimal results for the average rate setting with heterogeneous
file/cache sizes and user-dependent file popularity.

II. PROBLEM FORMULATION

We consider the simplest non-trivial coded caching system
with N = 2 files and K = 2 users. A central server has
access to two files W1 and W2 of file sizes F1 and F2 bits,
respectively. The cache content of user k is denoted by Zk

and is of size Mk for k ∈ {1, 2}. Without loss of generality,
we assume Mk ∈ [0, F1 + F2] for all k.

In the placement phase, user k populates its cache by

Zk = φk(W1,W2), (1)

where φk is the caching function of user k. In the delivery
phase, the two users send a demand request (d1, d2) ∈ {1, 2}2



TABLE I
COMPARISONS OF EXISTING RESULTS

Worst-case rate Average rate

Homo. file and homo. cache sizes
Arbitrary K and N , order-optimal rate [1], [4], [8] Arbitrary K and N , order-optimal rate [5]–[8]
K = 2 and arbitrary N , exact capacity [1], [2] Arbitrary K and N , achievable rate only [11], [12]
K = 3 and N = 2, exact capacity [2]

Homo. file and heter. cache sizes K = 2 and arbitrary N , exact capacity [3] Arbitrary K and N , achievable rate only [10]
Heter. file and homo. cache sizes Arbitrary K and N , order-optimal rate [13] Arbitrary K and N , achievable rate only [10]
Heter. file and heter. cache sizes N = K = 2, exact capacity [9] Arbitrary K and N , achievable rate only [10]

to the server, i.e., user k demands file Wdk
. The probability

mass function of the demand request ~d , (d1, d2) is denoted
by p~d, which satisfies

∑
~d∈{1,2}2 p~d = 1. We assume {p~d},

which can be of any arbitrary value, is known to the server.
After receiving ~d, the server broadcasts an encoded signal

X~d = ψ(~d,W1,W2) (2)

of R~d bits with encoding function ψ. Each user k then uses
its cache content Zk to decode his/her desired file

Ŵdk
= µk(~d,X~d, Zk) (3)

where µk is the decoding function of user k.

Definition 1. A coded caching scheme is specified completely
by its five functions {φ1, φ2, ψ, µ1, µ2} and it is zero-error
feasible if Ŵdk

= Wdk
for all ~d ∈ {1, 2}2, all k ∈ {1, 2}, and

all Wk ∈ {0, 1}Fk .

Definition 2. The worst-case rate of a zero-error coded
caching scheme is

R∗ = max
~d∈{0,1}2

R~d. (4)

The worst-case capacity is the infimimum of the worst-case
rates of all zero-error schemes.

Definition 3. The average rate of a zero-error coded caching
scheme is

R̄ =
∑

~d∈{1,2}2

p~dR~d. (5)

The average-rate capacity is the infimimum of the average
rates of all zero-error schemes.

For simplicity, we slightly abuse the above notation and
directly use R∗ and R̄ to denote the worst-case and the
average-rate capacities, respectively, even though their original
notations in (4) and (5) are for the achievable rates instead.

III. MAIN RESULTS

Define the following strictly more general concept.

Definition 4. The per-request capacity region (PRCR) is the
closure of the rate vectors ~R = (R(1,1), R(1,2), R(2,1), R(2,2))
of all zero-error coded caching schemes.

PRCR is the most fundamental performance limits of coded
caching since it captures the optimal tradeoff needed to
simultaneously satisfy different request patterns. Our main
result is an exact characterization of the PRCR. In the end
of Section III-B, we also elaborate how to use the PRCR to
solve R∗ and R̄.

A. Lower Bounds of the PRCR

We derive the following lower bounds for arbitrary file and
cache sizes (F1, F2,M1,M2).

