
IN PREPARATION FOR SUBMISSION TO IEEE TRANS. ON COMMUNICATIONS, DEC. 2011 1

Finding the Exhaustive List of Small Fully
Absorbing Sets and Designing the Corresponding
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Abstract—This work provides an efficient exhaustive search
algorithm for finding all small fully absorbing sets (FASs) of any
arbitrary low-density parity-check (LDPC) code. The proposed
algorithm is based on the branch-&-bound principle for solving
NP-complete problems. In particular, given any LDPC code, the
problem of finding all FASs of size less than t is formulated as an
integer programming problem, for which a new branch-&-bound
algorithm is devised with new node selection and tree-trimming
mechanisms. The resulting algorithm is capable of finding all
FASs of size ≤ 6 for LDPC codes of length ≤ 1000. When limiting
the FASs of interest to those with the number of violated parity-
check nodes ≤ 2, the proposed algorithm is capable of finding
all such FASs of size ≤ 13 for LDPC codes of lengths ≤ 1000.

The resulting exhaustive list of small FASs is then used to
devise a new efficient post-processing low-error floor LDPC
decoder. The numerical results show that by exploiting the
exhaustive list of small FASs, the proposed post-processing
decoder can significantly lower the error-floor performance of a
given LDPC code. For various example codes of length ≤ 3000,
the proposed post-processing decoder lowers the error floor by
a couple of orders of magnitude when compared to the standard
belief propagation decoder and by an order of magnitude when
compared to other existing low error-floor decoders.

Index Terms—Branch-&-bound algorithms, error floor, fully
absorbing sets (FASs), low-density parity-check (LDPC) codes.

I. INTRODUCTION

Recently, Low-Density Parity-Check (LDPC) codes [1] have
received much attention thanks to their near Shannon limit
performance and to the ultra-efficient, high-performance be-
lief propagation (BP) decoders. When compared to the pro-
hibitively costly optimal maximum likelihood (ML) decoders,
the suboptimality of BP leads to performance degradation both
in the waterfall region [2] and in the error-floor region [3].
Generally, the frame-error-rate (FER) error floor of modern
capacity-achieving error control codes (including LDPC codes
and turbo codes) is at around 10−4 to 10−6, which is detri-
mental to many important applications that require very low
error floor (10−12 to 10−15) such as the digital storage devices
and optical communications [4]. In the case of turbo codes,
the error floor is mainly caused by low-weight codewords.
For comparison, the error-floor performance of LDPC codes
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is related to the error-prone substructures (EPSs) such as
stopping sets (SSs) [5], near-codewords [6], trapping sets
(TSs) [3], pseudocodewords [7], instantons [8], and absorbing
sets (ASs) [9]. Since the EPSs of LDPC codes generally are
not valid codewords, the error floor caused by the BP decoder
can be lowered by the optimal ML decoder or by an improved
BP decoder [10], [11].

The characterization and (exhaustive/inexhaustive) enumer-
ation of EPSs are important for estimating the error floor per-
formance of LDPC codes using importance sampling [3], [12],
[13]. Due to the inherent complexity of the exhaustive search
problem, several inexhaustive TS search algorithms have been
proposed and used to estimate the error-floor performance.
In particular, Richardson estimated the error floor of LDPC
codes by an inexhaustive list of TSs and by evaluating their
contribution to the error floor [3]. Similarly, [14] used FPGA
simulation to obtain a partial list of the dominant TSs and
they then found all TSs that have the same structure as the
dominant TSs by computer search. Reference [15] searched
the dominant TSs by applying importance sampling to each
6-bit cycle. Also, [16] obtained the dominant TSs using the
tree structure and the error impulse method. Reference [17]
found the inexhaustive list of dominant elementary TSs that
have the smallest number of unsatisfied check nodes based
on the exhaustive list of cycles. Reference [18] proposed an
inexhaustive TS enumeration method of TSs by augmenting
the Tanner graph.

Finding the minimum distance of an arbitrary linear code
is known to be NP-hard [19], [20]. On the other hand, it is
worth noting that the NP-hardness is a worst-case study, which
may not predict the average cases for the (carefully structured)
LDPC codes used in digital communication systems.1 More-
over, the NP-hardness results focus on the asymptotic regime
when the input size N → ∞. It is thus still possible that
an algorithm for solving an NP hard problem has exponential
complexity but has a very small coefficient, for which the
complexity is still very manageable for practical values of N .
Unlike other NP-hard problems for which we are interested
in as large input sizes as possible, for the case of finding the
minimal distance of a given error control code, we generally
are interested only in codes of moderate lengths ≤ 104 due
to the practical buffer size and delay constraints. As a result,
it is of critical value to devise relatively efficient algorithms

1For example, finding the minimum distance of an array-based LDPC code
has smaller complexity than that of an arbitrary code [21].
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that are capable of finding the minimum distance for codes of
moderate length [22].

For LDPC codes, the BP decoder converges to the EPSs
instead of the minimum codeword. In this work, we are
interested in finding an exhaustive list of all small fully ASs
(FASs), which are special types of EPSs first introduced in [9].
Finding all small EPSs is a non-trivial task. For example,
the problem of determining the minimum size of the SSs is
NP-complete [23] and the NP-hardness is later proven for
determining the minimum size of the k-out TSs as well [24].
Reference [25] further generalized the NP-hardness result and
showed that even the problem of approximating the minimum
size of the “cover SSs” and several different kinds of TSs
is also NP-hard. Again, the above NP-hardness results focus
on the worst case analysis in the asymptotic regime and thus
do not preclude the existence of good algorithms that are
capable of exhaustively searching for small EPSs for codes
of moderate length (≤ 2000). It is worth noting that although
both the problems of finding the minimum Hamming distance
and finding the minimum EPS size are NP-hard, for any
given linear code, it generally takes longer time to find the
minimum Hamming distance than to find the minimum size
of EPSs since the size of a minimum EPS is usually much
smaller than the size of a minimum codeword. For example,
empirically, the minimum Hamming distance of a variable-
degree-3 randomly chosen LDPC code of length ≈ 103 is
approximately 20 [22], while the minimum size of TSs or
SSs of the same code is typically 3 to 5. This fact, together
with the recent efficient algorithms of finding the minimum
distance for LDPC codes of moderate lengths ≤ 2000 [22],
are one of the major motivations of this work.

There are existing algorithms that find the minimal size
of any EPSs and/or establish an exhaustive list of small
EPSs. Reference [24] proposed the first such exhaustive search
algorithm of small SSs and k-out TSs based on tree-pruning
techniques. A more efficient exhaustive SS search algorithm
was later proposed in [26] based on extended iterative decod-
ing and linear programming techniques. For codes of special
structures, exhaustive search may be implemented based on
combinatorial methods. For example, for LDPC codes with
column degree 3, [27] found all small TSs by counting
cycles of minimum length and their possible unions. Other
combinatorial exhaustive search methods of ASs for structured
LDPC codes can be found in [9], [28].

