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ABSTRACT
The concurrence of stable and unstable stratification in stratified
flows leads to dramatically different features of turbulentmixing. This
unique flow is experimentally studied by introducing a horizontal
jet of dense fluid into a pool of light fluid. The buoyancy flux from
simultaneous velocity–densitymeasurements is an indicator for com-
petition between a stabilising mechanism and another destabilising
mechanism. The difference of mixing efficiency, quantified by flux
RichardsonnumberRif, between the (un)stable stratification ismainly
contributed by the large-scale mixing. The behaviour of Rif can be
modelledby thegradient RichardsonnumberRig linearly in the low-Ri
case and nonlinearly in the high-Ri case (especially in a region where
the counter-gradient flux emerges). The turbulent diapycnal diffu-
sivity, quantifying the combined effect of reversible and irreversible
mixing processes, increases as the buoyancy Reynolds number Reb
increases only when Reb is large. The irreversible mixing diffusivity,
which quantifies the sole irreversible mixing process, increases lin-
early as the turbulent Péclet number with the data points from the
(un)stable stratification overlapped. The turbulent Prandtl number
approaches 0.75 as Rig approaches zero, but does not show clear
dependence on Rig in the examined regime.

1. Introduction

The interaction of stratification and turbulence is frequently observed in a variety of flows.
Surface wind and heat advection at the air–sea interface drive the upper mixing layer of
ocean into stably stratified oceanic pycnocline. The presence of buoyancy effect resulted
from density stratification influences mixing and dispersion of pollutants and nutrients.
In particular, it influences the heat and salt transports in Meridional Overturning Circula-
tion whose abnormal changes may result in abrupt climate change.[e.g., 1,2] Similar phe-
nomenon also exists at a relatively small scale in contaminant spread inside an airline cabin
and all indoor environmentwhere the conditioned air and return air aremanaged byHVAC
systems.[e.g., 3] The interaction induces mixing the core fluid with the ambient fluid at a
wide range of scales. The currently available numerical tools are inadequate to resolve all
the spatial and temporal scales, so they rely on specific parameterisation or closure models,
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which need to accurately represent the mixing physics. Particular interest is on quantifying
the mixing efficiency under different stratification and turbulence levels.

The interaction of turbulence and stratification in stratified flows is described by the
transport equation of turbulent kinetic energy (TKE), with the Boussinesq approximation
[4]:

〈uj〉 ∂k
∂x j

+ ∂Tj

∂x j
= P − B − ε, (1)

where k ≡ 〈u′
iu′

i〉/2 represents TKE and Tj ≡ 〈u′
ju′

iu′
i〉/2 + 〈u′

j p〉/ρs − 2ν〈u′
isi j〉 a trans-

port term. Here, 〈·〉 and (·)′ denote the averaging term and the corresponding fluctua-
tion term, respectively, in Reynolds decomposition. (The velocity and scalar fields can
thus be decomposed: ui(x, t ) = 〈ui〉(x) + u′

i(x, t ) and θ (x, t ) = 〈θ〉(x) + θ ′(x, t ), where
θ (x, t ) ≡ �ρ(x, t )/δρo is the non-dimensional density difference, �ρ the density differ-
ence and δρo the initial density difference.) In Equation (1), the turbulence production,

P ≡ −〈u′
iu

′
j〉Si j, (2)

describes the production of TKE due to the gradients of mean velocity, where Sij =
0.5(�〈ui〉/�xj + �〈uj〉/�xi) is the strain rate tensor. The buoyancy flux,

B ≡ g′〈θ ′u′
3〉, (3)

quantifies the production or consumption of TKE via mixing, where g′ � gδρo/ρs is the
reduced gravity. The dissipation rate of TKE,

ε = ν

〈
∂u′

i

∂x j

∂u′
i

∂x j
+ ∂u′

i

∂x j

∂u′
j

∂xi

〉
, (4)

describes the consumption of TKE by viscous process. Furthermore, the flux Richardson
number,

Ri f = B/P, (5)

is referred to the mixing efficiency.[5–7]
To describe Rif, the eddy-viscosity–diffusivity approximations are usually employed to

relate the turbulent momentum flux 〈u′
iu′

j〉 and scalar flux 〈θ ′u′
i〉 with the mean velocity

gradients �〈ui〉/�xj and mean scalar gradients �〈θ〉/�xi. As a result, Rif may be modelled
by a gradient Richardson number

Rig = N2/S2, (6)

where N = √
(g/ρs)|∂〈ρ〉/∂x3| is Brunt–Väisälä frequency (x3 is anti-parallel to the gravi-

tational direction) and S = √
(∂〈u1〉/∂x3)2 + (∂〈u2〉/∂x3)2 is the mean shear rate.

The first Rif − Rig relationship was proposed by assuming local thermodynamic equilib-
rium and neglecting the mean advection of flow.[8] By considering the convective effect, a
second-momentRif −Rig model (Mellor–Yamadamodel) was later introduced by adopting
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a low order of ‘energy redistribution’ hypothesis and a simple version of turbulent diffusiv-
ity model to achieve an optimal computational load without excessive loss of accuracy.[9]
An improved version of the Mellor–Yamada model was developed for large eddy simula-
tion (LES) of stably stratified and convective planetary boundary layers.[10] Other theoret-
ical attempts for developing similar closure models were also reported, such as one-point
model.[11] In addition to these theoretical attempts, theRif −Rig relationship has also been
investigated by laboratory experiments,[12–14] numerical simulations,[6] and field mea-
surement of either atmospheric boundary layer [15] or weakly stratified upper ocean in
the North Atlantic.[16] The failure of a universal Rif − Rig relationship from many stud-
ies, however, recently raises an argument that whether Rig alone is adequate to model the
behaviour of Rif. It consequently gives rise to the modelling of Rif with a different parame-
ter or multiple parameters. For example, a local buoyancy Reynolds number Reb = ϵ/(νN2)
was introduced to parameterise Rif together with Rig.[17]

Another keen interest is on quantifying the mixing across isopycnal interfaces. This
diapycnal mixing, usually indicated by the turbulent diapycnal diffusivity κθ , governs the
heat and nutrient transfers across pycnocline or thermocline [18] and influences the pre-
dictions of global climate change.[19]κθ is associated with Reb.[20,21] For instance, three
regimes of mixing with Reb were identified [20]: (i) the diffusive regime (Reb ∼ 1) where
stratification is strong and κθ is of the same order as molecular diffusivity; (ii) the interme-
diate regime (10 � Reb � 100) where κθ increases linearly with Reb; and (iii) the energetic
regime (Reb � 100) where stratification is weak and κθ increases more slowly. This parame-
terisation of κθ using Reb has been recently questioned,[22,23] by arguing that κθ should be
independent of molecular diffusivity κ , especially at high Reynolds number, but Reb does
not satisfy this independence. In the studies, the contributions of reversible and irreversible
mixing processes were suggested to be considered separately, and the irreversible turbulent
diapycnal diffusivity κρ was introduced and can bemodelled by a turbulent Péclet number