Instance 0: Nonnegative rates:

R~d ≥ 0, ∀~d ∈ {1, 2}2. (6)

By varying ~d, there are totally 4 inequalities in Instance 0.
Instance 1: For any i, j ∈ {1, 2}, there are two inequalities:

R(i,j) +M1 ≥ Fi, and R(i,j) +M2 ≥ Fj . (7)

By varying i, j, there are totally 8 inequalities in Instance 1.
Instance 2: For any (i, j) = (1, 2) or (2, 1),

R(i,j) +M1 +M2 ≥ F1 + F2. (8)

By varying (i, j), there are totally 2 inequalities in Instance 2.
Instance 3: For any i, j ∈ {1, 2}, there are two inequalities:

R(i,1)+R(j,2) +M2 ≥ F1 + F2, (9)
R(1,i)+R(2,j) +M1 ≥ F1 + F2. (10)

By varying i, j, there are totally 8 inequalities in Instance 3.
Instance 4 uses a more refined technique1 and we thus

provide the detailed derivation.
Instance 4: For any (i, j) = (1, 2), (2, 1), or (2, 2),

R(i,1) +R(1,j) +M1 +M2 (11)
≥ H(X(i,1)) +H(Z2) +H(X(1,j)) +H(Z1) (12)
≥ H(X(i,1), Z2) +H(X(1,j), Z1) (13)
≥ H(X(i,1), Z2,W1) +H(X(1,j), Z1,W1) (14)
≥ H(X(i,1), X(1,j), Z1, Z2,W1) +H(W1) (15)
≥ H(X(i,1), X(1,j), Z1, Z2,W1,W2) +H(W1) (16)
= H(W1,W2) +H(W1) = 2F1 + F2 (17)

where (13) follows from that the sum of marginal entropies is
no less than the joint entropy; (14) follows from that user 2
can decode W1 based on X(i,1) and Z2 and user 1 can decode
W1 based on X(1,j) and Z1; (15) follows from the Shannon-
type inequality; (16) follows from that we can decode W2

from X(i,1), X(1,j), Z1, and Z2; and (17) follows from that
X’s and Z’s are functions of (W1,W2).

Symmetrically for any (i, j) = (1, 2), (2, 1), or (1, 1)

R(i,2) +R(2,j) = M1 +M2 ≥ F1 + 2F2.

Varying (i, j), there are totally 6 inequalities in Instance 4.
Totally, there are 28 linear inequalities in Instances 0 to 4.

1A more general version of the techniques can be found in [1], [2], [14].



B. Coded Caching Capacity for N = K = 2

The derivation of the aforementioned lower bounds is rela-
tively straightforward, see [1], [2], [9], [14]. A more important
contribution of this work is to show that these lower bounds
indeed characterize the exact 4-dimensional PRCR.

Proposition 1. Consider arbitrary (F1, F2,M1,M2). For any
~R that satisfies the 28 lower bounds in Section III-A simulta-
neously, we can find a zero-error scheme attaining such ~R.

The proof of Proposition 1 is based on the following lemma.

Lemma 1. The 4-D polytope formed by the 28 linear inequal-
ities has either 2 or 4 or 6 distinct corner points. The actual
number depends on the underlying (F1, F2,M1,M2) value.
An exhaustive list of all the corner points is provided jointly
in Fig. 1 and Table II.

Proposition 2. All 28 corner points listed in Fig. 1 and
Table II can be achieved with explicit code construction.

Lemma 1 and Proposition 2 jointly imply Proposition 1.
Due to space limits, in Section III-C we prove Lemma 1

for the sub-case “0 ≤M2 ≤M1 and M1 +M2 ≤ F2”, which
has exactly 4 corner points Vertices 1, 2, 3, and 4, see Fig 1.
Among them, the most interesting achievable scheme is for
Vertex 4 and we thus also provide its details in Section III-C.
A complete and detailed proof for all the cases and all the
achievable schemes can be found in [15].

Knowing all corner points of the per-request capacity re-
gion (PRCR) is very beneficial. Since the average capacity
corresponds to the vector ~R in the PRCR that has the smallest
linear objective value

∑
p~dR~d and since the minimum of a

linear programming problem can only happen at the corner
points, we can easily use the corner points in Fig. 1 and
Table II to characterize the average-rate capacity of arbitrary
popularity vector (p(1,1), p(1,2), p(2,1), p(2,2)). Namely, given
any (F1, F2,M1,M2), we first use Fig. 1 to figure out all
the corner points in the RPCR. Then for each corner point,
we plug in the closed-form expression in Table II to the
objective function

∑
p~dR~d. Repeat this process for each

corner point. Finally the smallest objective function must be
the average-rate capacity under the given (F1, F2,M1,M2)
and (p(1,1), p(1,2), p(2,1), p(2,2)). Two example results of this
general procedure are provided as follows.

Corollary 1. For arbitrary (F1, F2) and uniform file popular-
ity (i.e., p~d = 0.25, ∀~d), the average-rate capacity for arbitrary
(M1,M2) is described in Fig. 2.