In parallel with estimating the error floors, several works
were proposed to lower the error floor of LDPC codes by im-
proving the suboptimal BP decoder. Reference [29] suggested
averaged BP decoding to prevent the errors from being trapped
during decoding. In contrast with modifying the BP decoder,
a different approach to lower the error floor is post-processing
decoding. Based on a partial TS list, [15] showed that the
error floor can be significantly lowered by checking whether
the unsatisfied check nodes after BP decoding match that of a
TS in the inexhaustive TS list. A bit-guessing approach after
decoding failure was developed in [30] to lower the error
floor. Reference [10] improved the node selection algorithm
of bit guessing and used multi-stage decoding. Reference [11]
proposed a bi-mode syndrome-erasure decoder using iterative

erasure decoding and a soft erasing technique on the log-
likelihood ratio (LLR) messages. Reference [11] also proposed
a generalized LDPC decoder to lower the error floor of LDPC
codes, which combined several problematic check node pro-
cessors to a generalized constraint node and applied the BCJR
algorithm [31]. Reference [14] used post-processing decoding
which lowers the error floor by increasing the reliability of
the messages from unsatisfied check nodes and decreasing the
reliability of the messages from mis-satisfied check nodes.

In this work, we first propose an efficient algorithm to find
all small FASs for any arbitrary LDPC code that may not
have any algebraic structure. We then use the exhaustive list
of small FASs to develop a new post-processing decoder that
lowers the error floor by a couple of orders of magnitude when
compared to the standard BP decoder. Our exhaustive search is
based on the branch-&-bound principle, which was previously
used in [24] and [26] for exhaustively finding SSs. During
the bounding step, we formulate a new integer programming
(IP) problem to decide the minimum size of FASs under
given constraints and solve the problem using the branch-
&-cut algorithm, which can be viewed as a generalization
of [22] that finds the minimum Hamming distance using IP
solvers. Note that the IP-based approach was also used by [32]
to approximate the minimum Hamming distance, which is
conceptually quite different from the exhaustive search al-
gorithms in this work and in the existing literature [22],
[24], [26]. For numerical evaluations, we applied the proposed
algorithms to find the exhaustive lists of small FASs for
various benchmark LDPC codes in the literature, which was
previously unobtainable by the existing approaches. In all our
experiments, our scheme is capable of finding all FASs of
size ≤ 6 for LDPC codes of length ≤ 1000. When limiting
the FASs of interest to those with the number of unsatisfied
parity-check nodes ≤ 2, the proposed algorithm is capable of
finding all such FASs of size ≤ 13 for LDPC codes of length
≤ 1000.

In the second part of this work, a new post-processing
decoder is proposed that takes full advantage of the ex-
haustive list of small FASs from our search algorithm. In
contrast with the existing results based on partial TS lists,
the knowledge of the exhaustive list of FASs enables us to
better identify the problematic variable and check nodes. A
new soft, LLR-based, post-processing decoder is then devised
accordingly. Numerical results on the benchmark regular and
irregular LDPC codes, including the progressive edge growth
codes PEGR504 PEGR1008, PEGI504, and PEGI1008 [33],
the MacKay regular codes M816 and M1008, algebraically
constructed Tanner (155, 64, 20) code [34], and the Margulis
code with p = 11 and length 2640 [35], show that for all these
codes, the error floor can be lowered by a couple of orders of
magnitude when compared to the standard BP decoder, and our
post-processing decoder based on the exhaustive small FAS list
significantly outperforms the state-of-the-art decoders.

The remainder of this paper is organized as follows. Nota-
tions and definitions are included in Section II. In Section III,
we describe an exhaustive search algorithm for all small FASs
of any given LDPC code. In Section IV, we use the resulting
exhaustive list to design a new post processing decoder that
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substantially lowers the error floor of LDPC codes. Section V
gives the numerical results for the proposed search algorithm
and the performance of the new post processing decoder.
Section VI concludes the paper.

II. NOTATIONS AND DEFINITIONS

An LDPC code can be defined by an m × n sparse parity
check matrix HHH where n is the codeword length and m is the
number of parity check equations. For convenience, we denote
a code by its HHH matrix. Also, a code HHH can be represented
by its bipartite Tanner graph which has two sets of nodes:
the variable nodes V = {v1, . . . , vn} and the check nodes
C = {c1, . . . , cm}. Let N (v) ⊆ C and N (c) ⊆ V denote the
sets of neighboring nodes of a variable node v and a check
node c, respectively. Also, let dv = |N (v)| and dc = |N (c)|
be the corresponding node degrees.

For any A ⊆ V , let EA ⊆ C and OA ⊆ C be the sets
of check nodes that are connected to A for an even number
(≥ 0) and an odd number of times, respectively. We also define
EA(v) = EA∩N (v) as the set of check nodes in EA which are
connected to v. Similarly, we define OA(v) = OA∩N (v). The
definitions of the AS and its variants [9] can then be described
as follows.

Definition 1 (AS and FAS [9]): A subset A ⊆ V is an AS
if |EA(v)| > |OA(v)| for all v ∈ A. A subset A ⊆ V is a
FAS if |EA(v)| > |OA(v)| for all v ∈ V .
That is, a subset A ⊆ V is an AS if for any variable node
v in A the number of satisfied check node neighbors (those
with even degrees in the induced subgraph) is larger than the
number of unsatisfied check node neighbors (those with odd
degrees in the induced subgraph). A subset A ⊆ V is a FAS
if the above condition is satisfied for all variable nodes in V .
Intuitively, a FAS is a “stationary TS” under the majority-vote-
based bit-flipping decoder [36]. That is, if all bits in A are in
error, and none of the other bits are, then a majority vote, bit
flipping decoder cannot correct any of the erroneous bits in A.
Decoding thus fails even if we may still have some unsatisfied
check node equations.

An AS A of size s is also called an (s, t) AS if s = |A|
and t = |OA|. In [37], it has been shown that empirically,
most EPSs contain an AS or a FAS, even when using the
standard BP decoder on the additive white Gaussian noise
channel (AWGNC) instead of the majority-vote-based bit-
flipping decoder on binary symmetric channel. One intuitive
explanation is that BP decoding can be viewed as a soft version
of the majority-vote-based bit-flipping decoder. Therefore, ASs
and FASs are likely to contribute to decoding errors even under
BP decoding.

Comparison of ASs (FASs) to other EPSs: The definition
of ASs is different from the operational definition of TSs [3],
instantons [8], and pseudocodewords [7], and is also different
from the graphical definitions of SSs, k-out TSs, and near-
codewords. More explicitly, a TS is defined as the set of
bits that are not correct after decoding [3]. The instantons
are special configurations that contribute most to the error
rates [8]. Pseudocodewords are the codewords corresponding
to the M -cover of the given code [7]. The graphical definition

of ASs is closer to those of SSs, k-out TSs, and near-
codewords. That is, a subset A ⊆ V is called a SS if the
induced subgraph of A has no degree-1 check nodes [5], which
is also the trapping set of BP decoders under binary erasure
channels. A subset A ⊆ V is called a k-out TS if the induced
subgraph of A has exactly k check nodes of degree one [24]. A
SS can be viewed as a 0-out TS. The rationale behind k-out
TSs is that check nodes with degree one are able to carry
correct extrinsic messages from the outside variable nodes
when all bits of A are in error. A subset A ⊆ V is called
an (s, t) near-codeword [6] if the induced subgraph of A has
exactly s variable nodes, and exactly t check nodes of odd
degrees. By definition, one can easily prove that any (s, t) AS
is always an (s, t) near-codeword, but not vice versa. One thus
can view that an (s, t) AS is a special kind of near-codewords
that are likely to be detrimental to BP decoding due to being
a TS under the majority-vote-based bit-flipping decoder.

III. A NEW EXHAUSTIVE SEARCH ALGORITHM FOR
SMALL FASS

In this section, we propose a new exhaustive search al-
gorithm for all small FASs of LDPC codes. We set up an
IP problem as a bounding step of the main branch-&-bound
algorithm. In addition, we also provide a few techniques to
further improve the efficiency of the algorithm.

