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Question 1

1. Find the maximum a posteriori probability (MAP) detector as a func-
tion of y.

To fine the MAP detector of Xyap (y) = argmax,p(z|y), the MAP decision rule is required as below:

plz=0) > ,
ple=1ly) <
= 1
(Likelihood-ratio) plz=0) = plz=1)
plule=1) < pl@
exp{-ly—11} > ,
exp{—ly+ 1]} =
~ly—1+ly+1] = In2
Taking the prior probability, we have the Bayes rule as
i) fory < -1 ii) for -1 <y <1 iii) for 1 <y
N . 0 ify>1a2 5
Xmar(y) =1, Xuar(y) =9 4 if g < 12 Xmapr(y) =0.
2
In short, an equivalent Bayes test for this case 15 given by
i) for y < 12 ii) for 122 <AJ
Xmar(y) = 1, XMAP (ZJ) 0.

2. Find the maximum likelihood (ML) detector as a function of y.

To fine the ML detector of Xy (y) = argmax,p(y|z), the likelihood-ratio is thus given by

plyle=0) >
plyle=1) =<
ep{-ly-1} >
exp{~ly+1]} =
~ly—1+ly+1 Z 0. )
The boundary points where the sign of y change are =1, then we have the following:
i) for y < —1 ii) for —1<y <1 fii)for1<y 7,
X (y) =1, X (y) = { 0 Hy=0 X (y) = 0.
1 ify<0
Simply, a received signal y is interpreted as 1 when y < 0 and vice versa as /
i) for y <0 if) for 0 < y iii) for y = 0 f;

XML(y) =1, XML( ) 0> R gvL(Y) =0or L. i

i

3. Are these two detectors the same”

Not the same. The threshold to detect a received symbols is different: 7 = In2 for MAP and 7 =0
for ML. & »

4. Find out the mis-detection probability of the MAP detector.
MD for MAP:




5. Find out the false-alarm probability of the following naive detector:
FA for NAIVE:

1

p(f(Y) = I’X = O) = /Z %e—ly—lldy

— 00

= le(%ml) = }—6_%
2 2

6. Find out the overall/average error probability of the MAP detector.
FA for MAP:

P = 11X =0) = [ 7 ety

1 (1112_1)
— —el’3
26

Average error probability for MAP:

p(f(Y) #X)=p(f(Y) = 11X = 0)p(X = 0) + p(f(¥) = 0|X = )p(X =1)
= lo(s2on) 1L (e 2
2 3 2 3
= L) %e“(I"T?“) V4

7. Find out the overall/average error probability of the ML detector.
FA for ML:

i) =1ix=0)= [ Loty

-0

MD for ML:

Average error probability for ML:

p(f(Y) # X) = p(f(Y) = 1|X = 0)p(X = 0) +p(f(Y) = 0|X = 1)p(X = 1)

~1e_1><1+£e“1><— /
) 32 3
1y /




Question 2

1. Find the maximum a posteriori probability (M AP) detector as a func-

tion of y.

To fine the MAP detector of Xyap(y) = arg max,p(z|y), the MAP decision rule is required as below:

(z=0ly) > ,
plz=1ly) =<
plylr=0) > ple=1) _,
plylz=1) < plz=

Taking the prior probability, we have the Bayes rule as

Hfor0<y<1 ii) Otherwise
Xmar(y) =1, Xmar(y) = 1.

2. Find the maximum likelihood (ML) detector as a function of y.

To fine the ML detector of Xy, (y) = argmax,p(y|z), the likelihood-ratio is thus given by

plylz=0) >
plylz=1) =<
2(y + 1) > .
—g = 1, ifo<y<1
Hfor0<y<1 if) Otherwise
. 0 ify>1 .
Xuar(y) = { 1 ifz < _z_ Xmap(y) = 1.
i) for § <y <1 if) Otherwise
Xymar(y) = 0. Xmar(y) = 1.

3. Are these two detectors the same?

Not the same. The MAP detector always says X = 1; however the ML detector has a threshold

7=0.

