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Abstract— In this paper, the problem of transmitting two
symbols from two sources to multiple destinations using network
coding is considered for general directed acyclic graphs. When all
destination nodes are interested in both symbols, the feasibility
of this problem is characterized by the classic min-cut max-
flow theorem. This work focuses on the scenarios in which each
destination is interested in one source symbol. If no coding is
allowed at intermediate nodes, the feasibility of this traditional
two-session routing problem is equivalent to the existence of
two edge-disjoint sets of paths. Similarly, in this paper, it is
proven that the feasibility of this inter-session network coding
problem is equivalent to the existence of multiple sets of paths
with controlled edge overlaps. In particular, for the degenerate
case of two sources and two destinations, it is proven that a
binary field is sufficient and an optimal network coding solution
must be of one of the three different forms, which includes the
well-studied butterfly graph as a special case.

I. INTRODUCTION

The goal of network communication is to exchange informa-

tion packets simultaneously between different pairs of sources

and sinks using the “edges/links” in the network. Tradition-

ally, each information packet is regarded as an unsplittable

commodity [1] and takes different routes from the sources to

the sinks in the network. Each route occupies an exclusive

share of the capacity of the edges. Network coding, on the

other hand, allows not only information replicating but also

information mixing at the intermediate nodes [2], [3], [4], [5],

which has demonstrated significant throughput advantage over

simple routing algorithms.

For a single multicast session problem, namely, when all

sinks are interested in the same set of information flowing

along the network, the characterization of the network cod-

ing capacity region is well understood. For directed graphs,

network coding is able to achieve the long standing min-cut

max-flow bound, and one can further limit the choice of coding

schemes and use only linear network coding without loss of

efficiency [3], [5]. For undirected graphs, network coding is

able to approximate a similar cut bound within a constant

factor of two [4].

The setting that different sinks are interested in different

subsets of the information is equivalent to the coexistence of

multiple sessions competing for the network resources and

is generally termed the multiple muticast session problem.

The benefit of network coding for multiple multicast sessions

is clearly demonstrated in the butterfly graph of [2], [5].

Nonetheless, with multiple coexisting sessions, an optimal

scheme has to balance the cooperative coding efforts of the in-

termediate nodes with the conflicting objectives of maximizing

the throughput for each individual session, which perplexes the

problem significantly. For example, linear network coding is

no longer throughput optimal for multiple multicast sessions

[6], deciding the existence of a linear network coding solution

can be NP-complete [7] rather than polynomial time [8] in

some scenarios, and until present, no coding gain has been

observed in any undirected graph [9].

For the same reason, the capacity region or equivalently the

feasibility of network coding is less understood for multiple

multicast sessions, and only for very special graphs can

the capacity region be characterized, such as directed cycles

[10], degree-2 three-layer directed acyclic networks [11], and

special bipartite undirected graphs [10]. Several outer bounds

on the capacity region have been devised for general graphs

based on generalized edge cut conditions of the underlying

graph and the associated information-theoretic arguments, in-

cluding fundamental regions in the entropy space [12], entropy

calculus [13], the network-sharing bound [11], the information

dominance condition [10], and the edge-cut bounds [14]. The

achievability results, i.e., the inner bound on the capacity

region, is generally determined by linear programming in a

similar fashion to that of solving fractional multi-commodity

flow, including the butterfly-based construction [15] and the

pollution-treatment with powerset-based flow division [16].

In this paper, we continue our work in [17] and focus on the

graph-theoretic characterization of the feasibility of network

coding for general directed acyclic networks. The necessary

and sufficient condition in [17] will be generalized from the

setting of two simple unicast sessions to that of two simple

multicast sessions. Namely, source nodes s1 and s2 would like

to transmit two symbols X1 and X2 to two groups of receivers

t1 = {t1,i}i and t2 = {t2,j}j in a directed acyclic network

and each group is interested in one symbol respectively. Note

that t1 ∩ t2 can be empty or not. One particularly important

application of this setting is multi-resolution multicast based

on network coding, for which s1 = s2, X1 and X2 represent

the low and high resolution bits respectively, and t1 ⊇ t2.

It is well known that for two multicast sessions, the exis-

tence of a routing scheme is equivalent to the existence of

two edge-disjoint sets of paths. In this work, we first prove
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an analogous result that the existence of a network coding

scheme is equivalent to the existence of sets of paths with

controlled edge overlaps. This result bridges the gap between

the characterization theorems of multiple-session routing and

single-session network coding for the non-trivial case of two

source symbols. Various implications of the new characteri-

zation theorem are discussed, including the complexity and

the bandwidth requirement of a network coding solution,

the sufficiency of linear network coding, and the source-sink

reciprocity. The characterization theorem for the case of two

unicast sessions is also strengthened and it is proven that a

binary field is sufficient for network coding and an optimal

network coding solution must be of one of the three different

forms, which include the well-studied butterfly graph as a

special case.

