ECE 302 Division 2 (Instructor: Prof. Chih-Chun Wang) — Final Exam
1:00-3:00pm Wednesday, May 2, PHYS 114,

1. Enter your name, student ID number, e-mail address, and signature in the space

provided on this page, NOW!

2. This is a closed book exam.

3. This exam contains 5 questions with a total of 150 points. You have two hours to
complete it. I will suggest not spending too much time on a single question, and

work on those you know how to solve.

4. The sub-questions of a given question ARE listed from the EASIEST to the HARD-
EST. The best strategy is to work on the sub-questions you know the way to solve

it, and then change to the next question. Come back later if you have time.

5. There are totally 16 pages in the exam booklet. Use the back of each page for rough

work.

6. Neither calculators nor help sheets are allowed.

7. Read through all of the problems first, and consult with the TA during the first
15 minutes. After that, no questions should be asked unless under special circum-
stances, which is at TA’s discretion. You can also get a feel for how long each

question might take after browsing through the entire question set. Good luck!

Name:
Student ID:
E-mail:

Signature:



Question 1: A bit X is chosen uniformly randomly from {0,1}. A binary non-symmetric
channel is considered with the conditional distribution as follows:

P(Y =0|X=0) = 1/4
P(Y =1|X=0) = 3/4
PY=0X=1) = 1/3
P(Y=1X=1) = 2/3.

Suppose X is repeated three times, and sent through the BSC. Namely, we transmit
(X, X, X) and receive (Y7, Y, Y3). We further assume that each BSC usage is independent.

1. (5%) What is the sample space of this experiment.
2. (10%) What is the weight assignment for this experiment. Hint: use the tree method.

3. (5%) The receiver uses the majority vote to determine Y, the majority of (Y1, Y, ¥3).
For example, if C\_L\N,M\WV = (0,1,0), the majority vote Y = 0. What is the
probability that P(X # Y)?

4. (5%) What is the conditional probability of X = 0, given the received values are
Y1, Ys, Y3 =001

5. (5%) Is the majority vote a good decision rule for determining X from the observa-
tion (Y1, Ys,Y3)? Why or why not?
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Question 2: (30%) Suppose a continuous random variable X is uniformly distributed
between (—1,1). Suppose ¥ = X4

ot

5%) Find the mean, the variance of Y.
5

[\\]

%) What is the definition of the cumulative distribution function (cdf) of Y'?

w

-
-
. (10%) Find the cdf and pdf of Y.
-

e

10%) Find E(Y/X) and E(cos(Y)| X |?)
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Question 3: (30%) Consider two Gaussian random variables X and Y with means and
variances (mx = 2,0% = 3) and (my = 2,0% = 4) respectively. We further assume that
X and Y are independent.

1. (7%) Are X and Y orthogonal? Are X and Y correlated? Find out the correlation
coefficient between X and Y.

2. (8%) Let W = 3X — Y. Find out the pdf fi(w), the mean myy,, and the variance
o, of W.

3. (5%) Find out the linear minimum mean square error estimator of X given W.
4. (5%) Find out the minimum mean square error estimator of W given X = 1.

5. (5%) Find out the minimum mean square error estimator of X given W = 1. Hint
1: This is a difficult question. Come back later if you have time. Hint 2: First solve
the following sub-questions in sequence. Find fwix, fwx and fxpw.
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Question 4: (30%) Let X1, -+, X,,--- beii.d. Poisson random variables with parameter
o= 2.

1. (5%) What does the acronym “i.i.d.” stand for?

2. (8%) What is the definition of the characteristic function of X;? Find out the
characteristic function ®x, (w).

3. (3%) Let S, = > | X;. What is the characteristic function ®g, (w)? What type of
random variable is S,,.

4. (6%) What are the mean and variance of S,,?

5. (8%) Use the central limit theorem to approximate the probability P(370 < Sggq <
460). You may need to use the following table of the cdf ®(z) of a standard Gaussian
random variable: ®(0.5) = 0.691, ®(1) = 0.841, ®(1.5) = 0.9332, ®(2) = 0.9772,
©(2.5) = 0.99379, ®(3) = 0.99865.
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Question 5:  (30%) Consider a random process X(n) = fc(n) where ¢ is a binomial
distribution with n = 2, p = 1/3. Namely, when ¢ = 1, X(n) = fi(n) and so on. We also
know that fi(n) is a periodic function function period i + 1, and fi(n) can be expressed
by the following formula.

fin)y =" dn— (i+ 1)k].

k=—00
For example, the values of fy(n), fi(n), and fo(n) for n=0,---,8 are as follows.
Jo(0)=1,/6(1) =1,/6(2) =1, /o(3) =1, fo(4) = 1 fo(5) = 1, fo(6) = 1, fo(7) = 1, fu(8) = 1.
\.HAOV = H“\_ﬁ.v = OU%HAMV = H:\._va = Of\w?@ = wv\bmrﬂvv = O“.\HAQV = Hv.\HA‘Nv = OV\MA%V =1
\.NAOV = H,,\mﬁ.v - Ov \wmwv = O“ .\.wmwv = H,.\w?@ = Ov \wA@V = OT\.MAQV = Hv\wwAﬂv = Oy .\.wAmv =0.

Answer the following questions.

%) What is the difference between a random variable and a random process.

(3

2. (5%) What is the mean function mx(10).
(6%) What is the value of the auto-correlation function Rx(2,5)
(3

%) Let Y(n) = X(n) — X(n — 1) be the output of a linear time-invariant system
with X (n) being the input. Find the mean function my(n) of Y in terms of the
mean function myx(n) of X.

5. (4%) Construct the weight assignment of the random process Y[n]. Hint: There are
two methods of constructing the weight assignment of a random process. Use the
first method.

6. (4%) What is the definition of a “wide sense stationary” random process?

7. (6%) Is X(n) a wide sense stationary random process? Why or why not?
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