Corollary 2. Suppose (F1, F2) = (1.5, 1) and user 1 demands
files 1 and 2 with probability 2/3 and 1/3, respectively, and
user 2 demands files 1 and 2 with probability 0.4 and 0.6, re-
spectively, and the demands of the users are independent. The
corresponding average-rate capacity for arbitrary (M1,M2)
is described in Fig. 3.

The exact PRCR characterization can also be used to
easily rederive the worst-cast capacity R∗ with arbitrary
(F1, F2,M1,M2), previously found by examining the outer
bounds of entropic cones [9]. See [15] for details.
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Fig. 2. The average-rate capacity of uniform popularity.
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). There are 12 facets and
14 corner points. Each corner point is labeled by a tuple (M1,M2, R̄),
where (M1,M2) describe the location and the third coordinate describe the
corresponding exact average-rate capacity R̄. The capacity is asymmetric with
respect to (M1,M2) due to the heterogeneous file popularity.

The closed form expressions of R∗ and R̄ as functions of
(F1, F2,M1,M2) and {p~d}, e.g., Corollaries 1 and 2, can be
used to solve other design optimization problems. For exam-
ple, we can solve the 2-user/2-file memory allocation problem
[16] optimally by finding the (M∗1 ,M

∗
2 ) that minimizes R∗ (or

R̄) subject to the total memory constraint M1 +M2 ≤Mtotal.

C. Sketch Of The Proofs

We now sketch the proofs for the case “0 ≤M2 ≤M1 and
M1+M2 ≤ F2”. To that end, we first summarize and simplify
the 14 inequalities in Instances 0 to 2 as

R(1,1) ≥ F1 −M2 (A1)
R(1,2) ≥ F1 + F2 −M1 −M2 (A2)
R(2,1) ≥ F1 + F2 −M1 −M2 (A3)
R(2,2) ≥ F2 −M2 (A4)
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Fig. 1. Description of the regions of (M1,M2) and the corresponding corner points. The x-axis (resp. y-axis) is for the M1 (resp. M2) value. In this figure
we assume F1 ≥ F2 and only describe the cases when M1 ≥ M2, thus the lower-half of the line M1 = M2. The cases of F1 < F2 and M2 < M1 can be
obtained by swapping the file and user indices, respectively. Two scenarios are considered: (a) If F1 ≥ 2F2; (b) If F1 < 2F2. In both scenarios, there are 6
major regions described by solid lines, which are labeled as Cases 1 to 6. The 6 major regions are further partitioned into 11 sub-regions by three 45-degree
dotted lines. The numbers within each sub-regions are the indices of the corner points of the 4-D PRCR polytope when (M1,M2) falls into the sub-region.
For example, in both (a) and (b), the triangular subregion corresponding to “0 ≤ M2 ≤ M1 and M1 +M2 ≤ F2” are labeled by “1,2,3,4”. This means that
when “0 ≤ M2 ≤ M1 and M1 + M2 ≤ F2” holds, the 4 corner points are vertices 1, 2, 3, and 4 described in Table II.

TABLE II
THE EXPRESSIONS OF ALL POSSIBLE CORNER POINTS. WE USE F1+2 , F1 + F2 AND M1+2 , M1 + M2 AS SHORTHAND

Closed-form expression: ~R = (R(1,1), R(1,2), R(2,1), R(2,2)) Closed-form expression: ~R = (R(1,1), R(1,2), R(2,1), R(2,2))
1 (F1 −M2, F1 + F2 −M1, F1 + F2 −M1, F2) 15 (F1, F2 −M2, F1, F2 −M2)
2 (F1, F1 + F2 −M1 −M2, F1 + F2 −M1 −M2, F2) 16 (F1, F2 −M2, F1, F1 + F2 −M1)

3 (F1, F1 + F2 −M1, F1 + F2 −M1, F2 −M2) 17 (F1+M1−M2
2

, F2 +
F1−M1+2

2
, F1+M1−M2

2
, F2 +

F1−M1+2

2
)

4 (F1 − M2
2

, F1+2 −M1 − M2
2

, F1+2 −M1 − M2
2

, F2 − M2
2

) 18 (F1 −M2, F2, F1 + F2 −M1, F2)
5 (F1, F1 + F2 −M1 −M2, F1, F2) 19 (F1 + F2 −M1, F2, F1 −M2, F2)

