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Abstract—Supporting delay-sensitive traffic is critical to the
next-generation communication network. This work studies the
1-to-2 broadcast packet erasure channels with causal ACKnowl-
edgement (ACK), which is motivated by practical downlink access
point networks. While the corresponding delay-constrained Shan-
non capacity remains an open problem (no existing analysis tools
can be directly applied), this work focuses on linear codes and
proposes three new definitions of delay-constrained throughput
based on different outage metrics: the file-based, the rank-
based, and the packet-based ones. It then fully characterizes the
corresponding linear coding capacity regions for relatively-short-
delay flows — flows for which the delay requirement is no larger
than the interval of file arrivals.

I. INTRODUCTION

More and more delay-sensitive traffic are carried over

wireline and wireless networks, e.g., the control traffic of

smart grids, airbone drone control, online gaming, etc. It

is thus imperative to understand the network capacity C
under different end-to-end delay budget D, i.e., the tradeoff

curve C(D) between the capacity and the delay-budget. For

illustration, assume that there is only 1 flow in the network.

It is intuitive that for extremely small delay budget Dtiny,

no scheme can do better than the traditional store-&-forward

(a.k.a. routing) policy since any additional processing, e.g.,

network coding (NC), will inevitably incur additional delay,

not allowed under the strict delay budget Dtiny. As a result,

store-&-forward is capacity-achieving when D is small. On

the other extreme, when delay is of no concern D = ∞,

the max-flow/min-cut theorem shows that the capacity C(∞)
can again be achieved by forwarding along the maximum flow
of the network. Since store-&-forward is optimal under both

extremes Dtiny and D = ∞, a common belief was “store-&-

forward can achieve C(D) for all D values when there is only

one flow in the network.”
Recent results [1], [2] disprove the above statement and

show that even for the simplest single unicast setting, for some

network instances with moderate D values, NC can strictly

improve the delay-constrained throughput of the best store-&-

forward policy by as much as 100%. Such a finding prompts

the following important question:

Given an allowable end-to-end delay budget, how
to optimally process the information (within the
delay budget) to support delay-sensitive traffic be-
yond what was previously thought possible under
the industry-standard store-&-forward policies?
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Results along this direction will provide a valuable guidance

in practice as system designers can then compare the capacity

C(D) versus what is achievable by routing, particularly in the

context of complexity overhead of additional processing.
This work aims at answering the above fundamental ques-

tion in the setting of 1-to-2 broadcast packet erasure chan-

nels with causal ACKnowledgment (ACK). Such a setting is

motivated by downlink access point networks for which each

packet transmission may be seriously corrupted, thus receiving

“erasure.” Causal ACK is sent from the destinations back to

the access point after each packet transmission. Our goal is to

characterize how much throughput improvement NC can have

under a stringent delay-constrained setting.
Having random erasure means that sometimes it is sim-

ply impossible to delivery the messages within the delay

constraint, the so-called outage events. Therefore, the delay-

constrained capacity has to be redefined in a way similar

to the outage capacity for slow fading channels. Focusing

exclusively on linear NC, this work proposes three new

definitions of delay-constrained throughput based on different

outage metrics: the file-based, the rank-based, and the packet-

based ones. It then fully characterizes the corresponding linear
NC capacity for relatively-short-delay flows — flows for which

the delay requirement is less than the interval of file arrivals.

II. PROBLEM FORMULATION

A. Delay-constrained flows
Assume slotted transmission and consider two coexisting

traffic flows. For flow k, k = 1, 2, we assume periodic file
arrival with period prdk. Namely, the m-th file of flow k,

∀m ≥ 1, will arrive in the beginning of time slot

t[k]arr (m)
Δ
= offsetk + (m− 1) · prdk (1)

where offsetk is the time-offset of flow k. Each file may have

multiple packets and we use L
[k]
m to denote the number of

packets of the m-th flow-k file. For ease of exposition, we

assume L
[k]
m is i.i.d. Poisson1 with average E(L

[k]
m ) = λk.