Pet = L2E
κTL

, (7)

with the Ellison overturning length scale LE = √〈θ ′2〉/|∂〈θ〉/∂x3| and turbulence decay
time scale TL = k/ϵ. This model was investigated using one-dimensional (1D) simulation
of homogeneously sheared stratified turbulence and the improperness of modelling κθ by
Reb was later confirmed in simulations.[24] A similar approach (to separate the irreversible
and reversible mixing) was applied to parameterise the vertical momentum eddy viscosity
κm and the turbulent Prandtl number Prt = κm/κθ .[25] (Before this study, Prt was often
modelled by Rig [26–28] without distinguishing the irreversible and reversible mixing pro-
cesses.) The argument also focuses on suitability of the Prt model to neutrally stratified
flows (no stratification case, denoted by Prt0), which tests whether the modelling is phys-
ically based and whether it is applicable to both the passive scalar and active scalar cases.
For example, 0.5 < Prt0 < 1.0 for neutrally stratified flows was suggested [29] and Prt0 =
0.7 was obtained in the analytical derivation of the simplified TKE transport equation and
later examined in DNS data of homogeneous stably stratified turbulence.[25].

Extensive experimental efforts have been put on understanding the mixing in stratified
flows by in-situ measurements and laboratory experiments. A significant amount of in-situ
data of oceanic flows have been collected by research vessels or float buoys loaded with
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sensors.[e.g., 30,31] These valuable measurements are limited by their high cost, techni-
cal difficulty for achieving ideal spatial resolution, as well as the uncontrollable variations
of flow conditions. The laboratory studies, on the other hand, are of well controlled flow
conditions, but the ranges of length and time scales are far less than the ones in oceanic
flows. As a result, most of the laboratory generated stratified flows have smaller Reynolds
number at the order of hundreds or thousands. In addition, in a perspective of general strat-
ified flows (e.g., in engineering applications), the numbered available measurement tech-
niques present another challenge for experiment studies. Recent laboratory experiments
investigated the mixing and the dynamics of stratified flows using flow visualisation (with
colour dye) and/or point-wise measurement technique, e.g., laser Doppler velocimetry
(LDV) [32–34] or planar laser-induced fluorescence (PLIF),[35–37] or a combined PLIF–
particle image velocimetry (PIV) technique for simultaneously measuring scalar-velocity
fields.[38–40] These data-sets lead to new perspectives of flow physics mostly in a setting of
stably stratified flows, due to rich information collected: high-resolution data, simultaneous
velocity-scalar fields, detailed turbulent energetics, availability of analysing velocity/scalar
gradients, etc.

Nevertheless, stable and unstable stratificationmechanisms often coexist or change from
one to another, because of the effect of geophysical topography, periodic change of solar
radiation, etc. One example is the development of alternating zonal jets in oceanic back-
ground stratification (see Ref.[41] and therein references), which affects the transport of
heat, momentum and tracers. In addition, although the stable stratification exists in a
global or statistical manner, local unstable stratification often emerges irregularly, to affect
the flow characteristics. Unfortunately, the coexistent stable–unstable stratification has not
attracted attentions (no study is yet on it to our best knowledge). More importantly, the
mixing parameterisations/models were developed under the stable stratification circum-
stance, but extended to general stratified flows without discerning their performances in
stable and unstable stratification regions. Whether such models are in a unifying frame-
work in stable–unstable stratification flows are unknown. Characterising mixing dynamics
under the unique concomitant stable and unstable stratification consequently motivates
this laboratory experimental study.

In this paper, we report an investigation of mixing dynamics by analysing an experi-
mental data-set collected from a horizontally induced stratified jet. The orthogonality of
the directions of the initial momentum and the buoyancy introduces separated coexistent
stable and unstable stratification regions. The high spatial resolution velocity–density data
are used to examine the physics formodelling Rif, κθ and Prt. The paper is structured as fol-
lows. The experimental data-set is introduced in Section 2. Section 3 presents the methods
of estimating the turbulent energetics using the experimental data. Section 4 discusses the
role of the buoyancy flux and the (de)stabilising mechanisms in the flow. Mixing efficiency
is investigated in Section 5. Section 6 studies turbulent diapycnal diffusivity and turbulent
Prandtl number. Section 7 gives conclusions and outlook of future work.

2. Experimental data-set of stratified jet

The experimental data-set used in the present study was collected from a stratified jet facil-
ity, as sketched in Figure 1, and the cartesian coordinate sets: x1 corresponds to the hori-
zontal direction; x3, perpendicular to x1, corresponds to the opposite direction to gravity.
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Figure . (Colour online) (a) Schematics of the stratified jet facility, where the stable and unstable strat-
ification are highlighted in (b). (c) A representative snapshot of simultaneous velocity and density fields
where only / of the velocity vectors are shown for clarity.

x1 and x3 are also referred as the streamwise and vertical direction, respectively. A dense
fluid (salt solution, density ρs � 1000.1 g/L) was injected through a circular nozzle into a
light fluid (ethanol solution, density ρe � 995.0 g/L) with a slight density difference (δρo =
ρs − ρe), initially along x1. In the upper mixing region of the jet, the dense fluid is below
the light fluid (indicated by �〈θ〉/�x3 < 0) to form stable stratification, while in the lower
mixing region, the dense fluid is above the light fluid (indicated by �〈θ〉/�x3 > 0) to form
unstable stratification. Thus, this stratified jet experiment introduces unique coexistence of
stable stratification (usually weakening the mixing) and unstable stratification (enhancing
the mixing) as illustrated in Figure 1.1

Simultaneous velocity–density measurements were achieved by combining PIV and
PLIF. A fluorescent dye was dissolved into the dense fluid with a specified concentration
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Table . Experimental conditions of the inlet of the stratified jet.
Parameter low-Ri high-Ri

Nozzle inner diameter D (cm) .
Inlet density difference δρo/(ρs + ρe) .%
Reduced gravity g′ = g(ρs − ρe)/(ρs + ρe) (m/s) .
Schmidt number Sc ∼ 
Inlet velocity Uo = 〈u〉 (m/s) . .
Inlet turbulent intensity urms/Uo .% .%
Inlet Reynolds number Reo = UoD/ν , ,
Inlet bulk Richardson number Rio = g′D/U2

o . .
Estimated dissipation rate ε = u3rms/D (m/s) . .
Kolmogorov scale ηk = (ν/ϵ)/ (mm) . .
Batchelor scale ηb = ηk/

√
Sc (mm) . .

