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4. Use the back of each page for rough work.

5. Neither calculators nor help sheets are allowed. No earphones are allowed either.
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Question 1: [23%, Work-out question] Consider the following DT-LTI system

y[n] =

2−|n|∑
k=−|n|

x[k + 2] · |k| (1)

1. [13%] Denote the impulse response of this system by h[n]. Plot h[n] for the range
of −6 ≤ n ≤ 6.

Hint: There is no need to find the mathematical expression of h[n]. We only ask
you to plot h[n].

2. [4%] Consider a new signal x[n] = U [n]− U [n− 2] as the input to this LTI system
and denote the corresponding output by y[n]. Is the following statement true or
false?

“Statement: The equality y[n] = x[n] ∗ h[n] holds.”
Please carefully explain your answer/reason. A yes/no answer without any justifi-
cation will receive zero credit.

3. [6%] Please explain why this system is NOT invertible. You need to carefully justify
your answer(s).

Hint 1: If you do not know how to prove that this system is not invertible, please
write down (i) the definition of an invertible system, and (ii) what is the general
plan of proving a system is not invertible even if you do not know how to carry out
the plan. You will receive 4 points (2 for each) if your answers to (i) and (ii) are
correct.

Hint 2: This may be among the harder questions of this exam. You may consider
come back later after you finish the rest of the exam.

DT Linear





Question 2: [14%, Work-out question, Learning Objectives 1, 2, and 3] Consider an LTI
system with the impulse response being

h(t) = δ(t− 4
√
2) + e−tU(t+ 1) (2)

1. [14%] What is the output y(t) when the input is cos(3t+ 1.5)?

Hint 1: The following formulas may be useful:

cos(θ) =
ejθ + e−jθ

2
(3)

sin(θ) =
ejθ − e−jθ

2j
(4)

∞∑
k=1

ark−1 =
a

1− r
if |r| < 1. (5)

Hint 2: You can write your answer to be of the form of 1
4+j

ej5t. There is no need to
further simplify your answers.





Question 3: [12%, Work-out question, Learning Objectives 2, 3, and 4]
Consider a DT-LTI system. We know that when the input is x[n] = U [n], the output

is

y[n] =


n+ 1 if 0 ≤ n ≤ 3

7− n if 4 ≤ n ≤ 6

0 otherwise

(6)

Find the impulse response h[n] of this DT-LTI system. You need to write down both the
mathematical equations and plot h[n] for the range of −10 ≤ n ≤ 10. If you only plot
h[n], you will receive 10 points.

Hint: If you do not know the answer to this question, please write down (i) [2%] the
definition of step response; and (iii) [4%] Detailed steps about how to check whether a
system is time-invariant or not. You will receive 2 points and 4 points respectively if your
answers are correct.





Question 4: [20%, Work-out question, Learning Objectives 4 and 5] Consider a periodic
CT signal

x(t) =

{
cos

(
π·t
4

)
if −2 < t < 2

periodic with period T = 4
(7)

1. [15%] Find the Fourier series coefficients ak of x(t).

Hint 1: There are two methods of finding CTFS. One is by inspection and one is by
direct computation. And one of these two methods will NOT work. Please choose
your method carefully.

Hint 2:The following formula may be useful:

cos(θ) =
ejθ + e−jθ

2
(8)

2. [5%] Find the value of
∑∞

k=−∞ ak.





Question 5: [11%, Work-out question] Consider a DT periodic signal x[n] = sin(3π
4
n+ π

4
).

Find the FS representation of x[n], i.e., the corresponding (ak, N).





Question 6: [20%, Multiple Choices, Learning Objective 1]
The following questions are multiple-choice questions and there is no need to justify

your answers. Consider the following two systems:
System 1: When the input is x1(t), the output is

y1(t) =

{∫ t+1

−∞ x(s− 1)et−sds if t ≥ 0

0 if t < 0
(9)

System 2: When the input is x2[n], the output is

y2[n] = y2[n− 1] + cos(3n) · x2[n+ 1] · U [n− 100] (10)

and we also known y2[−200] = 0.
Answer the following questions

1. [4%, Learning Objective 1] Is System 1 memoryless? Is System 2 memoryless?

2. [4%, Learning Objective 1] Is System 1 causal? Is System 2 causal?

3. [4%, Learning Objective 1] Is System 1 stable? Is System 2 stable?

4. [4%, Learning Objective 1] Is System 1 linear? Is System 2 linear?

5. [4%, Learning Objective 1] Is System 1 time-invariant? Is System 2 time-invariant?



Discrete-time Fourier series

x[n] =
∑

k=⟨N⟩

ake
jk(2π/N)n (1)

ak =
1

N

∑
n=⟨N⟩

x[n]e−jk(2π/N)n (2)

Continuous-time Fourier series

x(t) =
∞∑

k=−∞

ake
jk(2π/T )t (3)

ak =
1

T

∫
T

x(t)e−jk(2π/T )tdt (4)

Continuous-time Fourier transform

x(t) =
1

2π

∫ ∞

−∞
X(jω)ejωtdω (5)

X(jω) =

∫ ∞

−∞
x(t)e−jωtdt (6)

Discrete-time Fourier transform

x[n] =
1

2π

∫
2π

X(ejω)ejωndω (7)

X(ejω) =
∞∑

n=−∞

x[n]e−jωn (8)

Laplace transform

x(t) =
1

2π
eσt

∫ ∞

−∞
X(σ + jω)ejωtdω (9)

X(s) =

∫ ∞

−∞
x(t)e−stdt (10)

Z transform

x[n] = rnF−1(X(rejω)) (11)

X(z) =
∞∑

n=−∞

x[n]z−n (12)
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