The flows are delay-constrained. Namely, the m-th file of

flow k will “expire” and become useless at time slot

t[k]exp(m)
Δ
= offsetk + (m− 1) · prdk + Dk (2)

1Even though our analysis can be applied to non-Poisson distributions with
no modification, the setting of this work depends on the underlying file size
distribution. Namely, whether the system can support average throughput λk

may depend on the distribution of L
[k]
m . One possible way to circumvent the

dependence on the file size distribution is to use an adversarial model and
consider the worst-case performance, which is beyond the scope of this work.



where Dk is the delay requirement for flow k. In

sum, the packet arrival process can be specified by

(λk, offsetk, prdk,Dk). When prdk = 1, our packet arrival

model includes the i.i.d. arrival process as a special case.

Definition 1: A flow is of relatively short delay if Dk ≤
prdk. Namely, the delay requirement is very strict such that

all the current packets will expire before the next file arrives.

B. The packet erasure channel and the coding schemes

We consider a 1-to-2 broadcast packet erasure channel. For

each time t, source s transmits a packet Xt (recall that each

file has L
[k]
m packets). With probability pk destination dk will

receive Xt successfully and otherwise it will receive erasure.

We assume that the success events are independent over time

and between destinations. For example, the probability that at

least one of {d1, d2} receives the packet is p1∨2
Δ
= 1 − (1 −

p1)(1− p2). We also denote the reception status vector Zt by

Zt = (1{Xt is rcv’d by d1}, 1{Xt is rcv’d by d2})

This work assumes exclusively linear network coding.

Namely, at time t, source s chooses a coding vector ct and

uses it to linearly combine all the packets that have arrived
(including packets of both flows). We assume that causal ACK

to be sent to s through an error-free control channel. Therefore,

ct is a function of [Z]t−1
1

Δ
= {Z1, · · · ,Zt−1}.

At time slot t
[k]
exp(m), destination dk can use the packets it

has successfully received in time slot t ∈ [1, t
[k]
exp(m)− 1] plus

the reception status [Z]
t[k]

exp (m)−1

1 to decode the L
[k]
m packets of

the m-th flow-k file. Again, here we assume that causal ACK

is available to dk through an error-free control channel.

The above definitions can be rigorously formulated using

the language of finite field GF(q). Since our results hold for

arbitrary GF(q), we assume GF(q) is fixed in this work.

Definition 2: The arrival rates (λ1, λ2) are feasible under

file-outage probability (ε1, ε2) if there exists an NC scheme

and a constant t0 such that for all T > t0 and all k,

∑m
[k]
T

m=1 E{1{the m-th flow-k file can be decoded in time}}
m

[k]
T

> 1− εk (3)

where m
[k]
T

Δ
= max{m : t

[k]
exp(m) ≤ T} is the number of flow-

k packets that are scheduled to be decoded by time T . The

capacity (λ∗1, λ
∗
2) is the supremum over all feasible rates.

Definition 3: Similarly we can define the capacity under

rank-outage and packet-outage events by replacing (3) with

∑m
[k]
T

m=1 E{R[k]
m }

m
[k]
T · λk

> 1− εk and

∑m
[k]
T

m=1 E{M [k]
m }

m
[k]
T · λk

> 1− εk,

respectively, where the rank variable R
[k]
m is the number of

innovative combinations (of the L
[k]
m packets) that can be

decoded; and the variable M
[k]
m is the number of original

message packets (out of the L
[k]
m packets) that can be decoded.

The package-outage capacity is closely related to the con-

cept of instantly decodable NC schemes [3], for which a

received packet allows immediate decoding of one more

original message packet (not just an innovative combination).

C. Example: When there is only 1 flow

To illustrate our definitions, we consider the degenerate

case in which there is only 1 flow with relatively short delay
requirement, described by (λ, offset, prd,D) with D ≤ prd.