PIV neighbouring vector distance δv (mm) .� ηk .� .ηk
PLIF pixel resolution δ

θ
(mm) .� ηb .� .ηb

for PLIF measurements. Seeding particles were uniformly added into both the dense and
light fluids for PIV measurements. To collect the data used in the present study, a laser
sheet illuminated the central vertical plane (x1, x2 = 0, x3) of the jet. Two CCD cameras
equipped with filters were used to record separated PIV and PLIF images, respectively. The
optics and cameras can be translated along the x1 direction for measurements at different
downstream frames. The scalar data from PLIF were then spatially sub-sampled to match
the resolution of the PIV measurements. The characteristic errors of instantaneous mea-
surements are 0.7% for the velocity and 2% for the scalar. A sample pair of the instantaneous
velocity and density fields on a resolved 128 × 128 grid is shown in Figure 1. More details
of the experimental setup, the PIV–PLIF technique and the calibration procedure as well
as the uncertainty analysis can be found in Ref [43].

Data from two sets of experiments are analysed in the present study, as summarised in
Table 1. The first set, termed ‘low-Ri case’, has an inlet velocity Uo = 1.9 m/s with 0.5%
density difference, where the bulk Richardson number is 0.0002. The second set (termed
‘high-Ri case’) has a reduced inlet velocity Uo = 0.25 m/s with 0.5% density difference to
achieve a bulk Richardson number of 0.01. For the low-Ri case, data were collected from
three consecutive downstream frames spanning from x1/D = 0 to 25, where the field of
view for each frame is 11 × 11 cm2. For the high-Ri case, measurements were conducted
from x1/D= 0 to 18.5. At each frame, a large amount of snapshots (600 for low-Ri case and
2000 for high-Ri case) were recorded in multiple runs to form ensemble sets for converged
statistical analysis. The Reynolds decomposition is applied to the velocity–density data to
obtain the ensemble averaged terms (〈ui〉 and 〈θ〉) and the fluctuation terms (u′

i and θ ′),
respectively. In the present study, the data in the jet core, identified by 〈θ〉 � 0.2, are used in
data analysis to prevent the contamination of noise from the nearly quiescent background.
One is reminded that both cases (even labeled as ‘low-Ri’ and ‘high-Ri’ cases in the present
study) still fall in the category of conventionally defined low Richardson number region,
where gradient Richardson number is less than a critical value 1/4, so the turbulence effect
is significant (in the present low-Ri case) or at least cannot be neglected (in the present
high-Ri case).

3. Estimation of turbulent energetics

The simultaneous velocity–density data-set in the present study enables direct analysis of
the turbulent energetics terms in Equations (1). In particular, B is computed directly from
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its definition (Equation 3). The analysis ofP requires all elements of Reynolds stress tensor
〈u′

iu′
j〉 andmean strain rate tensor Sij. In this study, the symmetry of mean flow in reference

to central x1 − x3 plane leads to

〈u2〉(x1,0,x3) = 0,
〈
∂u2
∂x1

〉
(x1,0,x3 )

=
〈
∂u2
∂x3

〉
(x1,0,x3)

= 0, (8)

and

〈
∂u1
∂x2

〉
(x1,0,x3)

=
〈
∂u2
∂x2

〉
(x1,0,x3)

=
〈
∂u3
∂x2

〉
(x1,0,x3)

= 0, (9)

then all resolved terms from planar PIV measurements within (x1, 0, x3), i.e. u1(x1, x3),
u3(x1, x3) and u′

1(x1, x3), u′
3(x1, x3) as well as their spatial derivatives, enable direct analysis

of P without assumptions:

P = −〈u′2
1 〉∂〈u1〉

∂x1
− 〈u′

1u
′
3〉

∂〈u1〉
∂x3

− 〈u′
1u

′
3〉

∂〈u3〉
∂x1

− 〈u′2
3 〉∂〈u3〉

∂x3
. (10)

The accurate analysis of ϵ using PIV data is a challenging task [see, e.g., 44–47]. In this
study, ϵ is estimated from all the resolved terms:

ε � α · ν

〈
4
(

∂u′
1

∂x1

)2
+ 4

(
∂u′

3
∂x3

)2
+ 4

(
∂u′

1
∂x1

) (
∂u′

3
∂x3

)

+3
(

∂u′
1

∂x3

)2
+ 3

(
∂u′

3
∂x1

)2
+ 6

(
∂u′

1
∂x3

) (
∂u′

3
∂x1

)〉
, (11)

where the unresolved terms are approximated by a local isotropy assumption [48] as used
in field measurements of oceanic flows.[49] Here, α is a correction coefficient introduced
in Ref [47], to account for the effect of limited PIV resolution (i.e., α � 10 for the low-Ri
case and α � 1.0 for the high-Ri case). This correction is necessitated for the data of low-Ri
where δv /ηk 	 1 (where δv is the PIV resolution and ηk is the Kolmogorov length scale, see
details in Table 1).

In this study, the velocity gradients are obtained by applying a least-squares filter oper-
ation on five neighbouring points on the PIV grids, e.g.,

∂ui
∂x j

∣∣∣∣
(m,n)

� −2ui|(m,n−2) − ui|(m,n−1) + ui|(m,n+1) + 2ui|(m,n+2)

10δv

(12)

to reduce the computation error using PIV data.[50] Similarly, the scalar gradient is evalu-
ated by

∂θ

∂x j

∣∣∣∣
(m,n)

� −2θ |(m,n−2) − θ |(m,n−1) + θ |(m,n+1) + 2θ |(m,n+2)

10δθ

, (13)
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Figure . (Colour online) The sketch of the correlation between θ ′ and θ ′u′
3 for illustrating the role of B:

(a) and (c) the dominance of turbulence; (b) and (d) the dominance of gravitational effect, in the stable
stratification region (a) (b) and the unstable stratification region (c) (d).

where δθ is the PLIF pixel resolution. δv and δθ are summarised in Table 1. In addition, the
mean scalar gradient along x3 direction, �〈θ〉/�x3 is used to differentiate the two stratifi-
cation regions: positive value for unstable stratification and negative value for stable strati-
fication.