II. FORMULATION & PRELIMINARY RESULTS

A. The Setting

We consider finite, directed, acyclic graphs (DAGs) G =
(V,E). An edge e = (u, v) ∈ E is an ordered pair of nodes,

for which u and v are termed as the tail and the head of

e respectively. A path P from node u to v is defined as an

ordered set of edges {(u,w1), (w1, w2), · · · , (wn, v)} ⊆ E

such that the head of the previous edge is the tail of the

next one. We sometimes write P = uw1 · · ·wnv and use the

notation Pu,v to emphasize the terminal nodes u and v. For

a collection of paths P = {P1, · · · , Pk} and a given edge

e ∈ E, the number of coinciding paths for edge e is defined

as ncpP(e) = |{P ∈ P : e ∈ P}|, i.e., the number of paths

that use link e. We say that an edge e1 is an upstream edge

of another edge e2 if there exists a path starting from e1 and

ending at e2. If e1 is an upstream edge of e2, then e2 is a

downstream edge of e1.

We consider the following network coding problem with

two simple multicast sessions: Given a finite DAG G =
(V,E), and two source nodes s1 and s2 and two groups of

sink nodes t1 = {t1,i}i∈M1
and t2 = {t2,j}j∈M2

, whether

two single symbols X1 and X2, emanating from s1 and s2

respectively, can be “transmitted” simultaneously to t1,i and

t2,j for all i ∈ M1, j ∈ M2 within a single time slot. It is

assumed that each edge is capable of carrying one symbol per

time slot, and there is no transmission delay. Parallel edges

are used when the capacity between two nodes is greater than

one.

Both X1 and X2 are drawn from a finite field GF(q) with

sufficiently large q, see [3], [18] and the reference therein.

Since the size of q is not of our primary interest, unless oth-

erwise mentioned, the readers may safely assume that X1 and

X2 take integer values instead, provided a sufficiently large q

is adopted. Throughout the paper, we also assume that Ps1,t1,i

and Ps2,t2,j
exist for all i, j, which can be easily checked

within polynomial time. Otherwise simultaneous transmission

is simply impossible.

It is worth emphasizing that here we focus on achieving

simultaneous transmission of two symbols within a single time

slot, and therefore, time-sharing, or equivalently fractional

routing/coding, is beyond the scope of this paper.

B. Preliminary Results for The 2–2 Case

In [17], we have proven the following results for a special

subcase of the setting in this paper: |M1| = |M2| = 1, t1 =
{t1}, and t2 = {t2}.

Theorem 1 (Characterization, [17]): A network coding so-

lution exists if and only if one of the following two conditions

holds.

• There exists a collection P of two paths Ps1,t1 and Ps2,t2 ,

such that maxe∈E ncpP(e) ≤ 1.

• There exist a collection P of three paths Ps1,t1 , Ps2,t2 ,

and Ps2,t1 , and a collection Q of three paths Qs1,t1 ,

Qs2,t2 , and Qs1,t2 , such that maxe∈E ncpP(e) ≤ 2 and

maxe∈E ncpQ(e) ≤ 2.

Theorem 1 says that for the two-source/two-sink networking

problem, the feasibility of a network coding solution is equiv-

alent to the existence of paths with controlled edge overlaps

(in contrast with the edge-disjointness requirement for routing

solutions). In this work, we will generalize Theorem 1 for the

two-source/m-sink problems first and provide a strengthened

version of Theorem 1 for the 2–2 case later, both of which shed

more insight on the multiple-session network coding problem.

Practical implications of Theorem 1 such as the distributed

rate control algorithms based on the flow condition can be

found in [19].

III. MAIN RESULTS

A. Main Results for The 2–m Case

In this work, we consider arbitrary choices of M1, M2,

t1, and t2. All theorems and corollaries are based on the

two-multicast-session setting described in Section II-A, and

it remains an open problem whether these results can be

generalized for problems with three multicast sessions or more.

Theorem 2 (Characterization): The existence of a network

solution is equivalent to there existing |M1| + |M2| + 2
collections of paths: Pi,∀i ∈ M1, Qj ,∀j ∈ M2, R, and

S such that

∀i ∈M1, Pi =

{

{Ps1,t1,i
, Ps2,t1,i

} if ∃ a (s2, t1,i) path

{Ps1,t1,i
} otherwise

∀j ∈M2, Qj =

{

{Qs2,t2,j
, Qs1,t2,j

} if ∃ a (s1, t2,j) path

{Qs2,t2,j
} otherwise

R = {Rs1,t1,i
: ∀i ∈M1}

S = {Ss2,t2,j
: ∀j ∈M2}

satisfy the following two conditions.

• Condition 1: maxe∈E ncpPi∪{Ss2,t2,j
}(e) ≤ 2 for all i ∈

M1 and j ∈M2.

• Condition 2: maxe∈E ncpQj∪{Rs1,t1,i
}(e) ≤ 2 for all i ∈

M1 and j ∈M2.

The proofs for the necessity and sufficiency of Theorem 2

will be discussed in Sections IV and V respectively.
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(b) An Infeasible Example.

Fig. 1. Two examples demonstrating Theorem 2. (a) satisfies Theorem 2
and the corresponding network coding solution is as described. (b) satisfies
the cut-conditions but not the graph-characterization of network coding in
Theorem 2. No network coding solutions exists for (b). Note if only one of
t1,1 and t1,2 in (b) is requesting symbol X1, then routing/network coding is
possible. If both are requesting X1, then simultaneous transmission becomes
impossible.