By simple counting arguments, arrival rate λ is feasible under

file-outage rate ε if and only if

P (L ≤ S) =

D∑
l=0

D∑
s=l

λle−λ

l!
·
(
D

s

)
ps(1− p)D−s > 1− ε

where L is the random packet size, p is the packet delivery

rate, and S is the random number of success within D trials.

For example, when D = prd = 10, p = 0.5, and ε = 5%,

the delay-constrained capacity is λ∗ ≈ 1.945. The normalized

delay-constrained capacity λ∗
D ≈ 0.1945 is significantly less

than the channel success probability p = 0.5 = C(∞), the

Shannon capacity when the delay is of no concern D =∞.

D. Open questions and comparison to existing results

One can see that the above counting argument does not

hold when there are 2 flows since any capacity computation

also needs to take into account all possible ways of designing

the underlying NC solution. In some sense, our results greatly

simplify the NC design space so that one can, for the first

time in the literature, use computers to answer the fundamental

delay-capacity tradeoff question, see Section I.

Even when limited to store-&-forward policies, it is non-

trivial to find the optimal routing rate when there are K ≥ 2
flows, since one still has to take into account all possible ways

of choosing which flow to send at each time slot. Recently

[4] characterizes the K-flow delay-constrained routing capac-
ity while assuming: (i) each file consists of only 1 packet

(L
[k]
m = 1), (ii) all flows are of relatively short delay; and (iii)

all K arrival processes share the same (offset, prd,D) values.

In comparison, our work focuses on linear NC capacity with

only 2 flows. We still require (ii) but relax both (i) and (iii).

Results in [5] and the references therein study decoding

delay minimization for single multicast traffic. The goal is to

reduce the decoding delay while still maintaining the optimal

single-multicast capacity. In contrast, our work focuses ex-

clusively on 2-unicast and we study throughput maximization

under any given end-to-end delay constraint.

III. MAIN RESULTS

We now describe the main results. Consider a 5-dimensional

non-negative vector q
Δ
= (q[1], q[2], q

[1]
o.h., q

[2]
o.h., qmix) ≥ 0. Define

Q Δ
= {q ≥ 0 : q[k] + q

[k]
o.h. + qmix ≤ Dk + 1, ∀k = 1, 2}

as the collection of all q satisfying the two given inequalities.

Define Prd
Δ
= l.c.m.(prd1, prd2) as the least common multiple

of prdk. Also define A as a finite set of 8 elements:

A Δ
= {uc1, uc2, xor, dx1, dx2, idle, pm, rc}.



It will be clearer in the later discussion why we denote the

5 queues in q and the 8 elements in A with special names

rather than just simply naming them as q1 to q5 and a1 to a8.

Proposition 1 (File-Outage Capacity): Given any pk and

(λk, offsetk, prdk,Dk) with Dk ≤ prdk, we can explicitly

construct 2 + Prd constant matrices: Φfeas, Φtx, and {Φae(h) :

h ∈ [0,Prd−1]}, and 2·Prd constant vectors {�φ[1]
out(h), �φ

[2]
out(h) :

h ∈ [0,Prd− 1]} such that:

Rates (λ1, λ2) are feasible under file outage prob. (ε1, ε2)
if and only if there exist 2 · Prd vectors �x(h) and �y(h), ∀h ∈
[0,Prd− 1], such that each �x(h) = {xq,a(h) : q ∈ Q, a ∈ A}
is of dimension 8|Q|; each �y(h) = {yq(h) : q ∈ Q} is of

dimension |Q|; and they satisfy the following inequalities:

Group 1: Probability vector conditions. ∀h ∈ [0,Prd− 1]

�x(h) ≥ 0 and
∑
∀q,a

xq,a(h) = 1; (4)

and yq(h) =
∑
∀a∈A

xq,a(h), ∀q ∈ Q. (5)

Namely, �x(h) is a joint distribution on a random vector (q, a)
and �y(h) is the corresponding marginal distribution on q.