A. The Main Branch-&-Bound Algorithm

Let n , |V | denote the total number of variable nodes.
For each n-dimensional vector in s ∈ {0, 1, ∗}n, the i-th
coordinate being ∗, the “unconstrained symbol”, means that
the value of the i-th variable node is not fixed to “0” or “1.”
We sometimes say that the i-th coordinate is an unconstrained
position of s if the value of its i-th coordinate being ∗. We
say that a ternary vector s1 = (s11, · · · , s1n) ∈ {0, 1, ∗}n is
compatible to another vector s0 = (s01, · · · , s0n) ∈ {0, 1, ∗}n
if s1i = s0i for all i satisfying s0i ̸= ∗. For example,
s1 = (1, 0, 0, 1, 0) is compatible to s0 = (∗, 0, ∗, 1, 0). Let
Supp(s) be the set of variable nodes corresponding to the 1’s
in a vector s, which is called the support set of the vector s.
Conversely, for any set A ∈ V , Inc(A) is the corresponding
binary incidence vector, which has 1’s in the positions for all
v ∈ A and 0’s in the other positions V \A. In addition, we
use A to denote a collection of FASs. The main branch-&-
bound algorithm is described as follows. Our search algorithm
follows from [26], which proposed an efficient exhaustive SS
search algorithm based on extended iterative decoding and
linear programming techniques.

Algorithm 1 An exhaustive search algorithm for FASs.
1: Input: the parity check matrix HHH , two integers smax, and

tmax.
2: Set S← {(∗, ∗, · · · , ∗)} and set A ← ∅.
3: while S ̸= ∅ do
4: Take one vector s0 from S, and let S← S\s0.
5: if |Supp(s0)| ≤ smax then
6: if Supp(s0) is a FAS and |OSupp(s0)| ≤ tmax then
7: A ← A∪ {Supp(s0)}.
8: end if
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9: Compute a lower bound b such that b ≤ |A| for all
A ⊆ V satisfying simultaneously the following three
conditions: (i) A is a FAS, (ii) |OA| ≤ tmax, and (iii)
Inc(A) is compatible to s0.

10: if b ≤ smax then
11: Choose one unconstrained position of s0 and gen-

erate two new vectors s1 and s2 by setting the
unconstrained position of s0 to 1 and 0, respec-
tively.

12: S← S ∪ {s1, s2}.
13: end if
14: end if
15: end while
16: Output: A is the exhaustive list of all (s, t) FASs with

s ≤ smax and t ≤ tmax.
The intuition behind Algorithm 1 is that we start searching

from a vector s0 in Line 4. Lines 5 to 14 ensure that we search
for all FASs that are compatible to the chosen vector s0. If the
condition in Line 5 is satisfied, it means that it is still possible
to have some FASs that are compatible to s0 and the search
continues. Otherwise, we discard such s0 and choose another
vector from S. In Line 6, we check whether s0 itself is a FAS
in the search range (smax, tmax). If so, we store Supp(s0) in
the output list A. The bounding step in Line 9 is critical to
the search efficiency. The reason is that if the lower bound
b is strictly larger than the search range smax, then there is
no FAS in the search range that is also compatible to s0. We
simply discard such s0 and move on to the next vector in S.
If b ≤ smax, we proceed to the branching step in Lines 11
and 12. Namely, we choose one unconstrained position of s0
and generate two new vectors accordingly and store them back
into S. The Algorithm 1 continues until the set S being empty.
The output of the Algorithm 1 is the list of all FASs within
the search range (smax, tmax).

B. The Bounding Step in Line 9

A good lower bound in Line 9 helps the program to
quickly eliminate unnecessary branches and thus speeds up
the exhaustive search. Given a to-be-searched vector s0, we
use an IP solver to find a lower bound b in Line 9. In our IP
problem, the integer variables are denoted by xvi , wcj , and
zcj where the subscripts are the variable nodes vi ∈ V and
check nodes cj ∈ C. For notational simplicity, we use xi, wj ,
and zj as shorthand instead of xvi , wcj , and zcj when there
is no ambiguity.

Minimize
∑
vi∈V

xi (1)

subject to
∑

vi∈N (cj)

xi = 2wj + zj for all cj ∈ C (2)

∑
cj∈N (vi)

zj ≤
⌊
dvi − 1

2

⌋
for all vi ∈ V (3)

∑
vi∈V

xi ≥ 1 (4)∑
cj∈C

zj ≤ tmax (5)

for all the unconstrained positions of s0, xi ∈ {0, 1} (6)
for all other xi, set the value to that of the i-th
coordinate of s0 (7)
wj is a non-negative integer for all cj ∈ C (8)
zj ∈ {0, 1} for all cj ∈ C (9)

In this IP problem, xi decides whether vi is part of a FAS.
Equation (2) uses zj to capture the resulted parity of cj .
Equation (3) follows from the definition of FASs. Equation
(4) is used to eliminate the size-0 FAS. Equation (5) is
used to decide the search range by limiting the number of
the check codes of odd degree in a FAS. The objective
function (1) minimizes the size of the FAS satisfying the given
constraints. With the given constraint vector s0, (7) hardwires
the corresponding positions of xi to be 0 or 1 depending on
the locations of 0’s and 1’s in s0.

C. Implementation

We solve the IP program in the previous subsection by
CPLEX 10.2 [38], which is a commercial optimization soft-
ware that uses LP relaxation and the branch-&-cut2 principle
to solve the IP or mixed IP problems. In our implementation,
we define the “branch node limit” and “time limit” to regulate
the number of LP relaxation involved. That is, if the number
of branching nodes exceeds our predefined node limit or if
the elapsed time exceeds the predefined time limit, we stop
the branch-&-cut process of the current IP problem, use the
current objective value of the LP relaxation as our lower bound
b, and proceed to Line 10. The rationale behind introducing the
node and time limits is that computing the exact optimal value
of the IP problem in (1) to (5) generally takes too much time.
Since we are interested only in a lower bound, any objective
value of the corresponding relaxed LP problem is sufficient
as a loose lower bound. The node and time limits provide a
tradeoff between the time it takes to find the lower bound and
how tight the lower bound is. In our implementation, we use
5–20 as the branch node limit and 1–5 seconds as the time
limit.

As with any branch-&-bound algorithm, the efficiency de-
pends dramatically on the branching policy in Line 11, which
chooses an unconstrained location to perform the branching
step. We use the following branching policy. During the LP
relaxation, the values of xi are chosen from the interval [0, 1]
rather than from {0, 1}. For any soft xi values found in the LP
relaxation, let z′j be the distance of sumj ,

∑
vi∈N (cj)

xi to
the closest even number, i.e. z′j , |sumj − 2⌊0.5+0.5sumj⌋|.
For any given V1 ⊆ V , let N (V1) ,

∪
vi∈V1

N (vi) be the
check nodes adjacent to V1. Similarly, for any C1 ⊆ C, let
N (C1) ,

∪
cj∈C1

N (cj) be the variable nodes adjacent to
C1. For any given vector s0, let B be the set of variable nodes
corresponding to the unconstrained positions in s0. Given s0,
we compute ξk as follows for all its unconstrained neighbor

2To further improve the algorithm, we add additional user-defined cuts,
which are first proposed in [22] and greatly reduce the number of branching
nodes to prevent the out-of-memory problem.
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Fig. 1. Illustration of the branching policy.

vk ∈ N (N (Supp(s0))) ∩B:

ξk , min

max

 ∑
cj∈N (vk)

z′j,xk=0 −
⌊
dvk − 1

2

⌋
, 0

 ,

max

 ∑
cj∈N (vk)

z′j,xk=1 −
⌊
dvk − 1

2

⌋
, 0

 ,

(10)

where z′j,xk=0 and z′j,xk=1 are the z′j values computed
when hardwiring the xk value to 0 and 1, respectively. The
larger value of ξk means that it is more likely that using
xk as a branching choice is going to violate (3) so that
the IP solver can quickly refine the solution. Among all
vk ∈ N (N (Supp(s0))) ∩ B, we choose the one with the
largest ξk as the branching position in Line 11. To illustrate,
consider a simple example in Fig. 1. There are 11 variable
nodes v0 to v10. Consider a to-be-searched vector s0 =
(1, 0, ∗, 0, 0, 0, ∗, ∗, ∗, ∗, ∗) and the variable values x0 to x10 of
the bounding step (based on LP relaxation) are also provided
in Fig. 1. Since Supp(s0) = {v0}, the unconstrained positions
are B = {v2, v6, v7, v8, v9, v10}, N (Supp(s0)) = {c1, c2, c3},
and N (N (Supp(s0))) = {v0, v1, v2, v3, v4, v5, v6}. As a
result, the metric ξk is computed for variable nodes in
N (N (Supp(s0))) ∩ B = {v2, v6}, which are the red circles
in Fig. 1. For example, the computation of ξk for v6 (k = 6)
is as follows. We first compute z′j,xk=0 and z′j,xk=1 for c1,
c5, and c6, the check node neighbors of v6. In particular,
for c1, z′1,x6=0 = x0 + x4 + 0 = 1.0 + 0.0 + 0.0 = 1.0
and z′1,x6=1 = 2 − (1.0 + 0.0 + 1) = 0. Similarly, we can
compute the (z′j,xk=0, z

′
j,xk=1) value for other check nodes

c5 and c6, and we have (z′5,x6=0, z
′
5,x6=1) = (0.1, 0.9) and

(z′6,x6=0, z
′
6,x6=1) = (0.4, 0.6). Thus,

ξ6 = min (max (1.0 + 0.1 + 0.4− 1, 0) ,

max (0.0 + 0.9 + 0.6− 1, 0)) = 0.5.

For v2, we compute (z′3,x2=0, z
′
3,x2=1) = (1, 0) and

(z′4,x2=0, z
′
4,x2=1) = (0.8, 0.2) for its neighbors c3 and c4,

and obtain ξ2 = min (max (1.0 + 0.8, 0) ,max (0 + 0.2, 0)) =
0.2. Therefore, we choose x6, which has the largest ξk, as the
next branching node.

For comparison, in our implementation, if we choose the
branch location randomly, it takes 45 hours 43 minutes to find
all FASs with smax = tmax = 5 of the PEGR504 code [39].
However, it only takes 6 hours 55 minutes using the branching
policy described in this subsection.

Now we discuss the complexity of the proposed search
algorithm. The complexity greatly depends on the search
limit (smax, tmax). In Table I, we provide the execution time
in seconds to find (smax, tmax) FASs for M816 using our
proposed algorithm.

D. Other Potential Methods for Further Enhancing the Effi-
ciency

In this subsection, we list two other methods that may
further improve the efficiency of the branch-&-bound search
algorithm. Both of them have a similar effect as that of the
node/time limit, which tradeoffs the tightness of the lower
bound with faster execution time per branch.

1) LP relaxation for the integer variables: It is worth noting
when using the LP relaxation to solve the IP problem,
there is no need to identify the optimal integer solution
as we are only interested in a lower bound b as in Line 9.
Therefore instead of feeding CPLEX with an IP problem
in (1) to (5), we can directly feed CPLEX with a LP
relaxation or a mixed IP problem to compute a loose
lower bound.

2) Use only a subset of check node equations: To further
enhance the efficiency of computing a lower bound b, we
can further relax the constraints (2) of the IP problem.
Namely, instead of finding a solution satisfying (2) for
all cj , we find a relaxed solution that satisfies (2) only for
those cj that is within 3–5 hops3 away from a variable
node in Supp(s0). This approach was first used in [26]
for finding SSs. However, for the case of finding FASs,
considering a partial list of cj improves the speed of
the bounding step in Line 9, but also results in a much
looser lower bound b, which increases the total number
of branching steps in Line 11. In our implementation,
we notice that this partial list relaxation is more suitable
when finding FASs of very small sizes smax ≤ 5. When
targeting moderate-sized FASs smax ≥ 6, it is more
efficient to use the full list of constraints.

E. Comparison with the existing works

References [24] and [26] focus on the exhaustive search
algorithms for SSs and TSs. They have similar structures as
our work in the sense that all three works are based on the
branch & bound algorithm. On the other hand, this work is the
first to focus on the FAS and we will later show how to use
the exhaustive list to design the corresponding low error-floor
post-processing decoder. In [24], for codes of lengths n ≃ 500,
SSs of size ≤ 13 and TSs of size ≤ 11 can be exhaustively
enumerated. In [26], for Tanner155 all SSs of size at most 18
can be enumerated in about 1 minute and SSs of size≤ 23

3Any parity check node c is always an odd number of hops away from a
variable node since the underlying graph is bipartite.



IN PREPARATION FOR SUBMISSION TO IEEE TRANS. ON COMMUNICATIONS, DEC. 2011 6

smax = 3 smax = 4 smax = 5 smax = 6 smax = 7 smax = 8 smax = 9 smax = 10 smax = 11

tmax = 1 66 73 78 2340 11640
tmax = 2 89 562 13680 96400
tmax = 3 135 8062 32340
tmax = 4 7223 108944

TABLE I
THE TIME IN SECONDS TO FIND (smax, tmax) FASS FOR M816 USING THE PROPOSED ALGORITHM.

can be enumerated for codes of lengths n ≃ 500. Also, for
structured LDPC codes like IEEE 802.16e LDPC codes the
algorithm is able to find SSs of size≤ 28 even for an LDPC
code of length n = 2304. Our algorithm is capable of finding
all FASs of size ≤ 6 for LDPC codes of length ≤ 1000.
When limiting the FASs of interest to those with the number
of violated parity-check nodes ≤ 2, the proposed algorithm is
capable of finding all such FASs of size ≤ 13 for LDPC codes
of lengths ≤ 1000.

In the existing literature, [27] is the only other method that
finds the exhaustive list of small FASs. Since non-exhaustive
search algorithms are generally much faster than an exhaustive
search scheme, we limit the following complexity comparison
to the results in [27]. The approach of [27] is drastically
different from the proposed work in this paper. More explicitly,
[27] is based on counting cycles to search for AS or FASs.
By focusing exclusively on regular LDPC codes with column
weight three and by taking the advantage of the corresponding
topological structures, the exhaustive search algorithm in [27]
is several orders faster than the proposed work in this paper,
which tradeoffs the computation efficiency with the types
of LDPC codes over which the FASs can be exhaustively
searched (our work is capable of searching any given LDPC
code, not limited to column-weight-3 codes). For example,
[27] reported that the time to exhaustively search the FASs
of size ≤ 5 for codes of lengths ≤ 1000 was about five
minutes. For comparison, our algorithm can find FASs with
(smax = 5, tmax = 3) in roughly 2.5 hours for M816 (see
Table I for detailed data). Whether the results in [27] can be
generalized for regular LDPC codes with column weight four
and irregular LDPC codes remains an open problem. Recently,
another work finding TSs of LDPC codes has been proposed in
[17] and its extended version [40]. The algorithm is able to find
dominant TS more efficiently by using other EPSs like cycles
as inputs. For example, TSs with (smax = 13, tmax = 3) can
be enumerated for PEGR504 in 10 minutes, but it remains
an open question whether the TS list generated by [17] is
inexhaustive or not.