Theorem 2 characterizes the feasibility of network coding

for two simple multicast sessions for general DAGs, based on

constructive flow-based conditions. Take Fig. 1 for example

in which t1 = {t1,1, t1,2} and t2 = {t2}. In Fig. 1(a), the

following selection of P1, P2, Q, R, and S

Ps1,t1,1
= s1v1v2v5t1,1

Ps2,t1,1
= s2t1,1

Ps1,t1,2
= s1v1v2v3v4t1,2

Ps2,t1,2
= s2v3v4t1,2

Ss2,t2 = s2v1v2v5t2

Qs2,t2 = s2v3v4t2

Qs1,t2 = s1v1v2v5t2

Rs1,t1,1
= s1v2v5t1,1

Rs1,t1,2
= s1v1v2v3v4t1,2

satisfies Theorem 2 and a network coding solution is described

in Fig. 1(a). On the other hand, Fig. 1(b) admits no network

coding solution as explained in the following. Successful

reception of X1 in t1,1 and t1,2 requires both edges (v2, v5)
and (v3, v4) carrying message X1, which in turn prevents t2
from receiving/decoding X2 successfully. By enumerating all

possible path combinations, one can also prove that there is no

path selection satisfying Conditions 1 and 2, as predicted by

Theorem 2. This generalization from the 2–2 case to the 2–m

case is not trivial since Fig. 1(b) satisfies all cut-conditions.

Moreover, if only one of t1,1 and t1,2 is requesting X1 and

the other one is dormant, the degenerate two-unicast problem

becomes feasible. Only when both t1,1 and t1,2 are requesting

symbol X1 simultaneously, does the two-multicast problem

become infeasible.

In general, when |M1| = |M2| = 1, Theorem 2 collapses to

Theorem 1 by the nature of its statements. Another interesting

degenerate case is when t1 = t2, i.e. all sinks are interested in

both symbols. Condition 1 guarantees the min-cut between t1,i

and any one of the sources is no less than one and the min-cut

between t1,i and {s1, s2} is no less than two. By symmetry,

similar statements can be made for t2,j . Therefore, Theorem 2

collapses to the classic min-cut max-flow characterization for

the single-session problem.

Several implications of Theorem 2 are discussed as follows.

Corollary 1 (Complexity): Deciding the existence of a net-

work coding solution is a polynomial-time problem.

Proof: Due to space limitation, we provide only a sketch

of the proof for interested readers, which is based heavily on

the pebbling game approach in [20].

Step 1: Augment the graph G by converting each edge into

two parallel edges. Step 2: Convert the augmented graph to

its line graph counterpart. Step 3.1: To decide the existence

of Pi,∀i ∈ M1 and S satisfying Condition 1, we will

follow closely the pebbling game approach in Lemma 4 and

Theorem 3 of [20] for which we have pebbles labelled as π1,i,

π2,i and σj , totally 2|M1|+|M2| pebbles, corresponding to the

2|M1| + |M2| paths of interest. Step 3.2: Modify condition

(2b) in [20] to incorporate the three cases: (i) if the to-be-

moved pebble is σj0 for some j0, then m cannot contain π1,i

or π2,i pebbles for any i, (ii) if the to-be-moved pebble is

π1,i0 for some i0, then m cannot contain π2,i0 or σj for any

j, and (iii) if the to-be-moved pebble is π2,i0 for some i0,

then m cannot contain π1,i0 or σj for any j. Step 3.3: with

the above modification, the winning strategy of a pebbling

game is equivalent to the the existence of Pi,∀i ∈ M1 and

S satisfying Condition 1, and therefore can be determined in

polynomial time. Step 4: Repeat Step 3 for Qj ,∀j ∈M2, R,

and Condition 2. Step 5: If both Step 3 and Step 4 confirm

the existence of Pi,∀i ∈ M1, S, Qj ,∀j ∈ M2, and R
respectively, then a network coding solution must exist by

Theorem 2. Otherwise, it is impossible to transmit X1 and

X2 using network coding.

Corollary 2 (Bandwidth requirement): If there exists a net-

work coding solution, there exists a network coding solution

using at most 3|M1|+ 3|M2| paths during transmission.

Proof: This corollary is a straightforward result of

Theorem 2 since one can remove any edges not used by the

3|M1| + 3|M2| paths in Pi,∀i ∈M1, Qj ,∀j ∈M2, R and

S. By Theorem 2, a network coding solution still exists for

the trimmed graph.

Although the above corollary discusses how to “trim” the

network for a more bandwidth-efficient network coding solu-

tion, it is worth mentioning that the main contribution of The-

orem 2 is the graph-theoretic characterization that is parallel to

the min-cut max-flow theorem. Corollary 2 presents a simple

way of trimming the network for two multicast sessions, which

is the first of its kind but is unlikely to be the most efficient. A

more delicate information-decomposition-based simplification

(similar to that for single-session network coding [21]) will be

built upon the basis of this new characterization.