Group 2: Feasibility conditions. ∀h ∈ [0,Prd− 1]

Φfeas · �x(h) = 0. (6)

Namely, each �x(h) has to satisfy some feasibility conditions.

Group 3: Transition probability conditions. ∀h ∈ [0,Prd−1]

�y((h+ 1) mod Prd) = Φae(h) · Φtx · �x(h). (7)

When viewed as a Markov chain, (7) specifies the transition
probability from �x(h) to �y(h+1). The modulo operation “(h+
1) mod Prd” enforces a tail-biting condition on the Markov

chain.

Group 4: Outage probability conditions. ∀k ∈ {1, 2}

1− εk <
Prd−1∑
h=0

(
�φ
[k]
out(h)

)T

· �x(h) (8)

I.e., the outage probability is linearly related to the probability

vectors �x(h).
Proposition 2 (Rank-outage and packet-outage capacity): (i)

The rank-outage and the packet-outage capacity regions are

always equal; (ii) They can also be described using (4)–(8),

for which the matrices Φfeas, Φtx, and {Φae(h)} are identical as

in Proposition 1 and only the vectors �φ
[k]
out need to be changed.

Due to limited space, we will focus only on explaining

the main ideas of Proposition 1. Proposition 2-(ii) can be

proven by very similar steps. Proposition 2-(i) can be proven

by showing that any scheme that achieves the rank-outage

capacity can be converted to an instantly decodable NC

scheme that achieves the same rate.

The proof of Proposition 1 consists of two steps: Step 1: We

consider a special class of NC schemes and prove that one can

find an NC scheme in that class that supports capacity (λ1, λ2)
with file-outage probability (ε1, ε2) if and only if (4)–(8) hold.

Namely, (4)–(8) characterize the best possible throughput in

that class. Step 2: We prove that the best throughput in that

class is indeed the linear NC capacity by showing that any

linear NC scheme can be converted to an instance in that class

with the same throughput. We now explain the detailed ideas.

A. Capacity characterization of a special class of schemes

Instead of directly describing the class of schemes of

interest, we first describe a simpler but suboptimal class of

achievability schemes and use it to illustrate the main ideas.

Consider four virtual queues: Q[k], Q
[k]
o.h., k = 1, 2. When-

ever a new file of flow-k arrives, the corresponding packets

are stored in Q[k], a queue containing those flow-k packets

that have never been transmitted.

Suppose s sends an uncoded flow-1 packet and it is received

by destination d1, then it will be successfully delivered and

we remove it from Q[1]. If such a packet is not heard by d1
but overheard by d2, then we remove such packet from Q[1]

and store it in Q
[1]
o.h., which contains those flow-1 packets that

have not been delivered but have been overheard by d2. Virtual

queue Q
[2]
o.h. is defined symmetrically.

Suppose we have two packets X ∈ Q
[1]
o.h. and Y ∈ Q

[2]
o.h., then

source can transmit a linear sum [X+Y ], which benefits both

destinations since X is overheard by d2 and Y is overheard by

d1. Thus far, we have described 3 coding operations that can

be used by s: (i) Send an uncoded packet from Q[k], k = 1, 2.

We call these two coding operations uc1 and uc2, respectively;

(ii) Send a linear sum [X + Y ] by combining packets from

Q
[1]
o.h. and Q

[2]
o.h.. We call this coding operation xor.

Additionally, source s can also choose to send X directly

from Q
[1]
o.h. without XOR, or send Y ∈ Q

[2]
o.h. without XOR.

We call these two operations Degenerate XOR2 and denote

them by dx1 and dx2, respectively. Obviously s can also

choose to stay “idle” and not transmitting. In sum, we have

four virtual queues Q̃
Δ
= (Q[1], Q[2], Q

[1]
o.h., Q

[2]
o.h.) and 6 coding

operations Ã Δ
= {uc1, uc2, xor, dx1, dx2, idle} to choose from.

These operations are very well documented in [6]–[8].

