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Abstract—We propose a frequency-domain modeling technique
with applications on the statistical timing analysis of clock
mesh/grid networks. Using transmission lines to model clock
mesh edges, we express the means and (co)variances of the sink
arrival times as polynomial functions of the arrival times of the
input signals and the wire widths of the mesh edges, with up
to second order accuracy. Experimental results show that the
proposed frequency-domain statistical timing analysis technique
is efficient and accurate. The relative mean error is less than 1%
and relative variance error less than 3%.

I. INTRODUCTION

Clock meshes are widely used in modern VLSI high-
performance clock networks to help reduce clock skew and
jitter due to variations in process, temperature and power
supply voltages [1]. As random variations become even more
prominent in nanometer process technologies, statistical timing
analysis (instead of static or worst-case timing analysis) of
clock meshes can be more effective in combating yield loss
and reducing the cost of over design.

While gate-level statistical timing analysis tools can be eas-
ily applied to statistically analyze clock trees, they cannot be
directly used to analyze clock meshes due to the existence of
large number of loops in them. Model order reduction (MOR)
techniques have been used in [2], [3], [4] to model variabil-
ities of wire width with first order approximation. However,
applying MOR on clock meshes may not be efficient, due
to the existence of large number of input/output terminals
in clock meshes. Moreover, the impact of the variations on
the input-signal arrival times is not addressed. Of course, we
could still rely on numerical Monte Carlo simulations for
the timing uncertainty analysis of clock meshes. However,
the number of Monte Carlo simulations required to improve
accuracy grows quadratically [5]. Thus, the run time of Monte
Carlo simulations can be prohibitively high for large instances
of clock meshes. Even when efficient techniques, such as the
sliding window scheme [6], [1], are used, the size of the clock
meshes that can be handled is still too small (e.g., 16×16).

In this work, we propose a frequency-domain technique
for statistical timing analysis of clock meshes. A first, but
fairly incremental contribution of this work is that we extend
the frequency-domain analysis technique in [7], which was
applied to clock trees, to handle clock meshes. The underlying
principle of the frequency-domain analysis technique of clock
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meshes is based on the fact that clock signals are periodic
and that the steady-state circuit response is of interest in
most cases. As any periodic signal can be decomposed into
the summation of a series of harmonic signals, analyzing
the clock network (that are usually Linear-Time-Invariant) at
each harmonic frequency separately with the standard phasor
analysis technique [8], [9] and combining them together will
give the steady state response. Using a transmission line model
and sufficient number of harmonics, clock mesh analysis in
frequency-domain can be very accurate.

As the frequency-domain analysis technique is analytical,
the clock sink arrival times can be expressed analytically in
terms of the clock network parameters (wire width) and the
input signal arrival times. Our main contributions of this work
are: (1) We formulate a second-order timing model of the sink
signal arrival times with respect to the wire width and input
signal arrival times. (2) With the linear canonical form used
to model the variations in the mesh wire width and the input
signal arrival time, the mean and covariance expressions of the
arrival times of the clock sinks can be obtained analytically
and computed efficiently. (3) Compared with Monte Carlo
simulations, the proposed statistical timing analysis technique
is orders of magnitude faster while achieving high accuracy.
The errors in mean and standard deviation are respectively less
than 1% and 3%.

II. PRELIMINARIES

A. Clock mesh structure

Clock 
input

(a) (b)

Ii(t)=Vsi(t)Gi

Fig. 1. A general clock mesh with size 8×8. The voltages of the I/O nodes
(drive points and sink points) are of interest.
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In Figure 1, we show a simple 8×8 general clock mesh. In
general, we assume that the size of the clock mesh is nx×ny
with n = nx × ny nodes and ne = 2n − nx − ny edges
throughout the paper.

We refer to the mesh nodes connected to the output of
the input drivers and flip-flops (or clock driver inputs of the
next level clock network) as ‘drive points’ and ‘sinks points’,
respectively. Both the drive points and the sinks are considered
as I/O nodes/terminals whose voltages are of interest in this
paper. If a node i is driven by a clock driver with a driver
resistor Ri and a voltage source V si(t) in series, we represent
its Norton equivalent circuit with a conductor Gi = 1/Ri
and a current source Ii = V si · Gi connected in parallel, as
in Figure 1. Otherwise, it is represented by a zero current
source in parallel with an infinite resistor. These currents are
considered as the inputs.