6 (F1, F1, F1 + F2 −M1 −M2, F2) 20 (F1 +
F2−M1+2

2
, F2+M1−M2

2
, F1 +

F2−M1+2

2
, F2+M1−M2

2
)

7 (F1 +
F2−M1+2

2
, F1 +

F2−M1+2

2
, F1 +

F2−M1+2

2
,
3F2−M1+2

2
) 21 (F1 + F2 −M2, F1 −M1, F1 + F2 −M2, F2)

8 (F1 −M2, F1 + F2 −M1, F1 −M2, F2) 22 (F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2, 0)

9 (F1, F1 + F2 −M1 −M2, F1, F2) 23 (F1 + F2
2

−M2, F1 + F2
2

−M1, F1 + F2
2

−M2,
F2
2

)
10 (F1, F1 + F2 −M1, F1, F2 −M2) 24 (F1 + F2 −M2, 0, F1 + F2 −M2, F1 + F2 −M1)

11 (F1 − M2
2

, F1 + F2 −M1 − M2
2

, F1 − M2
2

, F2 − M2
2

) 25 (
F1+2+M1

2
−M2,

F1+2−M1

2
,
F1+2+M1

2
−M2,

F1+2−M1

2
)

12 (F1 + F2 −M1, F1 + F2 −M1, F1 −M2, F2) 26 (0, F1 + F2 −M2, F1 + F2 −M1, F1 + F2 −M2)

13 (F1 +
F2−M1+2

2
, F1 +

F2−M1+2

2
, F1 +

F2−M1+2

2
, F2+M1−M2

2
) 27 (F1 + F2 −M1, F1 + F2 −M2, 0, F1 + F2 −M2)

14 (F1 −M2, F2, F1 −M2, F2) 28 (
F1+2−M1

2
,
F1+2+M1

2
−M2,

F1+2−M1

2
,
F1+2+M1

2
−M2)

For example, combining Instances 0 to 2 leads to R(1,2) ≥
max(0, F1 −M1, F2 −M2, F1 + F2 −M1 −M2), which is
equivalent to (A2) since M1 + M2 ≤ F2. Inequalities (A1),
(A3), and (A4) can be derived similarly. Additionally, we have

R(1,1) +R(1,2) ≥ 2F1 + F2 −M1 −M2 (B1)
R(1,1) +R(2,1) ≥ 2F1 + F2 −M1 −M2 (B2)
R(1,1) +R(2,2) ≥ F1 + F2 −M2 (B3)
R(1,2) +R(2,1) ≥ 2F1 + F2 −M1 −M2 (B4)
R(1,2) +R(2,2) ≥ F1 + 2F2 −M1 −M2 (B5)
R(2,1) +R(2,2) ≥ F1 + 2F2 −M1 −M2 (B6)

where the conditions 0 ≤ M2 ≤ M1 and M1 + M2 ≤ F2

are used repeatedly to simplify the max operations that arise
when summarizing the 14 inequalities in Instances 3 and 4.

There are 10 inequalities in (A1) to (B6). Each corner point
of the 4-dimensional PRCR must satisfy at least 4 of them
with equalities. If an inequality is satisfied with equality, we
say such an inequality is tight. Therefore, we need to have at
least 4 tight inequalities. We consider the following 5 cases.

Case 1: (A1) is tight. i.e., R(1,1) = F1 −M2. We can then
combine (A2) and (B1) to obtain

R(1,2) ≥ max(F1 + F2 −M1 −M2, F1 + F2 −M1) (18)
= F1 + F2 −M1; (19)

where (18) follows from substituting R(1,1) = F1 −M2 into
(B1). Similarly, we can combine (A3) and (B2) to obtain

R(2,1) ≥ max(F1 + F2 −M1 −M2, F1 + F2 −M1)

= F1 + F2 −M1; (20)



and combine (A4) and (B3) to obtain

R(2,2) ≥ max(F2 −M2, F2) = F2. (21)

We then notice that any R(1,2) and R(2,1) satisfying (19)
and (20) automatically satisfy (B4). That is,

R(1,2) +R(2,1) ≥ 2(F1 + F2 −M1)

≥ 2F1 + F2 −M1 −M2 (22)

where (22) follows from the condition M1 + M2 ≤ F2.
Similarly, one can show that any R(1,2), R(2,1), and R(2,2)

satisfying (19) to (21) automatically satisfy (B4) to (B6).
From the above arguments, the four inequalities that are

needed to form the corner point can only be (A1), (19), (20),
and (21). The corresponding corner point is thus Vertex 1 (F1−
M2, F1 + F2 −M1, F1 + F2 −M1, F2).

