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4.6 Statically Indeterminate Beams

In many instances multi-span beams are used in design, and consequently it is necessary to
consider the effects of the continuity on the support reactions and member forces. Such
structures arc indeterminate (scc Chapter 1) and there are more unknown variables than
can be solved using only the three equations of equilibrium. A few cxamples of such

bcams arc shown in Figurc 4.57 (a) to (d).
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Figure 4.57(b)
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Figure 4.57(c)
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10 kN

Va Vs Ve
Figure 4.57(d)

A number of analysis methods are available for determining the support reactions, and
member forces in indeterminate beams. In the case of singly-redundant beams the
‘unit-load method’ can be conveniently used to analyse the structure. In multi-redundant
structures the method of ‘moment distribution’ is a particularly useful hand-method of

4 Unknown rcactions:
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Figure 4.57(a)
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4 Unknown reactions:
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3 vertical

analysis. These methods are considered in Sections 4.6.1 and 4.6.2 respectively.
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4.6.1 Unit Load Method for Singly—Redundant Beams

Using the method of analysis illustrated in Section 4.5 and considering the compatibility of
displacements, member forces in singly-redundant beams can be determined as shown in
Examples 4.17 and 4.18 and in Problems 4.24 to 4.27.

4.6.2 Example 4.17: Singly—Redundant Beam 1

A propped cantilever ABC is fixed at A, supported on a roller at C and carrics a mid-span
point load of 15 kN as shown in Figure 4.58,

(i)  determine the value of the support reactions and
(i)  sketch the shear force and bending moment diagram.

15.0 kN

E and [ are constant.
Figure 4.58

The degree-of-indeterminacy In=[Bm+nN]-3n=[Bx1)+4]-(3x2)=1
Assume that the reaction at C is the redundant reaction and consider the original beam to

be the superposition of two beams as indicated in Figures 4.59(a) and (b). The beam in
Figure 4.59(b) can be represented as shown in Figure 4.60. (Note: H, = Zero)

15 kN
M
+
AN B C
4 Ve
(b)
Figure 4.59
G M ' My
= x Ve
AR B C AR B C
vV Ve VA 1.0
Figure 4.60

To maintain compatibility at the roller support, i.e. no resultant vertical displacement, the
deformation of point C in Figure 4.59(a) must be equal and opposite to that in
Figure 4.59(b) as shown in Figure 4.61.
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15 kN (

Figure 4.61

(8" due to the applied load) + (5" due to the unit load) x V=0

ie. j—dx + { j’"”’ } x Ve=0 s Ve=- ]-Ai”-’dx / ’.[Tz dx
JEl JEI

The product intcgrals can be evaluated as before in Section 4.5, e.g. using the coeflicients
in Table 4.1.

Solution:
The bending moment diagrams for the applied loads and a unit point load at B are shown
in Figure 4.62.

45 kNm

M’A=-450kNm | 15kN Whvmm
A Bl < [ i

\ VA =15.0 kN M tor point load
M =60m
A B c 3.0m t-- +Ve ----- ///

Via=10 1.0 6.0m — 3.0m
M for unit vertical load at C
Figure 4.62

Using the coefﬁcients given in Table 4.1:

(‘ point load = j
0°C, point load = [(O 5% 45.0 x 3.0 x3.0)+(0.333 x 45.0 x 3.0 x 3.0))/EIl = - 337.5/El
‘5”C, unitload — J-_‘" dx

O"C. unitload = (0 333 x 6.0 x 6.0 x 6.0)/EI=+71.93/E]

Ve=— j /j’” dx = — (= 337.5/ED/(71.93/ET) = 4.69 kKN
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15.0 kN

3.0m

a

{ e e .. 60m o )

My=M'y+(M"sx Ve)=—450+(6.0 x 4.69) .. My =-16.86 kNm ‘)
My=M'"s+ (M "y x Vi) =zero + (3.0 x 4.69) My =+14.07kNm ()
Va=Via+(V'ax Ve)=+150-(1.0 x 4.69) 5 Va =+ 1031 kN T

10.31 kN 10.31 kN

C
A B ] Shear Force Diagram
4.69 kN 4.69 kN
16.86 kKN m

..