4. Effect of buoyancy flux

In Equation (1), the roles ofP and ϵ serving as the TKE generation and the TKE consump-
tion, respectively, remain the same in both stable and unstable stratification regions. The
buoyancy flux B manifests a TKE consumption when B > 0 or a TKE generation when
B < 0. The role of B may also alter in the same stratification conditions. The correlation
between θ ′ and u′

3 is presented here to illustrate the mechanisms underlying the effect of B
(i.e., average of g′θ ′u′

3). In this analysis, the mean scalar field 〈θ〉(x3) represents the back-
ground stratification once the jet is established. Two effects, namely turbulent effect (i.e.,
inertia dominant) and gravitational effect (i.e., buoyancy dominant), compete to bring in
small perturbations (or fluctuations) to the stratification:

(1) When turbulent effect dominates: In the stable stratification region (see Figure 2(a)),
inertia of turbulent motion may agitate a fluid parcel up (u′

3 > 0) along the gravita-
tional direction away from its neutral position (of 〈θ〉(x3)) to locate in a light ambi-
ent, and the fluid parcel has θ ′ > 0. Similarly, turbulence may agitate a fluid parcel
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Figure . Distributions of B in low-Ri case (left) and high-Ri case (right). The region with B is contour
coded and positive marked by solid lines while the negative by dotted lines. The interface between the
stable and unstable stratification regions is marked by a thick dashed line. Labelled are local values of B
normalised by 〈U〉/D.

down (u′
3 < 0) resulting in θ ′ < 0. This scenario will lead to a positive correlation

θ ′u′
3 > 0. In the unstable stratification region (see Figure 2(c)), turbulence brings a

fluid parcel down (u′
3 < 0) and leads to θ ′ > 0 (or bring a fluid parcel up u′

3 > 0 and
lead to θ ′ < 0), resulting in a negative correlation θ ′u′

3 < 0.
(2) When gravitational effect dominates: In the stable stratification region (see

Figure 2(b)), the gravitational effect drives a parcel of heavy fluid (θ ′ > 0) mov-
ing down (u′

3 < 0), resulting in θ ′u′
3 < 0. In the unstable stratification region (see

Figure 2(d)), the gravitational effect prevents a parcel of heavy fluid (θ ′ > 0) from
restoring to its original position, but drives the fluid parcel to move further along
the gravity (u′

3 < 0), resulting in θ ′u′
3 < 0.

Consequently, in the stable stratification region, the ensemble buoyancy flux B indicates
the overall competition of a stabilising mechanism and another destabilising mechanism
(referring to restoring of the TKE) from the above-mentioned two effects. When turbu-
lence is dominant, B > 0 in the stable stratification region represents a stabilising effect,
whereas B < 0 in the unstable stratification region represents a destabilising effect. When
gravitational effect is dominant, B is always negative in both regions, thus always repre-
sents a destabilising effect. In flows with coexistence of stable and unstable stratifications,
like the present study, 〈θ ′u′

3〉 > 0 indicates the stabilising mechanism dominates, where B
assists ϵ as sink terms in Equation (1). At the same time, B < 0 elucidates that the destabil-
ising mechanism dominates, where B, as a source term, helps the buildup of the TKE. In
the unstable stratification region, both the turbulence and the gravitational effect serve as
destabilising mechanisms to cause 〈θ ′u′

3〉 < 0.
In Figure 3, B < 0 is observed in the unstable stratification region of both low-Ri and

high-Ri cases, as expected. B > 0 exists in the stable stratification region of low-Ri case
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where the turbulence dominates. In contrast, B > 0 and B < 0 coexist in the stable strat-
ification region of high-Ri case. In this region at further downstream locations, the turbu-
lence decays and the gravitational effect becomes significant, as indicated by the sign change
of B.

In the high-Ri case, the buoyancy effect is significant. The potential energy in the unsta-
ble stratification region is converted to the kinetic energy of the mean flow, then to TKE,
and eventually is dissipated by viscous process. The overall loss of the potential energy is
indicated by the global jet bending down. Because the stable stratification region is adja-
cent to the unstable stratification region, the same bending down occurs due to continuity
across the stable–unstable interface. As a result, the potential energy in the stable stratifica-
tion region has to be converted to the kinetic energy as well. One is reminded if only stable
stratification exists when buoyancy effect is significant, the jet loses its kinetic energy so
the potential energy increases. A similar situation exists at the upstream of the jet where
the jet bending by the unstable stratification is not yet developed. This difference in the sta-
ble stratification region is indicated by the transition of B from a positive value (upstream)
to a negative value (downstream).

5. Mixing efficiency

Because B and P are evaluated accurately, the local values of mixing efficiency Ri f = B/P
(Equation 5) can be directly determined. In general,Rif > 0 exists in the stable stratification
region and Rif < 0 in the unstable stratification region, due to the sign change of B and
P ≥ 0 in these two regions. Here,P ≥ 0 suggests a forward energy transfer from large scale
mean flow to small scale turbulence, and no net backward energy transfer from small scale
to large scale is observed here. Meanwhile, the gradient Richardson number is estimated
by

Rig ≈ −g′ ∂〈θ〉/∂x3
(∂〈u1〉/∂x3)2

(14)

since �〈u1〉/�x3 	 �〈u2〉/�x3 in this stratified jet. A positive Rig corresponds to the sta-
ble stratification region while a negative value corresponds to the unstable stratification
region. The mixing efficiencies in the stable and unstable stratification regions are anal-
ysed separately to quantify the influence of the two stratification mechanisms. The value
of Rif along the x3 direction conditionally averaged in the stable or unstable stratification
region, 〈Ri f 〉x3 , is plotted in Figure 4, where 〈Ri f 〉x3 in the stable stratification region and
−〈Ri f 〉x3 in the unstable stratification region are plotted together for direct comparison
of their magnitudes. In the low-Ri case, the magnitudes of 〈Ri f 〉x3 increase approximately
exponentially, and the data points of the stable and unstable stratification regions nearly
overlap. 〈Ri f 〉x3 for x1/D > 18 are slightly off the exponential trend and approach a con-
stant value. In the high-Ri case, the two curves are separated: 〈Ri f 〉x3 in the unstable strat-
ification region roughly remains the exponential increasing, when 〈Ri f 〉x3 from the stable
stratification region decreases slightly after remaining as constant for x1/D < 9.

To understand the scale-dependence of Rif, we examine the spectra of Rif within the sta-
ble and unstable stratification regions, respectively. The spectra are computed using the data
from the chosen zones marked in Figure 5. The averaged Rif from five neighbouring PIV
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Figure . (Colour online) Thedevelopment of x-averagedRif in stable andunstable stratification regions:
(left) low-Ri case and (right) high-Ri case.−〈Rif 〉x3 in unstable stratification region is plottedwith+〈Rif 〉x3
in stable stratification region for direct comparison of magnitudes. The error bars show the standard
deviation.