Corollary 3 (Sufficiency of Linear Network Codes): The

existence of a non-linear network coding solution implies the

existence of a linear network coding solution.
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(c) The full grail

Fig. 2. Three classes of graphs for which simultaneous transmission of X1

and X2 along (s1, t1) and (s2, t2) is feasible via routing/network coding.

The graph is 2-EDG, a full butterfly, or a full grail.

⇓ ⇑by Fig. 2 ?answered by Theorem 3

There exists a network coding solution.

⇓ ⇑Theorem 1 Theorem 1

There exist P and Q as described in Theorem 1.

Fig. 3. Comparison of Theorems 1 and 3

The above corollary is a byproduct of the proof of Theo-

rem 2 and will be discussed in Section IV.

B. Strengthened Characterization Theorem for The 2–2 Case

Consider three simple graphs: the 2 edge-disjoint paths (2-

EDPs) (see Fig. 2(a)), the full butterfly (Fig. 2(b)), and the

full grail (Fig. 2(c)). For all these three graphs, it is feasible to

send simultaneously X1 and X2 from s1 and s2 to t1 and t2
respectively via routing/network coding. (The corresponding

network coding solutions are also described in Fig. 2.)

We can then make the statement that any graph being one of

the three types in Fig. 2 must admit a network coding solution.

In addition, Theorem 1 proves the equivalency between the

feasibility of network coding and the existence of two special

path collections P and Q. Fig. 3 summarizes the current state-

of-the-art knowledge for the two-unicast-session problem, in

which three arrows have been established, except the upper

left one. We will complete the picture by showing that if

a network coding solution exists, then the graph must “be”

one of the three cases: 2-EDPs, the butterfly, and the grail.

This statement is made rigorous in the following theorem. See

[22] for the graph-theoretic definitions of “edge-contraction,”

”subdivison,” and ”independent paths.”

Theorem 3: Define two sets of graphs, Gb and Gg , as

follows.
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(b) A degenerate grail

Fig. 4. Two examples of graphs that can be obtained from the full butterfly
and the full grail by edge contraction.

• Gb contains the full butterfly as described in Fig. 2(b),

and all graphs obtained from the full butterfly via edge

contraction, e.g. , Fig. 4(a).

• Gg contains the full grail as described in Fig. 2(c), and all

graphs obtained from the full grail via edge contraction,1

e.g. Fig. 4(b).

Suppose there exists a network coding solution to the two-

unicast-session problem. Then one of the following two con-

ditions must hold.

1) There exist two EDPs connecting (s1, t1) and (s2, t2).
2) G contains a subgraph G′ = (V ′, E′) such that (i)

{s1, s2, t1, t2} ⊆ V ′ and (ii) there exists a Gr ∈ Gb∪Gg

such that G′ is a subdivision of Gr. Namely, G′ can

be obtained from Gr by replacing each edge of Gr

with an interior-vertex-disjoint path, also known as an

independent path.

Theorem 3 says that if a network coding solution exists, then

it is either the case that a routing solution also exists (with 2-

EDPs) or the case in which the graph contains a subgraph that

is topologically similar to a butterfly or a grail. The closest

counterpart of Theorem 3 is the information-decomposition

arguments in [21], which specifies the minimal coding-based

topology. There are at least three fundamental differences

between Theorem 3 and the results in [21]. First, the subject

of the former is the two-unicast-session problem while the

latter focuses on the single-multicast-session problem. Second,

Theorem 3 is obtained from the pure graph-theoretic argument

rather than coding-based simplification. Third, Theorem 3

focuses directly on the graph G rather than its line graph,

which in turn provides a tighter description of the graph

structure. For example, from the coding perspective [21], the

question of whether two paths share a vertex is irrelevant as

long as these two paths are edge disjoint. For comparison, the

second condition in Theorem 3 makes a stronger statement on

1Unlike the butterfly, the grail graph is asymmetric for source-sink pairs
(s1, t1) and (s2, t2). For simplicity, we do not use a different class to
represent the symmetric version of Fig. 2(c). To be more precise, swapping
the indices/subscript of Fig. 2(c) is a legitimate method of creating Gg .
For example, Fig. 4(b) is obtained from Fig. 2(c) by edge contraction and
index/subscript swapping.
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the vertex-disjointness between different paths.

Although Theorem 3 focuses on the graph-theoretic state-

ment that G contains a G′ that is topologically similar to

either a butterfly or a grail, it can be easily translated to

the corresponding network coding statement. Namely, the

network coding solutions for Figs. 2(b) and 2(c) can be applied

straightforward to the graph G by letting the independent paths

in G′ ⊆ G carrying the same messages as the corresponding

edges in Gr.

From the above observation, we have the following corol-

laries.

Corollary 4: If there exists any network coding solution for

the two-unicast problem, there exists a binary linear network

coding solution for the same problem. Furthermore, either a

routing-based solution exists (with no encoding/decoding) or

one needs exactly three binary exclusive OR (XOR) operations

for the entire network encoding/decoding solution.

Proof: This corollary is proven straightforwardly by

Theorem 3 and by observing that there are exactly three XOR

binary operations in the cases of a butterfly and a grail.