C
A W“Jl Lu M ﬂﬂ“ﬂmﬂmﬂﬂmﬂuwy Bending Moment Diagram

14.07 kNm

Figure 4.63

4.6.3 Example 4.18: Singly-Redundant Beam 2

A non-uniform, two-span beam ABCD is simply supported at A, B and D as shown in
Figure 4.64. The beam carries a uniformly distributed load on span AB and a point at the
mid-span point of BCD. Using the data given:

(i)  determine the value of the support reactions,
(ii)  sketch the shear force and bending moment diagrams.

—— 8 kN/m 20 kNl
(OO e, C —
R3S R EI 1.5E1
Va
30m J 2.5m \l 2.5m

8.0m
Figure 4.64
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Solution:

Assume that the reaction at B is the redundant rcaction. The bending moment diagrams for
the applied loads and a unit point load at B are shown in Figure 4.65.

12.0 kN 12.0 kN Zero

\L 3.0m \!\ 2.5m \I'\ 25m _4\.'

12 kN
= D

A B C D
W M for applicd loads
1
9.0 kNm

M for npplicd loads
D

W’@”ﬁﬂﬂﬂlﬂl

“m“ Ul_l .Ul;:ml,

2 225kNm

M for applied loads
C D

I
/J'Hﬁ“h As

Ao 34.38 kNm

A B
D muyiiﬂUﬁmn
s 7 |
6.25 kN 13.75 kN 18.75 kNm
C
A D
s B %
0.625 1.0 0375 M for i
Figure 4.65

L B B

M
I—Mm dx = I——Mm dx + j e dx
; El b EI DI.SEI

Ay =+ (0.667 x 3.0 x 9.0) =+ 18.0 KNm’,
Ay =+ (0.5 x 3.0 x 22.5) =+ 33.75 kNm’,
As=+(0.5x 3.0 x 18.75) = +2813kNm
Ay=+(0.5x 5.0 x22.5) = +5225kNm
As=+ (2.5 x 18.75) = + 46.88 kNm’,

Ag=+ (0.5 x 2.5 x 15.63) =+ 19.54 KNm?,
Ay =+ (05 x 2.5 x 34.38) =+ 42.98 kNm?,

I (Anyn)

Wi =-0.94 m,
y2=—125m,
y3=—125m,
y4=—125m,

vs=—1.41m,
Vo= — 1.25 m,
y7=—0.63 m,

t vertical load at B

A =~ 16,92 kNm’
<. Ay =—41.29 kNm’
< Ay =—35.16 kNm’
- Aga=—6531 kKNm®
2 Asys =—66.10 kNm’
- Aeye=— 2443 KNm’
<. A7y =—27.08 kNm’

= [(16.92 +41.29 +35.16Y/El + (65.31 + 66.10 + 24.43 + 27.08)/1.5E1]

=—216.13/El



Beams 257

1.88 n

i’rzmﬁnﬂﬂmﬂ ﬂ” [ lmﬂﬂllmcmﬁim,,.b

0.625 1.0 0.375
1.88 m ¥
m ’? om yl[/l\ih\\
J——— dx = dx + J- dx: i | i i
J1SEI A B C D
A =—-(0.5%x3.0x1.88)=-2.82m’ y==125m, - Ay=+353m
A-, =—(0.5 x 5 0 x | 88) =—-470kNm>, y,=-125m, s Ay, =+5.88m’

_ Z nyn =[+(3.53/El) + (5.88/1.5El) ] = + 71.45/El

n=1

V=~ A@z/j’" dv = (- 216.13/ED/(1.45/ED=+29.01 kN |

—— 8 kKN/m
D
R
A 29.01 kN Vo
| 30m N 25m {2smo |
8.0m
Va=+120+75+6.25-(0.625 x 29.01) o Va=+7.62 kNm
Vo=zero+4.5+13.75-(0.375 x29.01) SV =+7.37kNm T
Mz=+225+18.75-(1.88x29.01) oMy =-13.29 kN ‘)
Me=+1125+3438 - (094x2901) © Mc=-1836 kN ()
1 12,63 kN
7.62 kN
C D
A B |
% 7.37kN 737kN  Shear Force Diagram
16.38 kN
13.29 kNm
A

Aﬂﬂ hﬁ\ S D
~TI> B q il
3.64 kNm Bending Moment Diagram
18.36 kNm

Figure 4.66
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4.6.4 Problems: Unit Load Method for Singly-Redundant Beams