Cases 2 to 4 follow very similar steps as in Case 1.
Specifically, Case 2 considers the case that (A2) is tight,
and one can show that the corresponding corner point is
indeed Vertex 2. Case 3 considers that (A3) is tight. The
corresponding corner point is also2 Vertex 2. Case 4 considers
that (A4) is tight and the corner point is Vertex 3.

Case 5: None of (A1) to (A4) is tight. We first notice that
for any corner point satisfying (A1) to (A4) loosely must also
satisfy (B4) loosely. That is,

R(1,2) +R(2,1) > 2(F1 + F2 −M1 −M2)

≥ 2F1 + F2 −M1 −M2 (23)

where (23) follows from the condition M1 + M2 ≤ F2.
Therefore, the corner point (R(1,1), R(1,2), R(2,1), R(2,2)) must
satisfy 4 out of the 5 equations in (B1) to (B3), (B5), and (B6).

We now argue that the corner point in Case 5 must satisfy
R(1,2) = R(2,1). Suppose not, say R(1,2) > R(2,1). By noticing
that the right-hand sides of (B1) and (B2) are identical and
the left-hand sides share the common R(1,1) term, we know
that (B1) must be loose. Similarly, by comparing (B5) and
(B6), the assumption R(1,2) > R(2,1) implies (B5) must be
loose. Therefore, only 3 equalities (B2), (B3) and (B6) can
possibly be tight, which contradicts the fact that each corner
point corresponds to at least 4 tight inequalities.

Since R(1,2) = R(2,1), the 5 equations in (B1), (B2), (B3),
(B5), and (B6) collapse to three equations (B2), (B3), and
(B6) that involve only 3 free variables (since R(1,2) = R(2,1)).
Solving the three equations leads to a solution Vertex 4 (F1−
M2

2 , F1 +F2−M1− M2

2 , F1 +F2−M1− M2

2 , F2− M2

2 ). By
verifying that Vertex 4 also satisfies (A1) to (A4), we have
proven that Vertex 4 is the legitimate corner point of Case 5.

All four vertices can be achieved by explicit code construc-
tion. Due to space limits, we provide the achievable scheme
only for the most interesting case, Vertex 4.

Denote file 1 by U and file 2 by V . We divide file 1 into four
disjoint subfiles U1, U2, U3 and U4 with file size M1 −M2,
M2/2, M2/2, and F1−M1 respectively. We divide file 2 into
four disjoint subfiles V1, V2, V3, and V4, with file sizes M1−

2One can prove that for any corner point, if one of its 4 tight inequalities
is (A2), then (A3) is also a tight inequality and vice versa. This is why Cases
2 and 3 have the same vertex.

M2, M2/2, M2/2, and F2 −M1, respectively. Then we have
the following zero-error scheme. User 1 caches Z1 = (U1 ⊕
V1, U2, V2) with total memory size M1 and user 2 caches Z2 =
(U3, V3) with total memory size M2. In the delivery phase,
the transmitted signals for the four demands are X(1,1) =
(U1, U2 ⊕ U3, U4), X(1,2) = (V1, V2 ⊕ U3, U4, V4), X(2,1) =
(U1, U2 ⊕ V3, U4, V4), and X(2,2) = (V1, V2 ⊕ V3, V4). The
corresponding rates R(1,1) = F1 − M2

2 , R(1,2) = F1 + F2 −
M1−M2

2 , R(2,1) = F1+F2−M1−M2

2 , and R(2,2) = F2−M2

2
attain the corner point Vertex 4. Q.E.D.

IV. CONCLUSION

The per-request capacity region (PRCR) is the most funda-
mental performance metric in the information-theoretic studies
of coded caching. In this work, we have characterized the exact
PRCR of the 2-user/2-file setting with full heterogeneity and
used it to derive the average-rate capacity with heterogeneous
demand popularity, file sizes, and cache sizes. The results shed
new insights for the future work with general N and K values.
For example, the capacity-achieving schemes reported in [15]
are all based on space-sharing among 7 basic schemes, which
are likely to be useful for general N and K as well.
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