With the above notation, we describe a class of NC schemes

as follows. For any time t we randomly choose among these

6 operations with some probability. We allow the probability

of selecting these operations to depend on the current time

stamp t and on current queue lengths q̃ = (q[1], q[2], q
[1]
o.h., q

[2]
o.h.).

Namely, the scheme can be described by the conditional

probabilities {zã|q̃(t) : ∀ã ∈ Ã, ∀q̃, ∀t}. We further impose

that the selection probability zã|q̃(t) to be periodic with period

Prd. Namely, zã|q̃(t) = zã|q̃(t + Prd). By allowing different

{zã|q̃(t)}, we have a class of NC schemes.

We now characterize the best delay-constrained throughput

for this class of NC schemes. Specifically, we will explicitly

construct matrices Φfeas, Φtx, Φae(h) and vectors φ
[k]
out such that

“a random selection scheme achieves file-outage throughput

(λ1, λ2) if and only if we can find �x(h) and �y(h) vectors that

satisfy (a similar version of) (4)–(8).”

2These are called degenerate-XOR since they are designed for the cases in

which Q
[3−k]
o.h. is empty but there are some leftover packets in Q

[k]
o.h. that still

need to be delivered but with no packet to combine.



The only if direction ⇒: Consider any given {zã|q̃(t) :
∀ã, q̃, t} that achieves the file-outage throughput (λ1, λ2).
Since {zã|q̃(t)} has period Prd, the least common multiple

of the arrival/departure patterns of the two flows, in the long

run the distribution of the queue lengths at each time t will

reach a steady-state. Using the given {zã|q̃(t) : ∀ã, q̃, t},
we compute the steady state distribution and denote it by

�y(t) = {yq̃(t) : ∀q̃}, which is also periodic with period Prd.

After computing the distribution {yq̃(t)} on q̃, we compute

the joint distribution on (q̃, ã) by xq̃,ã(t) = yq̃(t)zã|q̃(t).
Obviously the resulting vectors �y(t) and �x(t) are probability

distributions that satisfy (4) and (5).

We now notice that the computed �x(t) must satisfy:

xq̃,ã(t) = 0 if ã = uc1 and q[1] = 0; (9)

xq̃,ã(t) = 0 if ã = uc2 and q[2] = 0; (10)

xq̃,ã(t) = 0 if ã = xor and q
[1]
o.h.q

[2]
o.h. = 0; (11)

xq̃,ã(t) = 0 if ã = dx1 and q
[1]
o.h. = 0; (12)

xq̃,ã(t) = 0 if ã = dx2 and q
[2]
o.h. = 0. (13)

For example, to send an uncoded flow-1 packet (coding choice

ã = uc1) we must have Q[1] being non-empty. Therefore,

zã|q̃ = 0 if ã = uc1 and q[1] = 0, which implies (9). Similarly,

to be able to send an XORed packet (coding choice ã = xor),
both Q

[1]
o.h. and Q

[2]
o.h. must be non-empty, which implies (11).

(9)–(13) are called the feasibility conditions and can be written

in a matrix form (6).

To explain (7), recall that �y(t + 1) denote the steady-state

queue-length distribution in the beginning of time t + 1. We

now define the �w(t) vector as the steady-state queue-length

distribution in the end of time t. The difference between

�y(t+1) and �w(t) is that at the beginning of time t+1, some

old packets will expire and some new packets may arrive.

Therefore we have

�y(t+ 1) = Φae(t) · �w(t) (14)

where Φae(t) is the state transition matrix due to packet

Arrival and Expiration in the beginning of time t + 1 (or

equivalently in the end of time t). One can explicitly write

down Φae(t) for all t by checking whether there is any new

packet arrival/expiration at time t + 1 using the predefined

arrival/expiration time in (1) and (2).