Figure . Contours of themean vorticity component 〈�〉 for low-Ri case (top) and high-Ri case (bottom).
The vectors represent the in-plane velocity components: 〈u〉 and 〈u〉, and / of the vectors are plot-
ted for clarity. The marked zones (a and b) indicate the ranges of data used for one-dimensional spectra
of Rif.
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Figure . (Colour online) The one-dimensional spectra of Rif in stable and unstable stratification regions
for low-Ri and high-Ri cases. The grey dash line indicates a decay law of k′−1

1 . ηb is the Batchelor scale
indicated in table . The arrowmarks the Ozmidov length scale.

grid points in x3 direction is retrieved along the preferred direction and linear interpola-
tions are perform if necessary. The preferred directions are chosen to include themaximum
number of available data points in the core part of the jet (stable or unstable). The 1D spec-
trum SRi f (k

′
1) is obtained by applying Fourier transforms to the retrieved data, where k′

1
indicates the wavenumber corresponding to the preferred direction.

In Figure 6, SRi f (k
′
1) from both stratification regions of the low-Ri case decays

monotonously as k′−1
1 . One is noted that the horizontal axis is normalised by the Batchelor

scale ηb, which represents the smallest length scale before the scalar fluctuations are dom-
inated by molecular diffusion.[51] In the high-Ri case where the buoyancy effect is signifi-
cant, distinct difference of the spectra in two stratification regions is observed: SRi f (k

′
1) in

the stable stratification region is nearly constant until k′
1ηb � 8 × 10−3, which corresponds

to the averaged Ozmidov length scale LOZ = √
ε/N3 (smallest length scale of overturn-

ing). Beyond that range, SRi f (k
′
1) decreases following the scaling 1/k′

1 as k′
1ηb increases.

SRi f (k
′
1) in the unstable stratification region of high-Ri case, however,monotonously decays

as k′−1
1 for all length scales. The observed plateau of SRi f (k

′
1) at the length scales larger

than LOZ, in the stable stratification region of high-Ri case, illustrates that the mixing effi-
ciency is mainly contributed by all eddy motions larger than the Ozmidov length scale and
smaller than the integral scale. On the other side, in the unstable stratification region of the
high-Ri case, the largest contribution to Rif is from the largest eddy motions correspond-
ing to the integral scale. Such a difference suggests that in the stable stratification region
of high-Ri case, the stratification mainly influences the mixing structure with length scales
larger than LOZ, i.e., the eddy sizes of effective mixing in the stable stratification are larger
than the local LOZ. In the low-Ri case, the momentum effect along the streamwise direc-
tion dominates the mixing in the shear layer and suppresses the buoyancy effect, which
leads to the approximate equal magnitudes of Rif in the stable and unstable stratification
regions.

As summarised in Section 1, it is challenging to directly quantify Rif in numerical simu-
lations, thus it necessitates an appropriate model, usually by relating Rif to Rig. By assuming
local thermodynamic equilibrium in a homogeneous two-dimensional (2D) flow,[8] the
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first modelling was proposed as:

Ri f = 0.5 − 0.5
√
1 − 12ηRig, (15)

with η � 1 assumed. The validity of this model depends on the neglected mean flow advec-
tion. Later, by applying the energy redistribution hypothesis of Rotta and local isotropy
hypothesis of Kolmogorov to close the transport equation of TKE (and scalar variance),[9]
Mellor and Yamada proposed the elaborated model:

Ri f = 0.725
(
Rig + 0.186 −

√
Ri2g − 0.316Rig + 0.0346

)
, (16)

which has been largely applied to simulations of geophysical flows. One-point closure
models of momentum and vertical thermal diffusivities were proposed to improve the
estimate of the nonlocal, third-order moments, yielding a critical gradient Richardson
number, Rig, c ∼ 1 (above which turbulence ceases to exist. Rig, c = 0.25 is obtained from
the linear instability analysis,[52,53] while Rig, c > 1 is obtained from a nonlinear analy-
sis [11,54]). Later, a different model, γ f = B/ε = Ri f /(1 − Ri f ) = 0.01 + Rig − 0.053Ri2g ,
was proposed in [16] to model the mixing efficiency. Converted to the definition of mixing
efficiency adopted in the present study, this parameterisation is equivalent to:

Ri f = 0.01 + Rig − 0.053Ri2g
1.01 + Rig − 0.053Ri2g

. (17)

By discarding two outlier points, a recent fit to the same data-set [17] yields

Ri f = 0.005 + 1.7Rig − 1.1Ri2g
1.005 + 1.7Rig − 1.1Ri2g

. (18)

The present experimental data-set is applied to examine the statistical relationship
between Rif and Rig and to compare with predictions of the aforementioned models.
Figure 7(a) shows the two-dimensional histogram plot of Rif and Rig for the low-Ri case. In
both stable and unstable stratification regions, Rif � Rig can be observed as marked by the
dash line when −0.0025 < Rig < +0.0025 (indicating a ‘near neutral’ regime [15]). This
finding validates the similar discovery (Rif � Rig) from the experimental study of gravity
current.[55] However, the results of high-Ri case indicate different trends as shown in Fig-
ure 7(b). In the unstable stratification region of the high-Ri case, Rif � Rig for −0.02 < Rig
< 0, and then for Rig < −0.02, Rif shows a steeper linear relationship with Rig. In the stable
stratification region of high-Ri case, Rif increases nearly linearly (Rif � Rig) when 0 � Rig
� 0.02, but decreases when 0.02 < Rig < 0.05 (‘near neutral’ regime).

The observed negative values of Rif in the range of 0.05 < Rig < 0.08 corresponds to the
emergence of negative B in the stable stratification region. The transition to the counter-
gradient buoyancy flux implies that the dominant stabilising mechanism introduced by
turbulence starts to recede (x1/D < 16.5), to be balanced (x1/D � 16.5) and to be over-
come (x1/D> 16.5) by the destabilisingmechanism from gravitational effect. This counter-
gradient buoyancy flux (also reported previously, e.g., [56])makes theRif −Rig relationship
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Figure . Two-dimensional histogram of Rif against Rig for (a) low-Ri and (b) high-Ri. The dash line indi-
cates the trend of Rif = Rig. Contour legend gives the relative level of the histogram (maximum value
).

η η

Figure . (Colour online) The relationship between Rif and Rig retrieved from the two-dimensional his-
togram (figure ), and compared with the previous reported results. η = . is applied in [] model as
suggested in [].

more complicated than what is described by the existing models [e.g., 8,9], where no com-
petition between stabilising and destabilisingmechanisms exists. The presentRif −Rig data
are compared with previous laboratory and fieldmeasurements in Figure 8. The data points
in both the stable and unstable stratification regions of the low-Ri case (near the neutral
regime) locate between the predictions of Townsend-model (Equation (15) with η = 0.25)
and those of theMellor–Yamadamodel (Equation 16). The othermodels (Equations 17 and
18) yield predictions of Rif whose magnitudes are two decades larger than the experimen-
tal data when |Rig|< 0.0002. For the unstable stratification region of high-Ri case shown in
Figure 8(b), the Mellor–Yamada model (Equation 16) together with the Lozovatsky model
(Equation 17) represent better fits to the experimental data for Rig < 0.1. However, none of
the models predicts Rif effectively in the stable stratification region, which indeed presents
a new challenge for modelling the mixing efficiency using Rig.
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Figure . Two-dimensional PDF of Rif–Reb for (a) low-Riwhere data from (un)stable stratification collapse
and (b) high-Ri where data from (un)stable stratification separate distinctly with the top pile from the
unstable stratification and the bottom pile from the stable stratification.