Theorem 3 also implies the following results on the band-

width and coding efficiency of network coding solutions.

Definition 1: Consider two network coding solutions NC1

and NC2 for the same two-unicast-session problem based

on finite fields GF(q1) and GF(q2), respectively. Use G1 =
(V1, E1) ⊆ G to denote the active nodes and edges used in

NC1 and similarly does G2 = (V2, E2) ⊆ G for NC2. We say

that NC1 is more bandwidth-efficient than NC2 if E1 ⊆ E2.

NC1 is more coding-efficient than NC2 if q1 ≤ q2.

Corollary 5: For any network coding solution NC of a form

different than those in Fig. 2(a–c), there exists another solution

NCopt of the form in Fig. 2(a–c) that is both more bandwidth-

efficient and more coding-efficient than NC. Therefore, the

three cases in Fig. 2 are the only solutions that are jointly

bandwidth-&-alphabet optimal.

We close this section by stating the source-sink reciprocity

of two-multicast-session network coding.

Corollary 6 (Source-sink Reciprocity): Consider the gen-

eral setting of two simple multicast sessions with arbitrary t1

and t2. Suppose a network coding solution exists for source-

sink pairs (s1, t1) and (s2, t2) in G. Fix the values of i0, j0
and construct GR by reversing the orientation of all edges in

G. Then there exists a network coding solution for the two-

simple-unicast problem of transmitting two symbols Y1 and

Y2 for the reverse source-sink pairs (t1,i0 , s1) and (t2,j0 , s2)
in GR. In other words, the feasibility in one orientation implies

the feasibility in the reverse orientation.

Proof: Since reciprocity holds for all three cases in

Fig. 2, it is a straightforward implication of Theorem 3.

IV. NECESSARY CONDITION OF NETWORK CODING

In this section, we provide a proof of the necessary condition

of Theorem 2. Since the condition on Pi,∀i ∈M1 and S is

completely decoupled from that of Qj ,∀j ∈ M2 and R, we

focus only on constructing Pi and S satisfying Condition 1,

given the existence of a network coding solution. The other

case can be obtained by symmetry.

Suppose that a linear network coding solution exists. (The

case in which only a non-linear network solution exists will be

addressed in the end of this proof.) Let Ss2,t2,j
denote the path

from s2 to t2,j such that all its edges are carrying messages

with a non-zero coefficient for X2. Since t2,j is able to recover

X2, this type of path Ss2,t2,j
always exists. This special path

selection S is fixed throughout the entire proof.

For any i, we can assume Ps2,t1,i
exists. Other-

wise, we just select an arbitrary Ps1,t1,i
. Then Pi ∪

{Ss2,t2,j
} = {Ps1,t1,i

, Ss2,t2,j
} contains only two paths and

maxe∈E ncpPi∪{Ss2,t2,j
}(e) ≤ 2 holds for all j ∈M2.

Arbitrarily select two paths P
(1)
s1,t1,i

and P
(1)
s2,t1,i

. We will

then iteratively construct P
(k+1)
s1,t1,i

and P
(k+1)
s2,t1,i

from P
(k)
s1,t1,i

and

P
(k)
s2,t1,i

and show that within a finite number of iterations

K, the selections Pi = {P
(K)
s1,t1,i

, P
(K)
s2,t1,i

} and S satisfy

Condition 1 for all j ∈M2.

If {P
(k)
s1,t1,i

, P
(k)
s2,t1,i

} and S satisfy Condition 1, the it-

eration stops and we set K = k. If not, then there ex-

ists at least one violating edge e such that all three paths

{P
(k)
s1,t1,i

, P
(k)
s2,t1,i

, Ss2,t2,j
} share e for some j. Note, that all

these violating edges are strictly ordered since they participate

in the paths P
(k)
s1,t1,i

and P
(k)
s2,t1,i

. Among all violating edges,

let e(k) denote the edge that is the closest to t1,i. We will

construct another pair P
(k+1)
s1,t1

and P
(k+1)
s2,t1

based on P
(k)
s1,t1

and

P
(k)
s2,t1

such that the closest violating edge e(k+1) (if exists) is

a strictly upstream edge of e(k). By repeatedly applying the

aforementioned construction and by the finiteness of the graph,

we can find a pair P
(K)
s1,t1,i

and P
(K)
s2,t1,i

within a finite number

of iterations such that Condition 1 is satisfied.

Before we proceed, we need the following terminology. For

two paths P and Q and three nodes x, y, and z, xPy denotes

the path segment connecting nodes x and y using path P .

Similarly, xPyQz denotes the path segment connecting nodes

x, y, and z while P and Q are used during the x–y and y–z

segments respectively.

The construction of P
(k+1)
s1,t1,i

and P
(k+1)
s2,t1,i

from P
(k)
s1,t1,i

and

P
(k)
s2,t1,i

is as follows. Suppose e(k) = (u, v). Due to the special

construction of S, the message along e(k) must have a non-

zero coefficient of X2. Therefore, there must be another path

from either s1 or s2 that reaches t1,i without using e(k).

