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Question 1: [15%, Work-out question] Consider the following periodic signal

(t —10) if10<¢t <15
5 if 15 <t <20

z(t) = . (1)
0 if20 <t <225

periodic with period T'= 12.5

Denote the CTFS of z(t) by (ag,wp), where ay, is the corresponding CTFS coefficient.
Answer the following questions:

L. [7%] What is the value of "2 ay?

2. [8%] What is the value of > 27 |ax|*?
Hint: Your answer can be of the following form ﬁ(% —22-17). There is no need
to further simplify it.
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Question 2: [15%, Work-out question]
Consider the following DT signal with period N = 20:

17 15) 1 ift5<n<10
z[n] = sin (%) +<o0 if11<n<24 (2)
periodic with period N = 20

Denote the DTES of z[n] by (ay, g—g) Answer the following questions.

Find the value of as.

Hint 1: Your answer can be of the following form (e’ W 0.25)21%%. There is no need
to further simplify it.

Hint 2: The following formula may be useful when solving this question.

If r # 1, then

h a-ri(1 — ph=i+1
Za-rk = (1 ) (3)

1—r
k=l

Hint 3: You may want to break the x[n] into a summation of z;[n] + x2[n].
Hint 4: If you do not know how to solve this question, you can find the DTFS of
y[n] = sin(1.57n). You will receive 9 points if your answer is correct.
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Question 3: [16%, Work-out question] Consider a DT-LTI system with the impulse re-
sponse being

2 ifn|=0
hin] =<1 if|n|=1 (4)

0 otherwise

Consider a complex-valued signal z[n] with period N = 4 and the corresponding DTFS
coefficients being

ap=3, ,a1=1+j, a=2+7j andaz=3+j (5)

We define z[n| = z[—n], use z[n] as the input to this LTI system, and denote the
corresponding output by y[n].

1. [3%] Find the period of y[n].

2. [13%] Find the first two DTFS coefficients ¢y and ¢; of y[n]. (That is, ¢ is the
DTFS coefficients of y[n] and this question only asks for the ¢y and ¢; values.

Hint: If you do not know how to solve Q3.2, you can assume (incorrectly) that
z[n] = /%™ and solve the DTFS of the output y[n| instead. You will receive 8
points for Q3.2 if your answer is correct.
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Question 4: [17%, Work-out question] Consider an input signal

) e 30=2) if ¢t > 2 (6)
z(t) =
0 otherwise

We know that the frequency response of a CT-LTT system is H(jw) = 1i;w. Find out the
output y(t) when using the above input z(t) to this system.

Hint 1: It may be easier to use the Fourier transform to solve this question. Also the
included table may be useful.

Hint 2: If you do not know how to solve this question, you can find the expression of
the impulse response h(t) instead. You will receive 12 points if your answer is correct.
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Question 5: [21%, Work-out question] Consider a CT-LTT system with the frequency
response being

cos(w)+1 if —r<w<7

0 otherwise.

H(jw) = { (7)

This LTI system is commonly referred to as a raised cosine filter.

1. [4%)] Plot H (jw) for the range of =37 < w < 3.

2. [17%] Consider a CT signal z(t) = Y ;- cos(0.57 - k? - t). We use this signal
as the input to the above system and denote its output by y(t), and denote the
corresponding CTFT as Y (jw). Plot Y (jw) for the range of =37 < w < 3.

Hint: If you do not know how to solve Q5.2, you can plot the CTFT Z(jw) of
2(t) = _ycos(0.5m - k® - t) instead, again for the range of —37 < w < 37. You
will receive 11 points for Q5.2 if your answer is correct.
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Question 6: [16%, Work-out question] Consider a CT signal (), of which the CTFT is

0.25(w +4) if —4<w <0
X(jw)=19025(4—-w) f0<w<A4 (8)
0 otherwise
1. [3%)] Plot X (jw) for the range of —10 < w < 10.
2. [7%] Find out the value of z(0). That is, the z(¢) value when t = 0.