With this formulation, the number of currents inputs is equal
to the number of I/O voltages. Consequently, the number of
knowns and unknowns are equal, and thus the corresponding
system (of linear equations) has a unique solution. The mesh
edges are modeled as transmission lines with the reference
pins grounded (not shown in the figure). We assume that the
wire width of each segment is uniform for ease of presentation,
although the proposed model can be easily extended to analyze
meshes with non-uniform wire widths.

B. Canonical form of causal random variables

In this work, we consider two types of random variations
that directly affect the timing properties of clock meshes:
the variations in the wire widths of the mesh edges and the
variations in the arrival times of the inputs clock signals. These
two sets of random variations are affected by variations on
process, temperature, power supply, etc. For simplicity, we
assume these two sets of random variables are independent
from each other, normally distributed and can be expressed as
the linear combinations of a set of independently distributed
Gaussian random variables with zero-mean and unit-variance.

We denote vector s = [s1, s2, ..., sn]T as the input clock
signal arrival times. It can be expressed in the linear canonical
form [10]:

s = s0 + PX, (1)

where s0 is the nominal value of the input clock signal arrival
time, P is the coefficient matrix, and X is the random variable
vector with zero-mean and unit-variance. P can be obtained
by applying PCA (principal component analysis) [11]. It is
not difficult to derive that the mean vector E(s) = s0 and the
covariance matrix cov(s) = PPT .

Similarly, we denote vector W = [w1, w2, ..., wne ]T as the
mesh wire widths with

W = W0 +QY, (2)

where Q is the matrix composed of eigen vectors, and Y is the
random principal components vector with zero-mean and unit-
variance. The mean vector E(W ) = W0, and the covariance
matrix cov(W ) = QQT .

Zi’(k)

Yi’(k)/2 Yi’(k)/2V1

+

V2

+

- -

Fig. 2. The π-model of transmission line

III. CLOCK NETWORK FREQUENCY-DOMAIN ANALYSIS

WITH TRANSMISSION LINE MODEL

A. Frequency-domain analysis of clock mesh

We assume that the input clock signals are square-wave
signals with 50% duty, rising/falling time ‘τ ’ and period T .
The physical time is represented by t′, and the signal arrival
times of the input current stimulus signals are represented by
vector s = [s1, s2, ..., sn]T .

Let diag(v) denotes a diagonal matrix with the diagonal
being the vector v. Then, with ω0 = 2π/T being the fun-
damental angular frequency of the periodic clock signals, the
stimulus current vector can be expanded into Fourier series in
complex exponential vector form [12]

I(t′) =
∑

k=0,±1,±2,±3...

diag[exp(jkωo(t′ − s))] · I(k), (3)

where kωo is the k-th order harmonic angular frequency;
exp(jkωot′) a coefficient vector and exp(jkωo(t′ − s)) =
[exp(jkωo(t′ − s1)), exp(jkωo(t′ − s2)), ..., exp(jkωo(t′ −
sn))]; and I(k) = [I(k)

1 , I
(k)
2 , ..., I

(k)
n ]T the frequency-

domain stimulus current vector. For k �= 0, I
(k)
i =

−2TGiVdd sin(kω0τ/2)/(τk2π2)j [13] and I(0)
i = GiVdd/2.

As the input stimulus current signals are periodic, the I/O
node voltage signals are also periodic, and thus can also be
expanded into Fourier series. The complex-exponential Fourier
series expansion of the node voltages in vector form is

V (t′) =
∑

k=0,±1,±2,±3...

diag[exp(jkωot′)] · V (k), (4)

where V (k) = [V (k)
1 , V

(k)
2 , ..., V

(k)
n ]T is the frequency-domain

node voltage vector.
For the clock mesh structure shown in Fig. 1 and for the

k-th harmonic, V (k) can be obtained by solving the complex
linear equation:

G(k) · V (k) = I(k), (5)

where G(k) is the admittance matrix. For clock mesh, G(k)

is symmetric and sparse, and has so-called block tri-diagonal
structure. The arrival times of the clock sink signals can
be obtained by letting Vi(t) = 0.5VDD and solving for t.
Typically, only the first few harmonics are required to achieve
sufficient accuracy [7].
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B. The admittance matrix with transmission line model

To achieve high accuracy, we model the interconnects on the
clock meshes as transmission lines. We use the transmission
line lumped π model (shown in Figure (2)) that is often used
in power system analysis [14] to model the clock mesh edges.