A series of singly-redundant beams are indicated in Problems 4.24 to 4.27. Using the
applied loading given in each case:

i) determine the support reactions,
ii) sketch the shear force diagram  and
iii) sketch the bending moment diagram.

l——— 9 kN/m

Problem 4.25

. 15 kN/m

10 kN
l ----------- 12 kKN/m
(ARIEHRIRIRRRARNAN, EHRETRETRIRLINAA)
B EI
N
Va 30m l 40m
7.0 m

1
Support C settles by 4.0 mm and EI = 100.0 x 10° kNm®

Problem 4.27
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4.6.5 Solutions: Unit Load Method for Singly-Redundant Beams

Solution
Topic: Unit Load - Singly-Redundant Beams

Problem Number: 4.24 Page No. 1

Determine the value of the support reactions and sketch the shear force and bending

moment diagrams.
Assume that the reaction at B is the redundant reaction.

6 kKN/m -

C

B
WM for applied {oads

18.75 kNm

A B

Mforapp]icd loads . Wﬂmuil

28.13 kNm

22.5 kN 22.5kN

375 kN M g applied loads
A

18.75 kN 18.75 kN

g
93.75 kNm

2.5m

B
1.0 M for ynit vertical load at B

B

L
Mﬂdx - j Mm

x
o EI < 1.5EI
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Solution
Topic: Unit Load - Singly-Redundant Beams
Problem Number: 4.24 Page No. 2

Using the coefficients given in Table 4.1:

IMﬂcl (C()ejﬁcient xaxbx L)/ El

j-ﬁ”ldx = [= (0333 x 18.75 x 2.5 x 5.0) — (0.333 x 93.75 x 2.5 x 5.0)/ 1.5
JE

+[-(0.333 x 28.13 x 2.5 x 5.0) - (0.333 x 93.75 x 2.5 x 5.0) |/2.0E1
= —565.85/E1

L 2
jl"Ede (0333 % 2.5 x 2.5 x 5.0)/1.5EL +(0.333 x 2.5 x 2.5 x 5.0)/2.0E]

=+ 12.14/E1

- j /I_dx = (- 565.85/EN/(12.14/ED) = + 46.61 kN {

— 6 kN/m = 9 kN/m

A ml‘l}‘lblll HHHHHHHIIHIH llHHHHl[I ”” l il

i T Ll ki e Sk

“LSEl

BN N
46.61 kN

S50m

Vi =+15.0 + 18.75 — (0.5 x 46.61) o Vy=+1045kN
Ve=+22.5+18.75—-(0.5 x 46.61) o Ve=+17.94 kN T
Mg =+93.75 = (2.5 x 46.61) o My=-2278kNm ()

27.06 kN

10.45 kN

1\ : 1.990m
A — B ~ lc
1.742 m ] 19.55 kKN l7 94® Shear Force Diagram

22.78 kNm

WQUMMW WM“W Bending Moment Disgran

17.85 kNm

w
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Solution
Topic: Unit Load - Singly-Redundant Beams
Problem Number: 4.25 Page No. 1

f
Determine the value of the support reactions and sketch the shear force and bending

moment diagrams.
Assume that the reaction at C is the redundant reaction.

8 kN/m
B C

Wﬂﬂwg| M for applied loads

16.0 kNm

16.0 kN 16.0 kN
90.0 kNm

| EH

B A3C

30.0 kNm

22.5 kN 37.5kN M ¢ applied loads

B

4.0 m

M for unit vertical load a1 C

B

s .
Mm _ Mm Mm di+ 'm dx

L
[ g = M ]
5 EI A2.0EI & 2.0E1 5 El _ _
’ zero since m is equal to zero

Using the coefficients given in Table 4.1:

L
j% dx = zs(Coeﬁicient xaxbx L)/EI

L
—b;[—dx =[+(0.333 x 16.0 x 4.0 x 4.0) — (0.333 x 90.0 x 4.0 x 4.0)}/2.0E]

+ [~ (0.5 x 30.0x 4.0 x 4.0) - (0.333 x 60.0 x 4.0 x 4.0) [/1.5E1
=—570.26/El
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Solution
Topic: Unit Load - Singly-Redundant Beams
Problem Number: 4.25 Page No. 2