IV. LOW ERROR-FLOOR POST-PROCESSING DECODING

In this section, we propose a new post-processing decoder
using the exhaustive list of FASs obtained from the algorithm
described in Section III, which lowers the error floor under the
AWGNC. Let m

(l)
vi→cj be the LLR message from a variable

node vi to a check node cj under a standard BP decoder, which
is computed by [41].

m(l)
vi→cj = m(0)

vi
+

∑
ck∈N (vi)\cj

m(l−1)
ck→vi

, (11)

where m
(0)
vi , 2

σ2 yi is the initial LLR message, yi is the
received symbol, σ2 is the noise variance, and l denotes the
number of decoding iterations. Similarly, let m

(l)
cj→vi be the

LLR message from a check node cj to a variable node vi
under BP decoding, which is computed by

m(l)
cj→vi = 2 tanh−1

 ∏
vk∈N (cj)\vi

tanh

(
m

(l)
vk→cj

2

) .

(12)

Also, let m
(l)
vi be the LLR message of vi after l decoding

iterations, which is computed by

m(l)
vi

= m(0)
vi +

∑
ck∈N (vi)

m(l−1)
ck→vi

. (13)

Let L(0) = (m
(0)
v1 , · · · ,m

(0)
vn ) and L(l) = (m

(l)
v1 , · · · ,m

(l)
vn)

denote the initial LLR vector and the final LLR vector after
l iterations of BP, respectively. Let Y (0) and Y (l) denote
the hard decisions based on the signs of L(0) and L(l),
respectively.

The newly available knowledge about the exhaustive FAS
list is critical to the design of our post-processing decoder.
More explicitly, suppose that the BP decoder indeed converges
to a small FAS. The receiver can only observe which parity-
check equation is not satisfied but does not know the detailed
positions of the error bits. However, since the decoder has
an exhaustive list of small FASs, the decoder can check each
FAS one by one and see whether any of the small FAS has
the same pattern of “unsatisfied” check nodes that matches
the observed pattern of “unsatisfied” parity-check equations.
Since the list is exhaustive, each small FAS in the list will lead
to a unique matching pattern. Then the decoder can simply
flip the decoded bit values in those positions and we can
decode the true codeword. The error floor can thus be lowered.
Unfortunately, this simple compare-&-flip decoding does not
work for the AWGNC, as the errors are likely caused by some
harmful combination of LLR values rather than by explicit bit
flipping. Moreover, for AWGNCs, the number of unsatisfied
check nodes of Y (0) and Y (l) is usually much larger than
that of any single small FAS. Namely, for AWGNCs the BP
decoder generally converges to a union of multiple small FASs,
instead of a single small FAS. In summary, the post processing
decoder needs to take into account the soft, LLR-based nature
of AWGNCs, and consider the union of multiple small FASs.

The main idea of our post-processing decoder is to generate
a new LLR vector Lnew based on the exhaustive list of small
FASs, L(0), L(l), Y (0), and Y (l). The new LLR vector Lnew
is then used as new initial LLR messages to rerun the BP
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decoder. More explicitly, we find a set of suitable FASs in
a soft way, take into account the unions of multiple FASs,
and then compute Lnew accordingly. The construction of Lnew
can be fine tuned by changing the values of the parameters4

(βth, d, α,∆α, l
′). The detailed description of the algorithm is

as follows.
Algorithm 2 A post-processing decoding algorithm for the

AWGNC.
1: Input: the parity check matrix HHH , the exhaustive list

of FASs A, (L(0), L(l)), (Y (0), Y (l)), and the tuning
parameters (βth, d, α,∆α, l

′)
2: if Y (l), the output of BP, is not a codeword then
3: Set the binary vector U ← Y (0).
4: Run BP for 1 iteration based on L(0) and denote the

resulting check-to-variable message as m
(1)
cj→vi .

5: Calculate the soft parity message mcj for all cj ∈ C
after the 1-iteration BP decoding.

6: For each A ∈ A, compute

βA =
∑

cj∈OA

(
1 + 1{cj∈O

Supp(Y (0))
∩O

Supp(Y (l))
}

)
mcj ,

(14)

where 1{·} is the indicator function.
7: Sort A according to βA in the ascending order, that is,

βA1 ≤ βA2 ≤ · · · . And set k ← 1
8: while βAk

< βth do
9: Set the LLR vector Lnew ← L(0).

10: Set A ←
∪k+d−1

i=k Ai, E ←
∪k+d−1

i=k EAi , and O =∪k+d−1
i=k OAi .

11: Compute the following message scaling function
f(cj , vi) for all edges (cj , vi). In the case that
vi ∈ Ak+h for some h ∈ {0, · · · , d − 1}, we set
f(cj , vi) = α − h∆α if cj ∈ O ∩ OSupp(U); and set
f(cj , vi) =

1
α−h∆α

if cj ∈ E\OSupp(U). Otherwise,
set f(cj , vi) = 1.

12: Denote the i-th component of Lnew by mvi . For those
vi ∈ A, replace the corresponding mvi by m

(0)
vi +∑

cj∈N (vi)
f(cj , vi)m

(1)
cj→vi .

13: Using the computed Lnew vector as the initial LLR
vector, run BP decoding for l′ iterations and let Ȳ be
the binary decision after l′ iterations.

14: If Ȳ is a valid codeword, then RETURN Ȳ as the
final output.

15: k ← k + 1.
16: end while
17: end if
18: RETURN Y (l).

The detailed explanation of the above algorithm is as
follows. Line 2 focuses only on the case that the BP decoder
fails to generate a valid codeword, in which we perform post-
processing decoding. Lines 3 and 9 state that we use the
initial messages Y (0) and L(0) to initialize the U and the Lnew

vectors. Line 4 prepares some m
(1)
cj→vi values that will be used

later in the algorithm. To compute the soft parity message in
Line 5, we first recall that for the standard BP, the check node

4One such choice is βth = 3, d = 4, α = 1.5, ∆α = 0.1, and l′ = 5.

message is computed by (12). The soft-parity message mcj in
Line 5 is computed similarly by considering all neighbors of
cj :

mcj = 2 tanh−1

 ∏
vk∈N (cj)

tanh

(
m

(1)
vk→cj

2

) . (15)

In Line 6, we sum up the mcj values for cj ∈ OA. The
more negative the sum is, the more likely that those odd
parity cj’s are caused by errors in the FAS A. To emphasize
the repeated observations from both Y (0) and Y (l), those
cj ∈ OSupp(Y (0)) ∩ OSupp(Y (l)) are emphasized by assigning
a weight of 2 instead of 1 when computing βA in (14).
This βA is then used to sort the exhaustive FAS list A. A1,
having the smallest (the most negative) βA1

, is then the most
likely FAS candidate in our post-processing decoder. We then
search over a sliding window of d Ai’s, from Ak to Ak+d−1,
for k = 1, 2, · · · . To limit the number of trials, we require
βAk