For example, if there is no arrival and expiration in the

beginning of time t + 1, we must have �y(t + 1) = �w(t). We

can then set Φae(t) = I, the identity matrix. Another example

is that suppose at time t+1, (i) no new flow-1 packet arrives;

(ii) all old flow-1 packets expire; (iii) l new flow-2 packets

arrive; and (iv) no old flow-2 packet expires. Then we have

(
w

(q[1],q[2],q
[1]
o.h.

,q
[2]
o.h.

)
(t)

)
·
(
(λ2)

le−λ2

l!

)

−→ y
(0,q[2]+l,0,q

[2]
o.h.

)
(t+ 1) (15)

where the notation in (15) means that a
(λ2)

le−λ2

l! portion

of the value of w
(q[1],q[2],q

[1]
o.h.

,q
[2]
o.h.

)
(t) will be “transferred” to

y
(0,q[2]+l,0,q

[2]
o.h.

)
(t+1). The reason is as follows: All the flow-1

queues will be reset to 0 since flow-1 packets have expired;

Q[2] will increase by l, where l is the number of new flow-2

packets entering the system. Since the file size is Poisson, we

have the transition probability3 being
(λ2)

le−λ2

l! .

Using the deterministic arrival/expiration time instants in

(1) and (2), we can explicitly write down the Φae(t) in (14)

for all t, which can be further strengthened as

�y((t+ 1) mod Prd) = Φae(t) · �w(t) (16)

since the computed �y(t) has period Prd.

We now claim that the �w(t) and �x(t) (both are computed

from the given {zã|q̃(t) : ∀ã, q̃, t}) must satisfy

�w(t) = Φtx · �x(t) (17)

for some Φtx. The transition matrix Φtx can be computed by

analyzing the packet movement within the queues Q[1], Q[2],

Q
[1]
o.h. and Q

[2]
o.h., which is well documented in [6]–[8] and is

thus omitted. For example, if s sends an uncoded packet from

Q[2], i.e., ã = uc2, then with probability p1(1 − p2) it will

be overheard by d1 but not by d2. Therefore the packet will

leave Q[2] and enter Q
[2]
o.h.. Using the same notation as in (15),

the probability transfer relationship is thus(
x
(q[1],q[2],q

[1]
o.h.

,q
[2]
o.h.

),uc2
(t)

)
· p1(1− p2)

−→ w
(q[1],q[2]−1,q

[1]
o.h.

,q
[2]
o.h.

+1)
(t);

Together (16) and (17) lead to (7).

Finally, we consider the outage events. The successful

file delivery event happens when in the end of time slot

t = t
[k]
exp(m)− 1, all packets have been successfully delivered

and there is no flow-k packet remaining in the queues. As a

result, the file delivery probability of flow-k satisfies

1− εk < lim
M→∞

1

M

M∑
m=1

∑
q̃:q[k]=q

[k]
o.h.

=0

wq̃(t
[k]
exp(m)− 1)

=
1

Prd/prdk

Prd/prdk∑
m=1

∑
q̃:q[k]=q

[k]
o.h.

=0

wq̃(t
[k]
exp(m)− 1) (18)

where the last equality follows from that �w(t) has period Prd.

Jointly (18) and (17) can be used to write down (8).

In sum, we have proven that any feasible random-selection

scheme can be used to compute �x(h) and �y(h) vectors that

satisfy (a similar version of) (4)–(8).

The if direction ⇐: We will prove that any �x(h) and �y(h)
vectors satisfying (4)–(8) can be used to construct {zã|q̃(t) :
∀ã, q̃, t} such that the corresponding random-selection scheme

achieves file-outage throughput (λ1, λ2). This can be achieved

by setting
zã|q̃(t) =

xq̃,ã

yq̃(t)
.

Then following similar analysis as in the “only-if” direction,

we can use (8) to prove that the outage condition (3) holds.