V4

4. Find out the mis-detection probability of the MAP detector.

MD for MAP:

P(F(Y) = 0)X = 1) = / D1 (9)dy = 0.

y¢[0,1])

5. Find out the false-alarm probability of the following naive detector:

TFA for NAIVE:

1

p(F(Y) = 1]X = 0) = / * po(y)dy

o]

1
42 3
:/ g(y+1)dy:
0

16




6. Find out the overall/average error probability of the MAP detector.
FA for MAP:

p(F(¥) = 1|X = 0) = /0 poly)dy
:/0 %(y-ﬁ-l)dy:l

Average error probability:

p(FOV) # X) = p(F(Y) = 11X = 0)p(X = 0) +p(f(¥) = 01X = p(X =1)

2
=1x O0x ==
+ 3

1
3

7. Find out the overall/average error probability of the ML detector.

FA for ML:
p(r0) =1X = 0) = [ pots)dy
19 5
_/o g(y+1)dy_ 1
MD for ML:

1

p(f(¥) =0|X =1) = / p(y)dy

1
1
2

0)p(X = 0) +p(f(¥) =0|X = Dp(X =1)

Average error probability for ML:
p(f(Y) # X) =p(f(Y) = 1|X

_5X1+1Xg
1273 273
17

T 36




Question 3

1. Model this CDMA system as a hypothesis testing problem.

Consider the following two hypotheses concerning a real-valued observation y := [¥1,. .. , Vi T

Ho:y ~ N(pg,02I) versus Hiy:y ~ N(ug,0°T)

where prg = [-11---—11)7, g, =[11.-. 1],

2. Find the MAP detector and express the MAP detector in the form of

log-likelihoodratio test.

amap(Y) = argmax,p(z|V)

pbit=0y) >
p(bit = 1ly) =<
pypbit=0) > phit=1)
plybit =1) < p(bit=0)
exp{~26+2(y—p,0)T(y—pJ0)} !
exp{—goz(y — )Ty —p1)} =
1 >
—53 {0 - 1) - o) - - m) )} 20
o o< HiB— B
(B1— o) Y S 9
N st
=uT
uly £ 0
Vi=Yi+Yi+Ys+Yi+Y £ 0
i)for Y <0 i) for 0 <Y i) for ¥ = 0

bityap (V) = 0, bitmap(Y) =1,

3. Find the average error probability.

Since Y has probability density function (pdf) A'(=5,50) when H, is true, and NV'(5,502) when #;

is true, then
FA for MAP:

where Q(z) = \/%7 L% exp (—”72) du.
MD for MAP:

bitmap(¥Y) = 0 or L.

Ny

R

e,

S,




Average error probability for MAP:

I
—
=

3
=
>

I
—_
Nt

p(f(Y) # X) = p(f(¥) = 11X = 0)p(X = 0) +p(f(¥) = 01X
:Q(?)x%—k@(%—g x% f

o)

4. Use the Chernoff bound to derive/approximate the average error prob-
ability for general N-bit signature sequence.

When V := Y] + Y3 + Y5 + Y7 + Yo,

FA:
E es’_’}
po (Y >0) 5 min— %
s sY
= <rsnz1})1E{e })
= eﬂz—i_f,
where
G Rl
E{ef' } =77
OE {esY g g? 1
_.—{as ) =(-1+0%s)e™* T =0 = s =5
MD:
E{e—s?}
p1 (Y <0)=p1 (-Y> 0= gﬂzlg 250
5
— : —sY
- (syz )
=e 57,
where W
() =emetsd
Efe "l = T2
QIE GSY — a” g2 * 1
___{é.s—}:(—1+028)€ HET=0 = 5=

Average error probability:

—5 1 —5%7 « 1
= 2 X = e 20° -
e 2o 3 + 2
= e 2;2



5. [Optional for those who has learned CDMA /digital communication
before.] Discuss its relationship to the matched filter in digital communi-

cation. Is the matched filter optimal?