3. [6%)] Define y(t) = x(t) - cos(3t). Plot Y (jw), the CTET of y(¢) for the range of
—10 < w < 10.
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Discrete-time Fourier series

.’L’[TZ] — Z akejk(27r/N)n <1>
k=<N>
1 —jk(27/N)n
ar =5 n§v>x[n]e ! 2)

Continuous-time Fourier series

l‘(t) _ Z akejk(ZTr/T)t (3)
k=—0c0
1 .
ap = T/ x(t)e*ﬂ“(z”/T)t dt (4)
T

Continuous-time Fourier transform

() = % /_ X (jw)e du (5)

X(jw) = /_oC x(t)e 7t dt (6)

o

Discrete-time Fourier transform

2[n] = % [ x(ee (7)
X(e) = i x[n]e 7" (8)

Laplace transform o
z(t) = %e”ﬁ /_ZX(U + jw)elt dw (9)

X(s) = /00 w(t)e ™ dt (10)

o

Z transform ‘
x[n] = T’L.F_l(X(re’“)) (11)

X(z)= > xn]:™ (12)



Even-0dd Decomposition
of Real Signals

{xe(t) = &v{x(t)} [x(t) real]
xo(H) = Od{x(}  [x(r) real]

TABLE 3.1 PROPERTIES OF CONTINUQUS-TIME FOURIER SERIES
Property Section Periodic Signal Fourier Series Coefficients
x(2)| Periodic with period T and a
y(t) | fundamental frequency wo = 27/T by
Linearity 3.5.1 Ax(t) + By(t) Aay, + Bb; _
Time Shifting 3.5.2 x(t — tg) _ ape kel = g eIk
~ Frequency Shifting eIMeol x(1) = M@V x(1) Ay-u1
Conjugation 3.5.6 X1 a’,
Time Reversal 353 x(—1) a—y
Time Scaling 354 x(at), @ > 0 (periodic with period T/a) a
Periodic Convolution J x(T)y(t — mydt Ta.by
T
'}'m
Multiplication 355 x(D)y(1) > abi
[= -0
Differentiation dx(1) Jkwoay, = jk?"—w a
dt T
! (finite valued and 1 1
Int ti 1) dt ——— = | —
ntegration Lo x(t) periodic only if ao = 0) (j s )ak (j WO /T)>ak
(a]( = aik .
Refa} = Refa_i}
Conjugate Symmetry for 35.6 x(t) real {Imfa) = —9Imfa—i}
Real Signals lax| = la—
K4:611( = ~<a_k
Real and Even Signals 3.5.6 x(¢) real and even a; real and even
Real and Odd Signals 3.5.6 x(#) real and odd a; purely imaginary and odd

Refai}
j9mia}

Parseval’s Relation for Periodic Signals

1 |
- L Ot = S laif

k=~w




TABLE 3.2 PROPERTIES OF DISCRETE-TIME FOURIER SERIES

Property Periodic Signal Fourier Series Coefficients
x[n] } Periodic with period N and a } Periodic with
y[n] | fundamental frequency wy = 2/N period N
Linearity Ax[n} + Byln] Aay + Bb;
Time Shifting x[n — ng] age”JEmINmg
Frequency Shifting /MmNy [ 1] a;‘ M
Conjugation x"[n] >
Time Reversal x{—n] a_y
Time Sealin [n] x[n/m], if nis a multiple of m 1 g viewed as periodic
Xomlt) = — . .
8 o 0, if n is not a multiple of m m " \with period mN
(periodic with period mN)
Periodic Convolution Z x[r]yin — r} Nayb,
r=(N)
Multiplication x[n]y[n] > by
I=(N)
First Difference x[n] — x[n — 1] (1 — e~ dkCmiNYy g,
, - finite valued and periodic only 1
Running Sum kZ x[ ]( ~ 0 ) ((TT}W/W))M
{ £
Refa} = Rela,}
Conjugate Symmetry for x[n] real { Imlay) = ~Im{a_,}