< βth to avoid searching over too many FASs. For each
window, we use an algorithm that is an improved version of
the increase and decrease (ID) algorithm proposed in [14].
The main idea of the ID algorithm is to increase the check-
to-variable (cj-to-vi) LLR that contains the correcting power
(emitting from an unsatisfied check node and entering an
erroneous bit) while decreasing the cj-to-vi LLR that emits
from a mis-satisfied check node (those connected to a non-zero
but even number of erroneous bits) and enters an erroneous bit
vi. However, without the knowledge of the exhaustive FAS list,
the existing method in [14] has only the knowledge of which cj
is unsatisfied but does not know which vi ∈ N (cj) is actually
in error and needs a stronger correcting power. The method in
[14] also does not know which check node is mis-satisfied. In
contrast, our scheme takes advantage of both the cj and the
vi information from our exhaustive FAS list. More explicitly,
if vi ∈ Ak+h and cj ∈ O ∩ OSupp(U), then it is likely that cj
is indeed an unsatisfied check node and we would like to use
a scaling factor f(cj , vi) > 1 in order to correct the erroneous
bit vi. Similarly, if vi ∈ Ak+h and cj ∈ E\OSupp(U), then
it is likely that cj is a “mis-satisfied” check node and we
would like to use a scaling factor f(cj , vi) < 1 to weaken its
impact on the erroneous bit vi. In Line 11, our scaling factor
further takes into account the effect of the h value. Namely,
we want to impose greater changes on those f(cj , vi) with
vi ∈ Ak+h for smaller h. (Recall that with the sorting step
Line 7 the Ak is a more likely candidate than Ak+d−1). If
vi is in several Ak+h’s with different h’s, then we use the
smallest h for computing f(cj , vi). Line 12 replaces part of
the Lnew vector by the newly increased/decreased messages.
Line 15 means that if no correct codeword can be found by
processing Ak to Ak+d−1, we repeat the same procedure but
now focus on processing Ak+1 to Ak+d.

The following simple example illustrates the proposed post-
processing decoder. Suppose d = 1, α = 1.5, ∆α = 0.1,
βth = −0.5, and l′ = 5 and we consider a small code of
5 variable nodes and 4 check nodes as depicted in Fig. 2.
We also assume the initial LLR messages L(0) are -1.2, -0.5,
1.0, -0.4, and 0.6, and assume after l iterations the final LLR
messages L(l) are 2.4, 4.2, 1.2, 2.2, and -2.6, which are listed
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Fig. 2. An example of new post-processing decoding.

on top of each variable node. The corresponding soft parity
messages are computed by (15) and listed under each check
node. We first use Algorithm 1 to compute an exhaustive list
of FASs with the search range being (smax, tmax) = (2, 2).
There are exactly three FASs A = {A1, A2, A3} within
the search range and they are depicted in Fig. 2. For each
FAS Ai, i ∈ {1, 2, 3}, we use red and blue check nodes to
represent the check nodes in OAi and EAi , respectively. We
then calculate βAi by (14). For example, for the first FAS A1,
since OA1 = {c2}, Supp(Y (0)) = {v0, v1, v3}, OSupp(Y (0)) =

{c0, c3}, Supp(Y (l)) = {v4}, and OSupp(Y (l)) = {c2, c3},
we have βA1 = mc2 = 0.06. Similarly, we can compute
βA2 = mc1 + 2 ∗ mc3 = −0.05 + 2 ∗ −0.05 = −0.15, and
βA3 = mc0 = −0.05. Since the smaller βAi (more negative)
indicates that FAS Ai is likely to be the error pattern, we sort
these three FASs according to βAi and select A2 as our first
candidate in this example. We then adjust the LLR values of
edges from the check nodes using the message scaling function
f(cj , vi) and α = 1.5 as described in Line 11. For example,
we compute f(c3, v3) = α−h∆α = 1.5−0×0.1 = 1.5 since
c3 ∈ O∩OSupp(Y (0)) and v3 ∈ A2. As a result we “strengthen”
the LLR message m

(1)
c3→v3 by the factor f(c3, v3) = 1.5 in

order to increase the correcting power from the unsatisfied
check node c3. Similarly, since c2 ∈ E\OSupp(Y (0)), we
compute f(c2, v3) =

1
α−h∆α

= 1/1.5. We then “weaken” the
LLR message m

(1)
c2→v3 by the factor f(c2, v3) = 1/1.5 in order

to decrease the wrong LLR from the mis-satisfied check node
c2. After all check-to-variable messages are updated, we apply
additional l′ = 5 iterations of BP decoding and see whether
the new BP iteration can converge to a true codeword.

Note that the proposed algorithm is based on the initial LLR
L(0) and the initial decision Y (0) (through the initialization of
Lnew and U in Lines 9 and 3, respectively). One can easily
extend the proposed algorithm by considering the final LLR
L(l) and the final converged decision Y (l) as well. That is, we
replace Line 3 by U ← Y (l), replace Line 9 by L ← L(l),
delete Line 4, and compute Lines 5 and 12 directly from the
m

(l)
cj→vi messages after l BP iterations. In our implementation,

we concatenate these two algorithms (one based on L(0) and

one based on L(l), respectively) in sequence, i.e., we run
the L(0)-based scheme first and if it succeeds, then stop. If
it does not succeed, we then continue to run the L(l)-based
scheme. This concatenation further enhances the performance
as the usage of L(l) is able to catch some errors that are
not decodable by the original L(0)-based scheme. In our
experiments, the performance of the algorithm is quite robust
and any parameters in the range: βth ∈ [0, 10], d ∈ [1, 10],
α ∈ [1.5, 2], ∆α ∈ [0, 0.2], l′ = [1, 20], lead to good error-
floor performance.

V. NUMERICAL RESULTS

A. Results of the Exhaustive FAS Search Algorithm

We report the results of applying the proposed algorithms
to three classes of codes, randomly generated regular codes,
randomly generated irregular codes, and codes generated by
algebraic methods.

1) Randomly Constructed Regular LDPC Codes: We apply
Algorithm 1 to four randomly generated regular (3, 6) LDPC
codes from [39]. PEGR504 and PEGR1008 are of length 504
and 1008 and are constructed by the PEG algorithm [33].
M816 and M1008 are regular (3, 6) LDPC codes of lengths
816 and 1008. The results are listed in Table II. The first
column of Table II specifies the code of interest, the second
column specifies the search range of the FASs, and the fol-
lowing columns provide detailed information of the FAS list.
For example, our search algorithm shows that for PEGR504,
there are only two types of FASs satisfying s ≤ 14 and
t = 1. They are the (9, 1) and the (13, 1) FASs. There is
no (11,1), no (12,1), and no (14,1) FAS in PEGR504. For
these codes, our algorithm is capable of finding all small FASs
when setting the search range (smax, tmax) to (6, 6). Moreover,
if we restrict ourselves to search for a smaller tmax = 2,
Algorithm 1 finds all5 FASs of size ≤ 13. For example,
Algorithm 1 shows that there are exactly 14 different types
of FAS in PEGR504 with s + t ≤ 13 (See the first seven
rows of the super-row corresponding to PEGR504 in Table II).
If we further assume that the most detrimental FASs have
only ≤ 2 unsatisfied check nodes, then Algorithm 1 shows
that with a cycle-avoiding construction, PEGR504 has only
1 + 1 + 4 + 6 + 26 = 38 such FASs and the minimal size of
them is s = 8 with t = 2.