Matched filter

Front-end processing

Hypothesis testing
Hy : Y ~ N(10,200%) versus Hi:Y ~ N(~10,200%)

FA:
0
P =1X =00 = [ m)iy
0
MD:

i) =0x =1 = | " )y
%

p(f(Y)# X)=p(f(YV) = 1IX = 0)p(X = 0) +p(f(Y) = 0|X = 1)p(X = 1)

Average error probability:

The matched filter is optimal because the performance of matched filter is the same to that of
MAP in white noise.




Question 4

1. Model this CDMA system as a hypothesis testing problem.

Consider the following two hypotheses concerning a real-valued observation y := [¥7,Y5]%:

Ho:y ~N(pg,X) versus Hy:y~N(p, %)
1 05
where g = [1,0.5], g1, = [~1,-0.5]7, and 3 = o* [ 05 1 J

2. Find the MAP detector and express the MAP detector in the form of
log-likelihoodratio test.

inap(y) = argmax,p(aly)

pbit=0y) >
p(bit =1ly) <
p(y|bit = 0) > p(bit = 1) _
plyfbit =1) < p(bit=0)
exp {3y — 1) By~ o)} =
exp{—3(y —)TE "y —m)} <
L - - >
5 =)y o) - () E Ty )} 20
Ts—1 Ty —1
_ JIEp —ui s
(kg — Mo)TE ly é ! 5 0 Fo
N—— ——
:;p,’l'
p'sTly =00
2 <
_FYI = 0
nn 20
where pT371 = L[-20].
i) for Y1 <0 i) for 0 < ¥ iii) for ¥ = 0 L
bitmap (Y1) = 1, bitmar (Y1) =0, bitpmap (Y1) = 0 or 1. ay

3. [Optional for those who has learned CDMA /digital communication
before.] Discuss its relationship to the matched filter in digital communi-

cation. Is the matched filter optimal?

Matrix decomposition:

where D = vVA~!IUT,

Front-end processing:
:= Dy (whitening noise)
:=D(po — 1) =Dp.

T @




The test statistic T'(y) = 7y has pdf A/ (BT C 1y, pTC™ ) under Ho, and pdf N (u"C~ 'y, nTC-1p)

under H1, then we see that in correlated noise, the shape of the signal can affect the performance:

2 4
Ho : T(y) NN( 2 i) versus Hi:T(y) ~N <—;2-, F) .

g2’ g2

FA for the Matched filter:

Mﬂﬂ=HX:®=[LmM@
-a(;)

MﬂW=WX=U:AmmM@

o2

MD for the Matched filter:

Average error probability for the Matched flter:
P(fY) # X) = p(£(¥) = 1|X = 0)p(X = 0) +p(f(Y) = 0]X = L)p(X = 1)
1 1 1 1
=o(3)x5+e(5) <3
_ 1
-2 ()

The matched filter is optimal because the performance of matched filter is the same to that of MAP
in color noise.




Question &

TA:
n . ]E{e—SE;L=1Yi}
po<zn<§>=po(-§;n>~§>zg§g
i=1 i= "
] i e—sY}
= | min —
s>0 e 2
S e’
=:f(s)
:2n(p(1'—p))%7
where
(1-p)+pe®
Jlo) =
of(s) _1—-p s P _—% # P
= = =0 = =1In .
Bs 5 ¢ T3¢ s 1-p
MD:
n SELD@'}
.Y < -@L.,a
n (Z_?lb 2> Smp—
= k3
) E{esY}
= | min <
s>0 €2
:::f(s) i
= 2(p(1 - )% |
where
(1-p)e*+p
f(s) = s
ez
Qf’(slzl_p@%_ge‘% -0 = s¥=1In P
ds 2 2 1-p

Average error probability:

p(F(Y) # X) =p(f(¥) = 1|X = 0Op(X = 0) -+ p(F(¥) = 01X = p(X =1)

= 2" (p(l —p))? x % +2"(p(1 —p))

=2 (1~ p)E

n
2

2

10