Real Signals

Real and Even Signals
Real and Odd Signals

Even-0dd Decomposition
of Real Signals

x[n] real and even
x[n] real and odd

{ xe[n] = 8v{x[n]} [x[n]real]
Xo[n] = Od{x[n]} [x[n]real]

Parseval’s Relation for Periodic Signals

N Z xall? = > Jaf

n=(N) k=(N)

lakl = la—kl
\<):a/< = —<Cl_k

a; real and even
ay purely imaginary and odd

Refa;}




TABLE 4.1 PROPERTIES OF THE FOURIER TRANSFORM
Section Property Aperiodic signal Fourier transform :
x(#) X(jw)
¥(1) Y(jow)
4.3.1 Linearity ax(t) + by(® aX(jo) + bY(jo)
432 Time Shifting x(t — to) e X (jw)
43.6 Frequency Shifting 210" x(1) X(jlw — wo))
433 Conjugation x" () X(— jw)
43.5 Time Reversal x(—1) X(—jw)
435 Time and Frequency x(at) |—]—lX (—]—(i)
Scaling ¢ ¢
4.4 Convolution x() * y(1) X(jo)Y(jo)
4.5 Multiplication x(B)y(@) %;JMXU B Y(j(w — 6)do
434 Differentiation in Time g—tx(t) joX(jo)
t
434 Integration [ x(¢)dt J—_l‘a;X( jw) + wX(O)S_,(ag_
43.6 Differentiation in tx(t) j d—d—X (jw)
Frequency @
X(jw) = X'(~jo)
RefX(jo)} = RefX(
433 Conjugate Symmetry x(t) real j Im{X(jo)y = 97 {
for Real Signals X 0)| = IX(~ Jw)l i
L{X(jw) = —¥X(
433 Symmetry for Realand  x(¢) real and even X(jw) real and even
Even Signals
433 Symmetry for Real and  x(t) real and odd X(jw) purely imagis
Odd Signals
() =6 1 Re{X(J
433 Even-Odd Decompo- %t B Ov{x(t)} Lx(?) seal) . ge{ ;J(.”)}}
sition for Real Sig- xo(1) = Odix(®}  1x (t)real} Jj mX(jo)
nals
437 parseval’s Relation for Aperiodic Signals

rw (oldt =

O
L[ Gwpdo




TABLE 4.2 BASIC FOURIER TRANSFORM PAIRS

Fourier series coefficients

Signal Fourier transform (if periodic)

Z a et 2 Z ard(w ~ kwy) ay

k; — k= —w

el 278w — wy) a =1
a, = 0, otherwise

=g, = 1

COS wyt [ {w — wp) + 8(w + wy)] G = a- L

a;, =0, otherwise
1
. m al = —a“l = —
sin wot —[6(w — wp) — 8(w + 2
° J [6¢ o (@ + wo)l a, =0, otherwise

a =1 a =0 k#0
x(1) =1 27 6(w) this is the Fourier series representation for
any choice of T > 0

Periodic square wave
L, <7

— ) +4- 00 . .
x(t) = [0, T, <] < % Z 2 sin kwoT) 8(w — ko) woT) sinc (kon| ) _ sinkwoT,
and Pt k 'n' T kr

x¢+T) = x(®)

e 27 < 2wk 1
2_:5(: —nT) Tkzma(w - T) a =  forallk
I, jtl<T, 2sinwT),
t —_
X ){ 0, |f|>T, @
sin Wt X(jo) = [ L, o<W .
rt 0, |lw|>WwW
o) 1 —
u(®) - 1y 7 §(w) —
. 7o
8@t —1ty) e et —
e “u(t), Re{a} > 0 1 —
’ ' a+ jo
te™u(t), Refa} > 0 —I—- -
’ (a+ jw)?
7 p-at u(t), 1

{n—1)! —

Refa} >0 (a+ jo)y
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