Consider the i-th mesh edge whose wirelength is li, for the
k-th harmonic frequency, the inductive impedance across the
edge is

Z
′(k)
i = Z

(k)
c,i sinh(γ(k)

i li) (6)

and the capacitive admittance at each end of the edge is

Y
′(k)
i /2 = 1/Z(k)

c,i tanh(γ(k)
i li/2), (7)

where Z
(k)
c,i =

√
(Ri + jkωLi)/(jkωCi) and γ

(k)
i =√

(Ri + jkωLi)(jkωCi) are respectively the characteristic
impedance and propagation function of the i-th mesh edge
corresponding to the k-th harmonic frequency. We assume
that Ri = R0/Wi, Li = L0/Wi, and Ci = C0 · Wi, with
Wi being the wire width of the i-th mesh edge, and R0,
L0, and C0 being the unit-width wire resistance, inductance
and capacitance, respectively. The propagation function is then
independent of wire width. The characteristic impedance can
be expressed as:

Z
(k)
c,i = Z

(k)
c,0 /Wi, (8)

where Z
(k)
c,0 =

√
(R0 + jkωL0)/(jkωC0) is the unit-width

characteristic impedance of a wire at the k-th harmonic
frequency.

Let A be the adjacency matrix and Gs the driver conduc-
tance vector. Define |A| to be a matrix obtained from A by
taking the absolute value of each entry of A. (5) can then be
written in the following form:

A · diag(G(k)
E ) · ATV (k) + diag(V (k))|A|G(k)

D

+ diag(Gs)V (k) = I(k)
s , (9)

where

G
(k)
E = [

W1

Z
(k)
c,0 sinh(k)(γ(k)

1 l1)
, ...,

Wne

Z
(k)
c,0 sinh(k)(γ(k)

ne lne)
]T

(10)
is the admittance vector for the edges and

G
(k)
D = [

W1 tanh(k)(γ(k)
1 l1/2)

Z
(k)
c,0

, ...,
Wne tanh(k)(γ(k)

ne lne/2)

Z
(k)
c,0

]T

(11)
is the admittance vector for the end points of the edges.

(9) implies that the sink voltage signal is a function of the
edge wire width, which is useful for deriving the first order
approximation of the sink clock voltage signal as a function
of the edge wire width. This will be discussed in Section IV.

IV. MODELING OF THE CLOCK ARRIVAL TIME

In this work, we assume that the sink arrival times are
linearly dependent on the wire widths. This assumption is
justifiable because the wire width variations are small as
compared with their nominal values. However, as the input
signal arrival times may have large random variations, the

arrival times of the sinks should be modeled as second-order
polynomial functions of the input arrival times.

A. First order derivatives (Jacobian matrix)

We denote v(t′) as the vector of clock sink voltage signals
in time domain (note: t′ is the physical time). For ease of ex-
planation, we define a vector function F (t′) � v(t′)−0.5Vdd.
When the sink voltage signals cross the Vdd/2 point, we have

F (t) = V (t)− 0.5Vdd = 0. (12)

Note that t = [t1, t2, ..., tn]T is the solution of the above
equation, and is the vector of the arrival times of the sink
signals. Since V (t) is the function of both t and input
signal arrival time s, it is clear from (12) that vector t is
an implicit function of vector s. According to the implicit
function theorem [15], [16], the Jacobian matrix Dst can be
obtained by taking the derivative of (12) with respect to s and
t, respectively. We then have

Dst = −(DtF )−1DsF, (13)

where DtF = DtV (t) is the Jacobian matrix that corresponds
to the first-order derivatives of F with respect to t and

DtF = diag{
K∑

k=−K
jkω0diag[exp(jkω0t)]V (k)}, (14)

with exp(jkω0t) = [exp(jkω0t1), ..., exp(jkω0tn)]T . Obvi-
ously, DtF is a diagonal matrix, and its inverse can be easily
obtained. DsF is the Jacobian matrix that corresponds to the
first-order derivatives of F with respect to s. From (3), (4)
and (5), we can easily obtain

DsF =
K∑

k=−K
jkω0diag[exp(jkω0t)] · (G(k))−1 · diag[I(k)].