3Since flow-2 can deliver at most D2 packets within the delay constraint,
one can truncate the Poisson distribution and only consider l ≤ D2+1 where
l = D2 + 1 represents the case of excessive arrivals. The truncation is key
to keep the state space finite so that Proposition 1 remains computable.
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Fig. 1. Normalized file-outage capacity with (p1, p2) = (0.5, 0.6) and
(ε1, ε2) = (5%, 5%). The x- and y-axes are λ1/D and λ2/D, respectively.

B. More detailed explanations

The scheme in Section III-A is based on 4 virtual queues

Q̃
Δ
= (Q[1], Q[2], Q

[1]
o.h., Q

[2]
o.h.) and 6 coding operations Ã Δ

=
{uc1, uc2, xor, dx1, dx2, idle} to choose from. In [9], a new

network coding scheme is proposed, which strictly generalizes

the simple XOR-based scheme by introducing 1 additional

virtual queue, called Qmix, and 2 additional coding opera-

tions called pm and rc, respectively. Using the scheme in

[9] we can now design a similar random selection scheme

based on 5 virtual queues Q
Δ
= (Q[1], Q[2], Q

[1]
o.h., Q

[2]
o.h., Qmix)

and randomly selects one of 8 coding operations A Δ
=

{uc1, uc2, xor, dx1, dx2, idle, pm, rc} in each time slot. By

similar reasonings, (4)–(8) now characterize the best delay-

constrained throughput using this new class of NC schemes.

The remaining step is to prove that the best throughput of

the above random-selection NC schemes is indeed the linear

coding capacity. This can be proven by (i) using the coding-
type framework [10] to reduce the design space of linear NC in

a lossless fashion; and (ii) establishing that given any arbitrary

linear NC scheme with a reduced design space, which can

possibly be deterministic and non-periodic, one can construct

an instance of the above random-selection NC schemes that

has the same achievable rates. The key step of the proof is to

use the temporal average of the arbitrarily given scheme as

the random selection probability {zã|q̃(t)}.
IV. A NUMERICAL EXAMPLE

For any D ≥ 3, we set (offset1, prd1,D1) = (0,D,D) and

(offset2, prd2,D2) = (2,D,D− 1). I.e., the files of both flows

arrive with a common period D but flow-2 has a slightly

stricter delay budget and is offset by 2 time slots. Fig. 1 plots

the normalized linear NC capacity
(

λ∗1
D ,

λ∗2
D

)
for D = 3 to 9.

Fig. 1 shows that larger D leads to larger normalized capacity
λk

D . For D = 9 the delay-constrained sum-rate capacity is

47.8% of the asymptotic NC capacity (D =∞) in [6].

Using the above setting, one can prove that there is zero

linear NC gain when D = 3 since such a small D leaves

no room for NC. Following Fig. 1, Fig. 2 compares the linear

NC capacity versus routing for D = 5 and 9, respectively. One

can see that more relaxed delay requirement (larger D) leads

to larger NC gain. [6] can be used to compute the “D = ∞”

sum-rate gain of NC over routing, which is 9.80% in this

0 0.05 0.1 0.15 0.2
0

0.05

0.1

0.15

0.2

D=9, linear NC
D=9, routing
D=5, linear NC
D=5, routing

Fig. 2. File-outage capacity of linear NC versus routing for D = 5 and
D = 9, respectively. The x- and y-axes are λ1/D and λ2/D, respectively.

setting. Fig. 2 shows that the sum-rate gain for D = 9 is

4.96%. Namely, more than half of the asymptotic gain can be
realized for D as small as 9!

Note that the optimal linear NC gain reported here (4.96%
for D = 9), though small, is absolute in the sense that we allow

the same delay budget for both NC and routing. Therefore, the

throughput gain can be had with zero delay penalty!

V. CONCLUSION

This work has studied the 1-to-2 broadcast packet era-

sure channels with causal ACK and characterized the delay-

constrained linear network coding (NC) capacity under fixed

relatively short delay constraints. The results provide the

first concrete throughput comparison between linear NC and

routing under the same finite delay constraint, a long overdue

information necessary for evaluating the practicality of NC.
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