In most oceanic applications where the mean gradients along x3 −direction are usually
dominant, Rif and Rig can be estimated through simplified expressions:

Ri f = B
P = g′〈θ ′u′

3〉
−〈u′

iu′
j〉Si j

� −g′ 〈θ ′u′
3〉

〈u′
1u′

3〉∂〈u1〉/∂x3 , (19)

and

Rig = N2

S2
= (−g/ρ0)∂〈ρ〉/∂x3

(∂〈ui〉/∂x j + ∂〈uj〉/∂xi)2 � −g′ ∂〈θ〉/∂x3
(∂〈u1〉/∂x3)2 . (20)

The Rif − Rig models thus essentially relate 〈u′
1u′

3〉 (and 〈θ ′u′
3〉) to the mean gradients

�〈u1〉/�x3 (and �〈θ〉/�x3). The performance of these models relies considerably on the
eddy viscosity/diffusivity assumptions. The traditional eddy viscosity/diffusivity models
and their modifications (e.g., κ-profile parameterisation models [57,58]) are widely used
in ocean and climate simulations. They assume a positive alignment between 〈u′

iu′
j〉 and

�〈ui〉/�xj (or between −〈θ ′u′
i〉 and �〈θ〉/�xi). This fundamental assumption often con-

strains their prediction of, e.g., the counter-gradient buoyancy flux in the stable stratifica-
tion region in this study.

Furthermore, recent studies argue whether Rig alone is adequate to model Rif, and it is
suggested to adopt Reb instead as the model variable. The recent study reported field mea-
surements of a mixing parameter γ f (= B/ε = Ri f /(1 − Ri f ), another definition of mix-
ing efficiency) in the stable stratification region against Rig and Reb.[17] The results yield
γ f ∼ Re−1/2

b (see Figure 7 of [17]).Motivated by this finding, we use the present experimen-
tal data to explore the statistical relationship between Rif and Reb. As shown in Figure 9,
the data in stable and unstable stratification regions of the low-Ri case distribute concen-
tratively, and |Rif| decreases loosely as power law of Re−1

b . However, in the high-Ri case, the
data of the unstable stratification region decay following a similarRe−1

b trend, while the data
of stable stratification region decay approximately following a Re−1/2

b trend. Nevertheless,
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Figure . Distribution of (P − B − ε)/P of the high-Ri case.

the current data span over a limited range of Reb due to limited scales in the laboratory
experiments, and the 2D PDF shows a rather scattered distribution between Rif and Reb
and does not demonstrate a very strong power law correlation, whereas it is noticeable that
there are two different Rif − Reb relationships observed in the stable and unstable stratifi-
cation regions of the high-Ri case.With assumingP − ε − B � 0,[17] Equation (5) can be
written as

Ri f = B
P � B

B + ε
= 1

1 + νRebN2/B = 1
1 + Rebνκ−1

θ

, (21)

by applying the eddy-diffusivity assumption 〈θ ′u′
3〉 = −κθ∂〈θ〉/∂x3 (κθ is turbulent diffu-

sivity) to represent B = g′〈θ ′u′
3〉 = κθN2. When Reb 	 κθ /ν, one has Ri f ∼ Re−1

b , which
captures the trend of the elongated contour in the low-Ri case and the unstable stratifica-
tion region of the high-Ri case but fails in the stable stratification region of high-Ri case.
The difference of Ri f ∼ Re−1/2

b from other regimes is possibly contributed by: (a) the fail-
ure of assumption P − ε − B � 0, which was originally proposed under the premise of
homogenous stationary turbulence and the transport terms of TKE are negligible. Figure 10
showsP − B − ε may be significantly larger than zero, e.g., (P − B − ε)/P ∼ 0.8 at x1/D
= 15 of the stable stratification region and (P − B − ε)/P ∼ 0.4 in the unstable strati-
fication region. (b) In the stable stratification region, there is a complicated competition
between the stabilising mechanism and the destabilising mechanism, as discussed in Sec-
tion 4, which is distinct from the case where only stable stratification is present. A pro-
posed two-parameter model,[17] Rif ∼ f(Reb, Rig), shows an improvement over the former
single parameter models (e.g., Rif ∼ f(Reb) or Rif ∼ f(Rig)), but our tests using the present
experimental data-set do not lead to further evidence to support this claim. The possible
reasons may include: (a) the present laboratory data-set only covers a limited range of the
length and time scales, which may be inadequate to reveal the underlying relationship (in
[17] Rif − Reb relationship is found over a wider range of length scales: Reb � [103.5 ∼
107.5] and Rig � [10−3 ∼ 100.5]); (b) whether Rig and Reb are independent of each other
remains an open question: for example, laboratory experiments of gravity currents showed
P/B = 1/Ri f = L2mRi−1

g /L2θ ,[55] where Lm and Lθ are mixing lengths. If this relationship
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and the one in Equation (21) are treated equally valid, one may obtain a dependence rela-
tionship between Rig and Reb: L2mL

−2
θ Ri−1

g � 1 + νκθReb. In addition, adopting Reb as one
of the model parameters (or the only one) will introduce extra difficulties since quantifying
Reb needs explicit knowledge of ϵ which is usually difficult to estimate accurately in simu-
lations. More research efforts from field measurements and laboratory data may elucidate
these concerns.