(15)
Similar to (13),DW t, the Jacobian matrix of sink signal arrival
times v.s. the wire widths, can also be obtained.

B. Second order derivatives:

Similarly, we can obtain the second-order derivatives of t
with respect to s. From (13), taking derivative of Dst with
respect to si (the input signal arrival time of the i-th node)
requires taking derivatives of DtF and DsF . The derivative
of the Jacobian matrix DtF with respect to si is:

∂

∂Si
DtF =

K∑

k=−K
(jkω0)2diag[exp(jkω0t)]{I(k)

i

· diag[(G(k))−1(:, i)] + diag[V (k)]
· diag[Dst(:, i)]}, (16)

where Dst(:, i) and G(k))−1(:, i) denote the i-th columns of
the matrix Dst and G(k))−1, respectively. The derivative of
the Jacobian matrix DsF with respect to si is:
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∂

∂Si
DsF =

K∑

k=−K
(jkω0)2 · diag[exp(jkω0t)]{(G(k))−1

· diag[0, 0, ..., I(k)
i , ..., 0]T

+ diag[Dst(:, i)](G(k))−1diag[I(k)]}. (17)

Apply chain-rule of derivatives, the derivative of the Jaco-
bian matrix Dst with respect to si is

∂

∂si
Dst = −(DtF )−1[

∂

∂si
DsF − (DtF )−1 ∂

∂si
DtF ·DsF ].

(18)

C. Timing model of the arrival time of the sink signals

With both the arrival times vector of the input signals s and
the mesh wire widths vector W considered as variables, the
final second-order timing model of the arrival times vector of
the sink signals t is:

t = t0 +DW t ·Q · Y +Dst · P ·X
+ 1/2

n∑

i

(si − si,0)
∂

∂si
Dst · (s− s0). (19)

Note that si−si,0 is a scalar and s−s0 = [s1−s1,0, ..., sn−
sn,0] is a vector. The statistical timing analysis of clock meshes
is based on this second-order timing model.

V. STATISTICAL ANALYSIS OF THE CLOCK SIGNAL

ARRIVAL TIMES

With the second-order timing model (19) obtained in the
section IV, the mean and covariance of the arrival times vector
t of the sinks signals can be explicitly expressed in terms of
the means and (co)variances of W (the clock mesh wire width)
and s (the arrival times of the input signals).

A. The mean vector

By taking expectation of the second-order timing model
(19), using (18) and the fact that E(X) = 0 and E(Y ) = 0,
the mean vector of the arrival times of sink signals t is

E(t) = −1/2(DtF )−1[
n∑

i=1

∂

∂Si
DsF · cov(si, s)

− (DtF )−1 ∂

∂Si
DtF ·DsF · cov(si, s)]

+ t0, (20)

where cov(si, s) = [E[(si − si,0)(s1 − s1,0)], ..., E[(si −
si,0)(sn − sn,0)]]T ,

n∑

i=1

∂

∂si
DsF · cov(si, s)

=
K∑

k=−K
(jkω)2 · diag[exp(jkω0t)]{(G(k))−1(I(k) ◦ σ2

s)

+ {Dst ◦ [(G(k))−1diag[I(k)] · PPT ]}[1, 1, ..., 1]T},(21)

and
n∑

i=1

∂

∂si
DtF ·DsF · cov(si, s)

=
K∑

k=−K
(jkω)2 · diag[exp(jkω0t)] · {{[(G(k))−1

◦(DsF · P · PT )] · I(k)
s }+ diag[V (k)] ·

·[Dst ◦ (DsF · P · PT )][1, 1, ..., 1]T}. (22)

Note that σ2
s = E((s1−s1,0)2, (s2−s2,0)2, ..., (sn−sn,0)2)T

is the variance vector of s, and ‘◦’ denotes the Hadamard
product.