Without taking advantage of any special structures of regular
(3,6) codes, Algorithm 1 is actually computationally slower
than the degree-3-centric result in [27] when searching for
small FASs with smax ≤ 5. On the other hand, our scheme can
effectively find much larger FASs such as (10, 2) FASs (see
Table II) for which there are no analytical exhaustive search
results in the existing literature [27]. It is worth noting that
as an offline analysis tool, searching the FASs is generally
a one-time task. Using an Intel Core2 2.4GHz CPU with
2GB memory, the running time to generate the FAS tables
for these four codes ranges from 5 to 48 hours, which is
within a reasonable time frame for most code design and

5It can be proven that there are no(s, 2) FASs when s is an odd number
for the regular LDPC codes with column weight 3.
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Code (s, t) range (s, t) Num (s, t) Num (s, t) Num (s, t) Num (s, t) Num

PEGR
504

(≤ 13,= 0) No FASs
(≤ 14,= 1) (9, 1) 1 (13, 1) 1
(≤ 13,= 2) (8, 2) 4 (10, 2) 6 (12, 2) 26
(≤ 10,= 3) (5, 3) 14 (7, 3) 47 (9, 3) 146
(≤ 9,= 4) (4, 4) 760 (6, 4) 849 (8, 4) 2270
(≤ 8,= 5) (5, 5) 10156 (7, 5) 22430
(≤ 7,= 6) (6, 6) 66352

PEGR
1008

(≤ 13,≤ 2) No FASs
(≤ 8,= 3) No FASs
(≤ 7,= 4) (4, 4) 2 (6, 4) 1
(≤ 6,= 5) (5, 5) 11236
(≤ 7,= 6) (6, 6) 85845

M816

(≤ 13,= 0) No FASs
(≤ 14,= 1) No FASs
(≤ 13,= 2) (4, 2) 3 (6, 2) 2 (8, 2) 1 (10, 2) 15 (12, 2) 15
(≤ 8,= 3) (3, 3) 126 (5, 3) 86 (7, 3) 108
(≤ 7,= 4) (4, 4) 1350 (6, 4) 2236
(≤ 6,= 5) (5, 5) 7286
(≤ 7,= 6) (6, 6) 68124

M1008

(≤ 13,= 0) No FASs
(≤ 14,= 1) No FASs
(≤ 13,= 2) (4, 2) 6 (6, 2) 5 (8, 2) 3 (10, 2) 4 (12, 2) 6
(≤ 8,= 3) (3, 3) 153 (5, 3) 8388 (7, 3) 111
(≤ 7,= 4) (4, 4) 1130 (6, 4) 1668
(≤ 6,= 5) (5, 5) 8388
(≤ 7,= 6) (6, 6) 72486

Tanner
155

(≤ 15,= 0) No FASs
(≤ 16,= 1) No FASs
(≤ 15,= 2) (8, 2) 465 (10, 2) 1395 (12, 2) 930 (14, 2) 5115
(≤ 12,= 3) (5, 3) 155 (9, 3) 930 (11, 3) 5270
(≤ 11,= 4) (8, 4) 1395 (10, 4) 17670
(≤ 10,= 5) (5, 5) 1860 (7, 5) 6975 (9, 5) 33945
(≤ 9,= 6) (6, 6) 13330 8 72850
(≤ 8,= 7) (7, 7) 53475

Margulis
2640

(≤ 11,≤ 2) No FASs
(≤ 8,= 3) No FASs
(≤ 7,= 4) (4, 4) 1320
(≤ 6,= 5) (5, 5) 11088

PEGI
504

(≤ 11,= 0) No FASs
(≤ 11,= 1) (7, 1) 2 (8, 1) 8 (9, 1) 16 (10, 1) 22 (11, 1) 39

(≤ 8,= 2)
(2, 2) 230 (3, 2) 219 (4, 2) 208 (5, 2) 198 (6, 2) 205
(7, 2) 271 (8, 2) 458

(≤ 5,= 3) (3, 3) 1517 (4, 3) 3867 (5, 3) 6888
(≤ 4,= 4) (4, 4) 26927
(≤ 4,= 5) (4, 5) 3322

PEGI
1008

(≤ 10,= 0) No FASs
(≤ 10,= 1) (7, 1) 1 (8, 1) 4 (9, 1) 8 (10, 1) 14

(≤ 8,= 2)
(2, 2) 458 (3, 2) 439 (4, 2) 420 (5, 2) 404 (6, 2) 387
(7, 2) 403 (8, 2) 519

(≤ 5,= 3) (3, 3) 3041 (4, 3) 7737 (5, 3) 13843
(≤ 4,= 4) (4, 4) 105897

TABLE II
THE NUMBER OF (s, t) FASS FOR DIFFERENT LDPC CODES. IN EACH SUPER COLUMN, THE VECTOR IN THE FIRST SUB-COLUMN REPRESENTS THE (s, t)

VALUE SATISFYING THE CONDITION SPECIFIED IN THE SECOND COLUMN FROM THE LEFT AND THE SECOND SUBCOLUMN CORRESPONDS TO THE
NUMBER OF SUCH FASS.

analysis purposes. See Table I for detailed computation time
comparison.

2) Algebraically Constructed LDPC Codes: We also apply
Algorithm 1 to the algebraically constructed (155, 64, 20)
Tanner code (Tanner155) [34] and Margulis2640 of p = 11
and length 2640 [35]. Our algorithm exhaustively find all FASs
with the search range (smax, tmax) set to (7, 7) and to (5, 5),
respectively. See Table II. In addition, if we use a smaller
tmax = 2, we find all FASs of size ≤ 15 for Tanner155 and
size ≤ 11 for Margulis2640. In [24], the exhaustive list of
minimal 2-out TSs is found for Tanner155, which is identical
to the exhaustive list of (8, 2) FASs obtained by our algorithm.

Our algorithm also exhaustively finds FASs of larger (s, t)
values that were previously not found in [24]. For example,
there are 930 (12, 2) FASs in Tanner155 and all (12, 2) FASs
can be generated from the following representatives.

0 37 52 57 60 61 72 73 81 93 136 153,
0 37 43 57 60 61 64 72 89 93 136 145,
0 37 43 52 57 61 64 81 86 93 145 153,
0 24 54 57 61 66 80 93 113 122 130 139,
0 4 41 57 61 63 86 97 104 118 127 141,
0 4 8 18 20 41 57 61 67 97 104 129,
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0 7 9 24 28 54 57 61 87 93 113 149,
and 0 11 37 48 61 69 78 93 97 105 127 150

by the automorphisms discussed in [34]. For the Margulis 2640
code, Algorithm 1 shows that there is no FAS of types (6, 4),
(7, 3), (8, 2), (9, 1), (10, 2), and (11, 1).

3) Randomly Constructed Irregular LDPC Codes: The
proposed algorithm can also be applied to irregular LDPC
codes. Nonetheless, for irregular LDPC codes, there exist
usually a lot of variable nodes of degree 2. By the definition
of FASs, if a degree-2 node v is in a FAS, then v must satisfy
|OA(v)| < 0.5dv = 1, which implies |OA(v)| = 0. This
constraint limits the FAS search to finding sets of erroneous
variable nodes for which no degree-2 node can be connected
to any unsatisfied check node. Such a condition is generally
too restrictive, and the resulting FAS search algorithm will
automatically exclude too many meaningful error-prone pat-
terns. The following lemma illustrates the restrictiveness of
the original FAS definition when applied to irregular LDPC
codes that have a substantial number of degree-2 nodes.

Lemma 1: If
∪

v∈V2
N (v) = C where V2 is the set of

variable nodes of degree 2, then there is no (s, t) FAS for
any t > 0. That is, all FASs are of type (s, 0) and are actually
codewords. The problem of finding the minimum FASs is thus
equivalent to that of finding the minimum codewords.