6. Turbulent diapycnal diffusivity and turbulent Prandtl number

Turbulent diapycnal diffusivity, κθ = B/N2,[59] quantifies the scalar diffusion in the verti-
cal direction due to turbulent fluctuations. It can also be interpreted as themodel coefficient
in the eddy-diffusivity models. Several parameterisations of κθ have been developed from
theoretical, experimental and numerical studies. By assuming a stationary balance between
the source and sink of TKE, κθ can be expressed in terms of the flux Richardson number
[59]:

κθ = ε

N2

Ri f
1 − Ri f

. (22)

It is suggested that Rif � 0.17 and thus γ f = Rif/(1− Rif)� 0.2,[59] and Rif = 0.17 and γ f =
0.2 are usually adopted as a common practice.[60] Equation (22) implies κθ is explicitly
independent of the molecular diffusivity κ and the kinematic viscosity ν. κθ is often related
to ϵN−2 in numerical models [11] and field measurements.[17] In a laboratory study of
linearly stably stratified flows with different Prandtl number,[21] κθ was found to be char-
acterised by Reb in two regimes, i.e.,

κθ =
{
0.9ν2/3κ1/3Reb for Reb < 300
2ν2/3κ1/3Re1/3b for Reb > 300

, (23)

where in both regimes κθ depends on ν and κ . Later DNS of a homogeneous sheared strat-
ified flow (Prandtl number ∼0.7) suggested a three-regime parameterisation [20], i.e.,

κθ =
⎧⎨
⎩

∼ κ for Reb ∼ O(1)
0.2νReb for 10 < Reb < 100
2νRe1/2b for Reb > 100

. (24)

In the diffusive regime (Reb ∼ O(1)) κθ is close to molecular diffusivity, and in the other
two regimes, κθ explicitly depends on ν.

In the present study, to match the refractive indices, only one combination of dense and
light fluids can be chosen, so the fluidic parameters (κ and ν) remain the same in differ-
ent cases. The experimentally determined κθ–Reb relationship is compared to the models
of [21] and [20] in Figure 11. The models are developed for homogeneous stably strati-
fied turbulence, so the results from the stable stratification region are directly compared
with model predictions. The results from the unstable stratification region are examined
to determine if these models can be extended to the unstable stratification region as well.
For the low-Ri case, κθ in both stable and unstable stratification regions shows an increas-
ing trend as Reb increases, where the data in the stable stratification region nearly overlap
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Figure . (Colour online) Turbulent diffusivity κθ versus buoyancy Reynolds number Reb: (a) low-Ri case
and (b) high-Ri case. κθ is normalised by the molecular diffusivity of salt in water κ .

with model prediction of [20] while the data points in the unstable stratification region lie
between the predictions using models of [21] and [20]. For the high-Ri case, κθ in both
regions are slightly below the predictions of [20] model but show a weak dependence on
Reb. The slightly increasing trend of κθ shows the dependence of κθ on Reb in the ener-
getic regime with Reb up to 107, but the scattering of κθ (in log-scale) indicates that this
dependence is not well converged.

Furthermore, rather than modelling the overall mixing, the irreversible mixing
diffusivity,

κρ = εθ

(∂〈θ〉/∂x3)2 , (25)

was suggested to be modelled individually.[61] κρ can be modelled by

κρ = γ
L2E
TL

, (26)

which is explicitly independent of κ and ν, and γ is a non-dimensional mixing coefficient.
By introducing Péclet number Pet, the normalised parameterisation is

κρ/κ = γPet . (27)

This model was examined using DNS data of homogeneous stably stratified flows [61] and
later by other experimental and numerical results.[62]

As shown in Figure 12, our experimental data show a strong linear relationship between
κρ/κ and Pet between γ = 0.2 and γ = 0.7 (reported in [61]). This model (Equation 27)
generally is applicable to both the stable and unstable stratification regions, and further
investigations of stratified flows with different Sc may further reveal the generality of this
parameterisation.
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Figure . (Colour online) The normalised irreversible turbulent diffusivity (κρ/κ) versus the turbulent
Péclet number Pet. The long-dash line indicates γ = . in Equation (), and the short dash line indicates
γ = ..

To relate the momentum flux and scalar flux, the turbulent Prandtl number Prt = κm/κθ

is introduced in studies of stratified turbulence,[7,34,63] where κm is the vertical diffusion
ofmomentum (or eddy viscosity).Prt is often parameterisedwithRig, and our experimental
data are compared with predictions of four different models of Prt as reviewed in [18]. To
take account of the effect of stratification on turbulent eddy viscosity and diffusivity, the
gradient Richardson number was used in the modelling of κm and κθ in order to lead to
the modelling of Prt,[26]

Prt = Prt0
(1 + βmRig)αm

(1 + βθRig)αθ
, (28)

where βm = 10, αm = −1/2 and βθ = 10/3 as well as αθ = −3/2 are modelling coefficients
retrieved from experiments. Prt0 is the Prandtl number for the neutrally stratified flows (or
passive scalar cases). As suggested in [18], combining the results of the Pacific Ocean from
[27] for Rig � 0.25 and the results of laboratory experiments from [64] for Rig > 0.25 gives
the Prt,

Prt =
⎧⎨
⎩

(56/3)Ri7/5g for Rig ≤ 0.25
5.0(1.0 + 5.0Rig)−3/2 + 0.2
5.0(1.0 + 5.0Rig)−2.5 + 0.01

for Rig > 0.25
. (29)

One should be noted that different to other models, Prt (Equation 29) increases asymp-
totically to a finite value (Prt → 20) when Rig → 	. In addition, this model predicts
Prt0 = 0 when Rig = 0 in the neutrally stratified flows, where κm = 0.00056Ri−8.2

g = 0 and
κθ = 0.00003Ri−9.6

g = 0 give an unrealistic result. Based on the Louismodel where themix-
ing length is associated with the Richardson number, another parameterisation of Prt was
proposed,[28]

Prt = Prt0
1 + 15Rig(1 + 5Rig)1/2

1 + 10Rig(1 + 5Rig)−1/2 , (30)
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Figure . (Colour online) Turbulent Prandtl number Prt versus gradient Richardson number Rig: (a) the
low-Ri case and (b) the high-Ri case.

where the coefficients were validated experimentally. The most recent parameterisation of
Prtwas proposed in [25], in analogy to their parameterisation of κρ ,[61]where κm is derived
to be associated with κρ in the simplified transport equation of TKE of the homogeneous
stably stratified flow. Therefore, one should have

Prt = Prt0 · exp
( −Rig
Prt0�∞

)
+ Rig

Ri f∞
(31)

where Rif	 � 1/4 and �	 = Rif	/(1 − Rif	) � 1/3. One is noted that Equation (31) rep-
resents the turbulent Prandtl number of the irreversible mixing process Pr∗t in an ana-
lytical derivation, and the simplified P = −〈u′