B. The covariance matrix

The accuracy requirement for the covariance values is usu-
ally not very high. Moreover, the second-order derivative terms
in the timing model (19), as compared with the first order
derivative, is always very small. In this work, we therefore
choose to ignore the second-order terms of the timing model
(19) and keep only the first-order terms. In other words, we
use the following linear canonical form of the timing model
to estimate the covariance:

t = t0 +DW t ·Q · Y +Dst · P ·X. (23)

As X and Y are assumed mutually independent and have
zero-mean and unit-variance, the covariance of the arrival time
of the sink signal is:

cov(t) = [t0 − E(t)][t0 − E(t)]T

+ DstPP
TDst

T +DW tQQ
TDW t

T , (24)

where E(t) is determined by (20). Note that this covariance
expression is a theoretical expression. In practice, it is not
necessary to compute all of the n2 entries of the covariance
matrix.

VI. IMPLEMENTATION AND COMPLEXITIES

The major steps of computing the mean and variance of the
sink signal arrival time vector t are outlined below:

1) Generate G(k) for k = 1 to K .
2) Calculate the nominal V (k) and t from (5).
3) Calculate Dst · P (and DW t ·Q) based on (13).
4) Calculate the variance of t based on (24).
5) Calculate the mean of t from (20), (21) and (22).
As (G(k))−1 is a full matrix with O(n2) entries, it is not

efficient to calculate (G(k))−1 directly. In this work, (G(k))−1

is mostly used to left-multiply with another vector or matrix.
This is equivalent to solve one or a few matrix equations
with the same matrix G(k). We therefore use PLU (permuted
LU decomposition) to obtain the L and U factorizations and
apply back-substitution to solve these matrix equations as they
share the same L and U . Let the time complexity of PLU
factorization and back substitution are O(nα) and O(nβ),
respectively, then the time complexity of performing steps 2,3
and 4 is O(K ·nα+K ·np ·nβ) where np is the summation of
the size of the vector X and the size of vector Y . Typically,
1 < β < α < 2, α is close to 1.5 and β is close to 1.
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In step 5, Hadamard products of matrices (G(k))−1 and Dst
are involved in (21) and (22). Because (G(k))−1 and Dst are
full matrices, the time complexity of each Hadamard products
is O(n2). However, due to the RC low-pass filter effect,
which induces the exponential attenuation [6], the entries in
the matrix (G(k))−1 and Dst decrease very quickly from the
main diagonal. Both (G(k))

−1
and Dst can be approximated

with sparse matrices with O(n) entries. In this work, we
use SPAI (Sparse Approximate Inversion) algorithm [17] to
obtain the sparse approximate inverse of G(k). The sparse
approximation of Dst can be computed directly from (13).
While the error due to this approximation is less than 0.1%,
the time complexity of the Hadamard products can be reduced
to O(n) from O(n2). The time complexity for performing step
5 is therefore O(Knβnp).

VII. EXPERIMENTAL RESULTS

The proposed frequency-domain statistical timing analysis
technique for the calculation of the mean vector and the
variance vector of the sink arrival times t is implemented
in a MATLAB (R2006b) script and performed on an Intel
Core 2 Duo E6600 (3.0GHz) computer with 2GB memory.
For simplicity, the I/O nodes (the drive points and the sinks)
of the meshes are always on the grid points, although it is very
easy to extend the proposed methods to more general meshes.
For instances of clock meshes larger than 20×20, the matrices
P and Q used in (1) are generated with PCA based on the
linear correlation assumption [18]. 200 principal components
for both input signal arrival time variations and the wire width
variations are used. The clock frequency is 5GHz, with rise/fall
time of 10ps.