Otherwise, the linear network coding is short of new input,

and t1,i can only receive linearly dependent messages all

corrupted by X2. Let A denote the new path reaching t1,i

without using e(k) and w be the first node that A touches

either v
(

P
(k)
s1,t1,i

)

t1,i or v
(

P
(k)
s2,t1,i

)

t1,i.

There are four different cases depending on whether the

new path is from s1 or s2 and on whether w belongs to

v
(

P
(k)
s1,t1,i

)

t1,i and v
(

P
(k)
s2,t1,i

)

t1,i. Multiple cases may be

active at the same time, and the argument for any one of the

active cases is sufficient for this proof.

Case 1: A = As1,t1,i
and w ∈ v

(

P
(k)
s1,t1,i

)

t1,i. Construct
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P
(2)
s1,t1,i

and P
(2)
s2,t1,i

as follows.

P
(k+1)
s1,t1,i

← s1

(

As1,t1,i

)

w
(

P
(k)
s1,t1,i

)

t1,i

P
(k+1)
s2,t1,i

← P
(k)
s2,t1,i

Since e(k) is the violating edge closest to t1,i along paths

P
(k)
s1,t1,i

and P
(k)
s2,t1,i

, the new closest violating edge e(k+1)

under the new selection P
(k+1)
s1,t1,i

and P
(k+1)
s2,t1,i

cannot be a strictly

downstream edge of e(k). Furthermore, s1

(

As1,t1,i

)

w does

not use e(k) so the new violating edge e(k+1) 6= e(k). Since

e(k) still participates in P
(k+1)
s2,t1,i

, e(k+1) must be a strictly

upstream edge of e(k). The construction is complete.

Case 2: A = As2,t1,i
and w ∈ v

(

P
(k)
s1,t1,i

)

t1,i. Construct

P
(k+1)
s1,t1,i

and P
(k+1)
s2,t1,i

as follows.

P
(k+1)
s1,t1,i

← s1

(

P
(k)
s1,t1,i

)

uv
(

P
(k)
s2,t1,i

)

t1,i

P
(k+1)
s2,t1,i

← s2

(

As2,t1,i

)

w
(

P
(k)
s1,t1,i

)

t1,i

By the same argument as in Case 1, e(k+1) cannot be a

strictly downstream edge of e(k) and e(k+1) 6= e(k). Since

e(k) = (u, v) still participates in P
(k+1)
s1,t1,i

, e(k+1) must be a

strictly upstream edge of e(k). The construction is complete.

Cases 3 and 4 can be obtained by symmetry.

The proof for linear network coding is thus complete. For

non-linear network coding, we simply modify the construction

of Ss2,t2,j
by selecting the path from s2 to t2,j such that

all its edges are carrying messages fe(X1,X2) with a non-

zero conditional mutual information I(fe(X1,X2);X2|X1).
The rest of the proof follows verbatim.

V. SUFFICIENT CONDITION OF NETWORK CODING

For any i if there exists no path connecting s2 and t1,i,

then the messages sent from s1 to t1,i cannot be corrupted by

symbol X2. A pure routing solution is feasible for the s1 to t1,i

transmission, and has zero impact on the rest of the network.

Therefore, those i can be considered separately from the rest

of the network. Without loss of generality, we can thus assume

that for all i ∈M1, there exists a path connecting s2 and t1,i.

Similarly, we assume that there exists a path connecting s1

and t2,j for all j ∈M2.

In this section, we will show that if Conditions 1 and 2

of Theorem 2 are satisfied, then there exists a linear, add-up-

&-reset network coding solution. Before proceeding, we will

digress from our proof and explain the add-up-&-reset scheme.

A. The Add-Up-&-Rest Scheme

For any linear network coding scheme, the message M

along any edge is a linear combination M = c1X1 + c2X2

of the symbols X1 and X2, and we use the corresponding

coding vector M = (c1, c2) as shorthand. To ensure the

computability of network coding, the outgoing message, as

a two-dimensional vector, must be in the span of all incoming

messages. We use Me to denote the message along a specific

edge e.

The “add-up stage” of the proposed add-up-&-reset scheme

uses the following mixing rules for an edge e.

1) If all the incoming messages of e are identical (including

the case when there is only one incoming message), then

Me, the message for edge e, is set to be identical to the

incoming messages.

2) Suppose one of the incoming messages (denoted by

M1, · · · ,Mm) is different. Choose Me such that Me =
a1M1 + · · ·+ amMm for some strictly positive integer

coefficients a1 to am, such that Me is linearly indepen-

dent of any other messages Me′ for those e′ not in the

downstream of e.

This add-up stage can always be completed for any DAG, since

one can assign Me sequentially for different e’s according to

the topological order of e. The messages for the upstream

edges are assigned earlier while the the messages for the

downstream edges are chosen later according to the second

rule of the add-up stage.

Several properties of the add-up stage can be proved and

are stated as follows.

• If two messages M1 and M2 are not identical, they are

linearly independent.

• For a message along an edge e, its originating edge is

defined as the furthest upstream edge e′ of e such that

Me = Me′′ for all e′′ along any path from e′ to e.2 If

two messages M1 and M2 are identical, they must have

the same originating edge.