1u′
3〉∂〈u1〉/∂x3 makes the derived κm =

ϵ/(�〈u1〉/�x3)+ Rigκρ invalid in the stratified jet. Prt � Pr∗t is assumed in this study based
on the fact that the irreversible mixing is significantly dominant in stratified jet. The Prt
− Rig relationships are examined in Figure 13. For the low-Ri case, the experimental data
from the unstable stratification region are above the predictions of Equations (28)–(31),
while the data from the stable stratification regions are slightly above the model predic-
tions. In the stable stratification region, the buoyancy flux assists the viscous dissipation to
dissipate the TKE produced by the shear. In the unstable stratification region, the buoy-
ancy flux helps the mean shear to produce TKE to compete with the viscous dissipation.
This possibly explains the difference of Prt between the stable and unstable stratification
regions in the low-Ri case. For the high-Ri case, the experimental data from the stable and
unstable stratification regions are larger than the predictions of Equations (28) and (31).
The experimental data show weak dependence of Prt on Rig, which cannot be represented
by the existing models, especially Equation (29). Prt in the stable stratification region is
close to that from the unstable stratification region. Prt0 is important for smoothly transit
to neutrally stratified (or unstratified) flows. Prt0 ∼ 0.5 − 1.0 was suggested from numer-
ical and experimental studies [29,65] and Prt0 � 0.7 was derived in the theoretical argu-
ments.[61] From the data of neutrally stable stratification (the low-Ri) case, Prt0 � 0.75 can
be retrieved, which falls in 0.7 < Prt0 < 0.9 [65] and is close to theoretical derived Prt0 =
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0.7.[25] The existing models for Prt and their underlying arguments assume stably strati-
fied turbulence, thus the models are difficult to be applied to, e.g., unstably stratified flows.
With an improved parameterisation of Prt, which is applicable to more general stratifica-
tion settings, collapsed data points from the stable and unstable stratification (analogous to
κρ in Figure 12) should be expected.

7. Discussion and summary

In this paper, we present an independent study of the mixing dynamics in a stratified jet
with coexistence of stable and unstable stratification. The velocity–density data were simul-
taneously obtained by a combined PIV–PLIF technique, leading to accurate measurements
of buoyancy fluxB = g′〈θ ′u′

3〉 and production of TKE due to the gradients of mean velocity
P ≡ −〈u′

iu′
j〉Si j (Equation 10). The mixing efficiency, therefore, can be quantified directly

through Ri f = B/P . In addition, the turbulent diapycnal diffusivity κθ (or κρ) and tur-
bulent Prandtl number Prt are studied, as well as other discoveries from the meticulous
experiments of this unique stratified flow, including:

(1) The correlation between scalar fluctuations and the buoyancy flux demonstrate that
the stabilising mechanism (in reference to kinetic energy) produced by turbulence
competes with the destabilising mechanism (in reference to kinetic energy) pro-
duced by gravitational effect in the stable stratification, while only destabilising
mechanism exists in the unstable stratification. Consequently,B is an ideal indicator
of the overall mechanism. The destabilising mechanism is found to be dominant in
the stable stratification of high-Ri case where the potential energy is converted back
to (turbulent) kinetic energy.

(2) The 1D spectra of Rif, SRi f (k
′
1), obtained from the stable and unstable stratification

regions separately, are shown in Figure 6. In the low-Ri case, SRi f (k
′
1) is nearly iden-

tical in two stratification regions, and it monotonously decreases as wavenumber
increases. The monotonous decreasing trend of SRi f (k

′
1) can also be found in the

unstable stratification region of high-Ri case, but Rif from the stable stratification
region is contributed almost evenly at the length scales larger than the Ozmidov
length scale. This finding suggests that the eddy sizes larger than the Ozmidov scale
are needed to mix the fluids effectively.

(3) Rif presents a linear relationship with Rig (Figure 7), i.e., Rif � Rig, in the ‘neutral’
regime (in the low-Ri case) but the deviation from this linear description exists in
‘near neutral’ regime, especially for the stable stratification region of the high-Ri
case. The Mellor–Yamada model (Equation 16) presents a rational prediction of the
Rif − Rig relationship for the low-Ri case and the unstable stratification region of
the high-Ri case. None of the studied models, however, give decent predictions in
the stable stratification region of the high-Ri case.

(4) The argument that whether Rig is adequate of modelling Rif motivates our study of
the dependence of Rif on Reb, as suggested in [17]. We discover weak dependence of
Rif on Reb following a power law of Re−1

b for both stratification regions of the low-
Ri case, as well as the unstable stratification region of the high-Ri case, but another
Re−1/2

b power law for the stable stratification region of the high-Ri case is identified.
The ambiguous dependence of Rif on Reb does not support Rif ∼ f(Rig, Reb), which
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is potentially due to a limited range of scales in laboratory experiments, as well as
the inherent dependence Rig on Reb.

(5) The experimentally determined turbulent diffusivity κθ (and κρ , as defined in Equa-
tion 25) as well as turbulent Prandtl number Prt are examined to appraise the the-
oretical and empirical models. The increase of κθ (quantifying the overall mixing
process) against Reb can be approximately represented by themodel of [20] but with
discrepancies. On the other side, the turbulent diffusivity of the irreversible mixing
process (κρ) demonstrates a converged distribution with Pet, and the overlap of data
from the stable and unstable stratification regions of two cases illustrates the model
of [61]withmore general applicability. As a connection between themomentumflux
and scalar flux, it is more challenging to parameterise Prt. The [25] model presents
a relatively better prediction of Prt, but the transient-volatile nature of the stable
stratification region offers nontrivial challenges to all models of Prt. This is because
the models are developed by assuming, e.g., the energetic balance P = B + ε,
which fails in the stratified jet because of nontrivial transport term (as indicated in
Figure 10). We confirm the neutral turbulent Prandtl number Prt0 ranging between
0.7 and 0.9, and suggest Prt0 � 0.75, which is close to Prt0 � 0.7 in the homogeneous
stably stratified turbulence.

The presented study investigates the unique coexistence of stable and unstable strat-
ification with implications in characterising and modelling mixing dynamics. There are
still remaining open questions to be tackled in future studies from both experimental and
numerical investigations. In particular, attention should be given to the influence of local
concurrence of stable and unstable stratification on the large scale turbulence and the corre-
sponding energetics mechanism. The present work also introduces the need of developing
advanced models that are able to describe the local mixing dynamics in stable and unstable
stratification region differently.

Note

1. The computational cost of implementing DNS of the same stratified jet is estimated by the pro-
cedure in Section 9.1.2 of Ref. [42], where the spatial resolution of DNS is set to the Batchelor
length scale ηb = ηk/

√
Sc (Sc � 600 in this study). The total number of computation nodes (N)

along one spatial direction is estimated byN ∼ 1.6k3/2/(εηb) � 0.4R3/2
λ Sc1/2. The total number

of time steps is M = 120k3/2/(πεηb) � 9.2R3/2
λ Sc1/2. Thus the total floating-point operations

areN3M ∼ 0.55R6
λSc

2 in a box domain withN3 nodes. Using a computer of 1 gigaflop, the com-
putation time to implement the DNS is thusTG � (Rλ/70)6Sc2. For the low-Ri case in the present
study (Rλ � 100), TG � 4, 680, 000 days.
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