In order to verify the accuracy of the frequency-domain
modeling technique, we create a 30×30 clock mesh, and
measure the arrival times at some sink nodes. We model the
edge segments between sink nodes with one and 10 π-type
RLC circuits respectively, and perform HSPICE simulations
to obtain the sink arrival times. The arrival time results
obtained with 10 π-type RLC models are treated as ‘accu-
rate’. The interconnect parameters used for the edge segments
between sink nodes are R=23Ω, L=0.1nH, and C=0.25pF. The
frequency-domain modeling technique is then applied with the
number of harmonics varying from 1 to 99. Figure (3) shows
the arrival time comparison with different methods used. As
shown in this figure, the delay result of the frequency-domain
technique converges to the ‘accurate’ value very quickly with
the increase of the number of harmonics. With 11 harmonics
used, the delay obtained by the frequency-domain modeling
technique is as accurate as the one π-type model, which
gives less than 1.3% of relative error. With more than 33
harmonics used, the error is close to 0. Note that the frequency-
domain Monte Carlo simulations can also be easily performed
by repeatedly solving (5) for samples of t. Because of the
high accuracy of the frequency-domain modeling technique
and the long run time of HSPICE transient simulations, we
use the frequency-domain Monte Carlo simulation results as
the golden reference instead of the HSPICE Monte Carlo
simulation results.

Fig. 3. Delay accuracy comparison with number of harmonics used

Fig. 4. Trend of mean and standard deviation of sink signal arrival time v.s.
# of Monte Carlo runs

In order to find the appropriate number of Monte Carlo
simulations needed for golden reference, we also run some
frequency-domain Monte Carlo simulations with small in-
stances of meshes used (as the accuracy of the Monte Carlo
simulations is affected by the number of samples and not the
size of the instances [5]). σs is assigned to be 3ps. Figure 4
shows the trend of the mean and variance of the sink arrival
time with input signal arrival time variations and wire width
variations. As the tradeoff between accuracy and speed, we
choose 10K MC runs as the golden reference.

With mesh size varying from 30×30 to 300×300 and 33
harmonics used, we compute the mean and the variance of
the sink signal arrival times. The run time includes the time
required to compute the mean vector and the coefficient matrix
that is used for the calculation of the variance vector. We did
not compute the covariance matrix, as it is not required. As 1K
Monte Carlo simulations are commonly used in the literatures,
we list its run time results. For meshes smaller than 100×100,
we use 10K Monte Carlo results as the reference; for meshes
larger than 150×150, we use the results of 1K Monte Carlo
simulations as reference. As shown in table I and Figure 5,
the proposed frequency-domain modeling technique for SSTA
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Fig. 5. Maximum relative error of the mean and variation of the proposed
method

is 50 times faster than 1K (500 times faster than 10K runs)
frequency-domain Monte Carlo simulations with relative mean
error of only 1% and relative standard deviation error of only
3%. Note that the error for meshes larger than 150×150 is
slightly higher because we use 1K Monte Carlo simulations
results as the reference, which may not be accurate. Due to
prohibitive computation cost, we perform HSPICE-based and
SWS-based (sliding window scheme) Monte Carlo simulations
with only 100 repetitions used, and list their run times in
table I as well. The interconnect model used is 4 segment π
RLC model as a tradeoff between speed and accuracy. The
proposed statistical timing analysis technique is more than
thousands of times faster than 100 repetitions of HSPICE-
based Monte Carlo simulations. For large instances of clock
meshes, HSPICE fails to simulate the clock meshes, and SWS
takes more than a few days to complete the simulations.

mesh size Proposed 1K M.C. Hspice 100 SWS 100
30× 30 13 668 3499 3681
50× 50 40 2003 12298 35417
100× 100 219 10028 fail >3 days
150× 150 675 32844 fail >5 days
200× 200 1541 89063 fail >5 days
300× 300 6538 >5days fail >5 days

TABLE I
RUN TIME COMPARISON. TIME UNIT: SECOND(S)

VIII. CONCLUSION

By using frequency-domain modeling technique, we estab-
lish a second-order timing model to analyze the timing of clock
meshes. Based on this timing model, we perform statistical
timing analysis on clock meshes and compute the mean and
variance of the arrival times of the sink signals. Experiments
result shows that the proposed technique is accurate and
efficient.
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