• Along any edge that is reachable from si, the i-th com-

ponent of the corresponding message must be a strictly

positive integer.

The add-up stage can be complemented with the “reset-to-

Xi” operation described as follows. Take i = 1 for example

and consider again the sequential construction according to

the topological order of the edges. For any edge e = (u, v)
that has two independent incoming messages, the designer of

the network code can choose whether to apply the reset-to-

X1 operation or to use the regular “add-up” operation. If the

reset-to-X1 operation is chosen, then the add-up construction

Me = a1M1 + · · · + amMm in Rule 2 is replaced by Me =
(1, 0). The message Me is indeed “reset” to X1. The messages

of the remaining edges will be assigned sequentially following

the two add-up rules until the designer decides to apply another

reset-to-Xi operation.

B. The Proof

We first perform the add-up scheme on the active subgraph

G′ ∆
=

⋃

i∈M1
Pi

⋃

j∈M2
Qj ∪R ∪ S.

After the add-up stage, suppose there exist some t1,i and

t2,j who are not able to recover their intended symbols suc-

cessfully, which means those t1,i (or t2,j resp.) must receive

identical messages that are contaminated by the unwanted

symbol X2 (or X1 resp.). Let I denote the collection of

all such i and J denote the collection of all such j. For

2The “originating edge” is similar to the root of the coding subtrees in the
line graph discussed in [21].
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each i ∈ I , let (ui, vi) denote the edge that originates all

the incoming identical messages of t1,i. Similarly, for each

j ∈ J , (uj , vj) denote the edge that originates all the incoming

identical messages of t2,j .

We first note that for each i ∈ I and the corresponding edge

(ui, vi), ncpPi∪{Rs1,t1,i
}(ui, vi) = 3. Namely, both paths in

Pi and the path Rs1,t1,i
must use edge (ui, vi). Otherwise, the

three paths Ps1,t1,i
, Ps2,t1,i

, and Rs1,t1,i
will carry at least two

different messages to t1,i, which contradicts i ∈ I . Similarly,

for each j ∈ J , ncpQj∪{Ss2,t2,j
}(uj , vj) = 3.

For any i, since (ui, vi) is reachable from s1 along Ps1,t1,i
,

the message on (ui, vi) must have a non-zero coefficient of

X1. Therefore, the reset-to-X1 operation is feasible on edge

(ui, vi) and once the reset-to-X1 operation is performed, t1,i

is able to receive X1 successfully. Similarly, for any j, if

the reset-to-X2 operation is performed on (uj , vj), then t2,j

will receive X2 successfully. The above reasoning shows that

the reset operation is, in some sense, capable of sending

uncorrupted symbols to the corresponding t1,i (or t2,j).

Our goal is to apply the reset operations sequentially for

all i ∈ I and j ∈ J according to the topological order

of the corresponding (ui, vi) and (uj , vj). Namely, the reset

operations will be applied to the upstream edges (ui, vi) (or

(uj , vj)) earlier and then later applied to the downstream

edges. Since the effect of a reset operation on any edge e will

ripple through the network and change the messages carried

in the downstream edges of e, we have to prove that when

Conditions 1 and 2 are satisfied, (i) it is feasible to continue the

reset operation sequentially without running into any unwanted

scenarios, and (ii) resetting any (ui, vi) (or (uj , vj)) will not

create any new sink that fails to recover the intended symbols.

Provided that (i) and (ii) hold, it can be easily seen that the

resulting add-up-&-reset scheme is able to send X1 and X2

to the designated sinks t1 and t2 successfully.

The proof will be completed by induction. For the follow-

ing, we assume several reset operations have already been

performed and the next to-be-reset edge is (ui0 , vi0) for some

i0 ∈ I . The case that the next to-be-reset edge is (uj0 , vj0)
can be obtained by symmetry.

To prove Statement (i), we made the following observation

that can be proved rigorously.

• Performing reset-to-X1 on edge (ui0 , vi0) is always pos-

sible when the message carried by (ui0 , vi0) is (a, b) for

some non-zero X1 coefficient a 6= 0.

Since the reset-to-X1 operations performed previously do not

change the set of edges carrying messages with non-zero X1

coefficients, we only have to consider whether there is any

reset-to-X2 operation performed previously that has resulted

in (ui0 , vi0) carrying a message with zero X1 coefficient. By

noting that ncpQj
(uj , vj) = 2,∀j ∈ J and by Condition 2

in Theorem 2, Rs1,t1,i0
does not contain any (uj , vj),∀j.

Therefore, no edge in Rs1,t1,i0
was reset to X2 previously.

The messages along Rs1,t1,i0
are not affected by the reset-

to-X2 operations, and thus the message along (ui0 , vi0) ∈
Rs1,t1,i0

must have a non-zero coefficient of X1 (since it is

reachable from s1 and not reset to X2 previously). From the

above reasoning, performing reset-to-X1 is always feasible and

Statement (i) is proved.

To prove Statement (ii), we need the following observations,

the proof of which is omitted due to lack of space.