The proof of Lemma 1 is relegated to Appendix A. Note
that the condition

∪
v∈V2

N (v) = C is satisfied for all dual-
diagonal LDPC codes [42], for which Lemma 1 shows that the
traditional definition of FASs [9] is too restrictive, and the only
EPS that can be a FAS must also be a codeword. To resolve this
restriction, for irregular LDPC codes, we relax the definition
of a FAS to |EA(v)| ≥ |OA(v)| for all v ∈ V of degree 2
and keep the original constraint |EA(v)| > |OA(v)| for all v
of degree ≥ 3. By modifying (3) of our lower bounding IP
problem accordingly, we can apply Algorithm 1 to irregular
codes as well and exhaustively identify the FASs using the
new relaxed definition. We apply Algorithm 1 to PEGI504 and
PEGI1008, two randomly constructed irregular LDPC codes
in [39]. Table II lists all the corresponding FASs satisfying
simultaneously s+ t ≤ 8 and s ≥ t.

B. Post-Processing Decoding

In Fig. 3, we plot the FER performance of our new post-
processing decoder for PEGR504 and PEGI504 over the
AWGNC. We use l = 200 and 100 for PEGR504 and PEGI504
respectively, and use the following parameters βth = 3, d = 4,
α = 1.5, ∆α = 0.1 and l′ = 20. We use all FASs listed
in Table II as the input A. For comparison, we also plot the
best existing result on PEGR504 [10], denoted by [Varnica07].
As seen in Fig. 3, Algorithm 2 outperforms the bit-guessing
scheme in [10] and lowers the error floor of the classic
BP decoding by one to two orders of magnitude for both
regular and irregular PEG-type LDPC codes. Performance
gap between normal BP decoding and our post-processing
decoding using FASs is wider in the high signal-to-noise ratio
(SNR) regime, as seen in Fig. 3 and the later Figs. 4 and 5.
Note that in the high-SNR regime, the number of additional
post-processing iterations is generally much smaller because
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Fig. 3. The FER curves of the proposed decoder compared to the decoders
in [10], [14]. ‘BP (l)’ is the performance of standard BP decoding with
l iterations for both codes. ‘[Zhang08]’ is the performance of [14] and
‘[Varnica07]’ is the performance of [10] on PEGR504. The results of our
proposed decoder are denoted by ‘New’.

the error pattern in the high-SNR regime is usually a small
FAS (or very close to a small FAS). Therefore, Algorithm 2
works very efficiently.

The existing ID algorithm [14] is not very effective without
the knowledge of the exhaustive list of small FASs. As can be
seen in Fig. 3, the performance improvement of the approach
in [14] is almost non-existent, which is in sharp contrast to
the algorithm proposed in this work. When applying [14] to
PEGR504, we notice that the algorithm in [14] only works
when the error of the final decoding is precisely a small
FAS. However, this happens only for regular LDPC codes
and in the very high SNR regime. For irregular codes, BP
decoding does not converge to small FASs even in high SNR
region. As a result, even for regular (2048,1723) code, the
error-floor improvement [14] is negligible for moderate-to-
high SNR (with FER between 10−4 to 10−7) and is significant
only for very high SNR (FER≈ 10−12). For comparison,
Algorithm 2 works for both regular and irregular codes over
all the entire SNR range. It is worth mentioning that when the
final decoding error is precisely a small FAS, we can simply
use our exhaustive list to match and flip the erroneous bits.

In Fig. 4, we also show the FER performance of our new
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Fig. 4. The FER curves of the proposed decoder. The result of our proposed
decoder is denoted by ‘New’ and normal BP decoding with 50 iterations is
denoted by ’BP (50)’.

post-processing decoder for M816 and M1008 for l = 50
iterations. In Fig. 5, we apply Algorithm 2 to Margulis2640,
and compare the performance with that of the three existing
post-processing decoders in [11]. For this code, we use l = 50
iterations of BP decoding and use βth = 3, d = 5, α = 1.5,
∆α = 0.1, and l′ = 20 in Algorithm 2. We employ all FASs
of Margulis2640 with smax = tmax = 5. The performance
of the proposed decoder outperforms the state-of-the-art bi-
mode and generalized-LDPC decoders in [11]. It is worth
mentioning that with the sorting step in Line 7 of Algorithm 2,
oftentimes we do not need to go through the entire FAS
list since the complexity of Algorithm 2 is proportional to
the number of FASs used, which means that the complexity
is kept low. For example, in our experiments, the average
number of FASs used in Algorithm 2 is 13.56 at 2.3dB for
Margulis2640. Half of the time, the number of FASs used
by Algorithm 2 is only 1, which shows the efficiency of
the proposed decoder when compared to the results in [11].
Moreover, this is a post-processing decoding which imposes
zero overhead when BP is successful. When the original BP is
not successful (usually FER≤ 10−5 for the high SNR regime
of interest), the post-processing decoder imposes additional
complexity that is proportional to the number of FASs. In sum,
the average complexity is nearly identical to the original BP.
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10-6
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10-4

10-3 BP (50)
Bimode
GLDPC1
GLDPC3
New
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Fig. 5. The FER curves of the proposed decoder for Margulis2640 compared
to the decoders in [11]. We use ‘GLDPC1’ and ‘GLDPC3’ as shorthand for
the two ‘generalized’ decoders in [11]. The results of our proposed decoder
are denoted by ‘New’.

For example, if we use the original BP with l = 50 iterations,
we have FER= 1.3 × 10−5 at 2.3dB for Margulis2640. In
our experiment, there is approximately 1 decoding error in
76800 frames. The total number of regular BP iterations for
the 76799 error-free frames is roughly 532908 (assuming
the BP stops when all parity-check equations are satisfied).
For the single erroneous frame, the number of iterations is
calculated by l + (the average number of FASs used) × l′ =
50 + 13.56 × 20 = 322, which is negligible compared to the
normal BP iterations 532908. Note that the decoder in [10] is
also a post-processing decoder and the average complexity
should be comparable to our proposed algorithm. On the
other hand, the approach in [11] modifies the decoder and
the resulting decoding algorithm has almost twice the average
complexity as analyzed in [11]. The complexity cost of the
the bi-mode decoder in [11] is low, but the corresponding
performance improvement is also insignificant, as can be seen
in Fig. 5.

VI. CONCLUSIONS

We have proposed an efficient algorithm to find all small
FASs of any given LDPC code using a branch-&-bound algo-
rithm. The bounding step of the exhaustive search algorithm
is formulated by a new integer programming problem and
several techniques are devised to further enhance its efficiency.
We have then used the resulting exhaustive list to design
a new post-processing decoder that substantially lowers the
error floor of any LDPC code. By taking advantage of the
exhaustive FAS list, the post-processing decoder can be made
more effective and results on example LDPC codes show that
our approach lowers the error floor by a couple of orders
of magnitude when compared to the standard BP decoder
and outperforms the existing state-of-the-art post-processing
decoders.
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APPENDIX A
A PROOF OF LEMMA 1

Proof: We need to show Inc(A) is always a codeword,
i.e., |OA| = 0 for all FASs A. Suppose not. Then there exists
a FAS A with |OA| > 0. Choose arbitrarily a c′ ∈ OA.
Since

∪
v∈V2

N (v) = C, there exists at least one variable
node v′ ∈ V2 that is connected to c′. Thus |OA(v

′)| ≥ 1,
which in turn implies that |OA(v

′)| ≥ |EA(v
′)| because

|OA(v
′)|+|EA(v

′)| = 2. However, it contradicts the definition
of a FAS that |OA(v)| < |EA(v)| for all v ∈ V . By
contradiction, the proof is complete.
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