• For any i1, i2 ∈ I , if (ui2 , vi2) is not an upstream edge

of (ui1 , vi1), then t1,i1 is not a downstream node of

(ui2 , vi2). The same statement holds when we replace

i2 ∈ I by j2 ∈ J . Furthermore, its symmetric version

holds for j1, j2 ∈ J and t2,j1 as well.

• After performing reset operations, two messages are

independent if they are not identical. Furthermore, for

two identical messages, either they are originated from

the same edge, or they are of the form (1, 0) or (0, 1)
(namely, they contain only one symbol).

The proof of Statement (ii) contains two claims as follows.

Claim 1: Performing reset-to-X1 operation on (ui0 , vi0)
will not affect the successful reception for those t1,i, i ∈ I

and t2,j , j ∈ J for which we have already performed reset

operations. Since the reset operation is performed in the

topological order, (ui0 , vi0) is not an upstream edge of those

(ui, vi) and (uj , vj). By the first observation, those t1,i and

t2,j are not downstream nodes of (ui0 , vi0) and are thus

not affected by the reset-to-X1 operation on (ui0 , vi0). The

successful receptions of X1 and X2 at those t1,i and t2,j

remain unchanged.

Claim 2: Performing reset-to-X1 operation on (ui0 , vi0) will

not affect the successful reception for those t1,i, i ∈ M1\I
and t2,j , j ∈ M2\J . Consider t1,i, i ∈ M1\I first and the

t2,j case follows by symmetry. Since for any i ∈ M1\I ,

t1,i must receive different messages during the add-up stage,

the messages entering t1,i are not originated from the same

edge. By the second observation, after performing reset-to-X1

on (ui0 , vi0), the messages entering t1,i must either contain

two independent messages or be identical and of the form

(1, 0) or (0, 1). If the messages are independent, then t1,i can

recover X1 by solving linear equations. If the messages are

identical and are (1, 0), then t1,i receives uncontaminated X1

successfully. The only unwanted scenario is when the identical

messages are (0, 1). Following the same argument as in the

proof of Statement (i), for any i ∈M1\I , no edge in Rs1,t1,i

is reset to X2 and the message entering t1,i along Rs1,t1,i

must have a non-zero X1 coefficient. As a result, the messages

entering t1,i cannot be all identical and be (0, 1). The last

scenario is impossible. Claim 2 is proved.

VI. SKETCH OF THE PROOF OF THEOREM 3

Theorem 1 states that the existence of a network coding

solution is equivalent to either the existence of 2-EDPs or

the existence of path collections P and Q in Theorem 1.

Theorem 3 is thus a straightforward result of the following

propositions.

Proposition 1 (The half butterfly): Suppose there exists a

collection of three paths P = {Ps1,t1 , Ps2,t2 , Ps2,t1} such that

maxe∈E ncpP(e) ≤ 2. Let GP
∆
= Ps1,t1 ∪ Ps2,t2 ,∪Ps2,t1
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Fig. 5. The half butterflies.

denote the subgraph induced by P . Then GP contains a

subgraph G′ = (V ′, E′) such that Vs,t = {s1, s2, t1, t2} ⊆
V ′ and G′ is a subdivision of a right half butterfly (RHB)

(Fig. 5(b)) or an edge-contracted version of a RHB. Similar

statements can be made for GQ by symmetry.

Proposition 2: Suppose GP ⊆ G is a subdivision of a RHB

or a subdivision of its edge-contracted version and similarly

is GQ ⊆ G for the LHB. Then GP ∪ GQ ⊆ G contains a

subgraph G′ = (V ′, E′) such that Vs,t = {s1, s2, t1, t2} ⊆ V ′

and G′ is a subdivision of the Gr described in Theorem 3.

Proposition 1 establishes the existence of half butterflies

while Proposition 2 focuses on the topological relationship

between two half-butterflies. Due to the limit of space, the

proofs of both propositions are omitted.

VII. CONCLUSION AND FUTURE WORK

In this work, we have provided a graph-theoretic, flow-

based, characterization theorem for network coding with two

simple multicast sessions, which finds applications in multi-

resolution multicast scenarios, and is a precursor to the full

understanding of general multiple-multicast-session problems.

Various implications have been discussed, including the com-

plexity and the bandwidth requirement of a network coding

solution, the sufficiency of linear network coding, and the

source-sink reciprocity. For problems with two simple unicast

sessions, we have also shown that it must contain one of the

three bandwidth-optimal structures, which include the well-

studied butterfly graph as a special case.

We conclude this paper by providing some future directions

that we are currently investigating.

• Theorem 2 can be used to construct an inner bound of

the capacity region for multiple multicast sessions based

on pairwise network coding, an approach similar to [17].

A major goal of our investigation is to develop efficient

distributed linear network coding schemes realizing the

achievable capacity region. We have outlined preliminary

work on multiple unicast sessions in [19].

• Based on the new characterization theorem, the in-

formation decomposition method for single-multicast-

session problems [21] will be generalized for the two-

multicast-session problems. We are interested in deciding

the coding-&-bandwidth-optimal solution for intersession

network coding with more than two receivers.

• A more general characterization for problems with more

than two multicast sessions is currently under investiga-

tion.
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