L. 2
I—’l%—d.x‘ =+(0.333 x 4.0 x 4.0 x 4.0)/2.0E/ + (0.333 x 4.0 x 4.0 x 4.0)/1.5E1

=+ 24.87/E1

Ve=— j / j dv = (- 570.26/E1)(24.87/ET) = +22.93 kN |

r- 8 kN/m

Va=+16.0-225+ (1.0 x 22.93) -
Vo =+16.0 +37.5 - (2.0 x 22.93) : Ve=+T.64 kN

Mp==90.0 + (4.0 x 22.93) ‘. Mp=+172kNm
Mc=-30.0 £ Mc=-300kNm ()

16.43 kN 15.0 kN 15.0 kN

A 5“3 D i Force i
7.93 kN 93 ear Force Diagram

2054 m |
=" 557N

130.0 KNm

N

A i Bmﬂmﬂwm m\ Bending Moment Diagram
WIS e >

16.9 kNm
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Solution
Topic: Unit Load - Singly-Redundant Beams
Problem Number: 4.26 Page No. 1

-~ 15 kN/m

The EI value of the beam BC varies linearly from ET at support B to 2.0E/ at C.

Determine the value of the support reactions and sketch the shear force and bending
moment diagrams.

Assume that the reaction at B is the redundant reaction.

512.0 kNm

(x-3) El+ Elx-3)/5

The value of EI at a distance of x m
from A is given by: EI (0.4 + 0.2x)

M for unit vertical load at B

(Mm/EI) is not a continuous function the product integral must be evaluated between
l each of the discontinuities, i.e. A to B and B to C.

The value of I at position ‘x” along the beam between B and C is given by:
ET(0.4 +0.2x)

Mm

L B
@dx = _%nl + J' dx
J EI 1 EI JEI(0.4+0.2x)
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Solution
Topic: Unit Load - Singly-Redundant Beams
Problem Number: 4.26 Page No. 2

Consider the scction from AtoB: 0<x<3.0m
= 7ero .. Mm = zero

Mm —
—dx 7ero
El

A

Consider the section from Bto A: 3.0<x<8.0m

M=—4.0x—150x%2=—4.0x-7.5¢

m=+1.0(x-3)

Mm (x - 3)(—401—75x)~ 12.0x + 18.5x - 7.5x°
=+ (x -3’

C 8.

j912.0x+ 18.5x% —7.5x"
0

J151(0 4+0u EI(0.4+0.2x)

3.
Letv = (0.4 + 0.2x) Sox=(05v-2) and dx=5dv
X2 =(25V* - 20v +4.0)

X =(125V° - 150v* + 60v — 8.0)

when x=30 v=1.0 and when x=80 v=20

Mm =12.0x+ 18.5x* - 7.5%
= 12.0(5v - 2) + 18.525V* —20v+40) 7.5(125v* — 150 + 60v — 8.0)
= (= 760v + 110 + 1587.5% - 937.5v")
‘j Mm 012,06 +18.5x% = 7.5%°
x = dx
J EI(0.4+0.2x) o E1(0.4+0.2x)

—760v+110+1587.5v> —937.5°
Elv

5.0dv

5.

8 110
j( 760 + —— +1587.5v —937.5v )dv
I 1.0 v

—[ 760v+110/nv+

1587.5v"  937.5/° 20
2.0 30 |,

.0

O[( 768.8) - (~278.8) |=+ 242?'0111
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Solution

Problem Number: 4.26

m’ =+ (x - 3)

8.0 2.0
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Topic: Unit Load - Singly-Redundant Beams

Page No. 2

=x2—6x+9.0 =25/~ 50v+25.0

25. Ov—50 Ov+25.0

5.0dv

.
-[EI(O 4+02x)

2.0

50°

blo

_[ —-60x+90 J-
4 O4+02l) g
=20 25.00

25.0
EI 2.0

v
4.
375] L.

(25 Ov-50.0+ =30

Hl

El

—-50.0v+25.0/n v:l

2.0

1.0

T dx =~ (= 2450/ED)/(24.15/ET) = + 101.45 kN T

- 15 kN/m

lIHl[llU[I

I

II]HHHHIIIHH

Jor A

B S \u
101.45 kN

Sl “;t e,

N

Ve=+124.0 — (1.0 x 101.45)
Me=—512.0 + (5.0 x 101.45)
Mg = — (4.0 x 3.0) - (15.0 x 3.0)(1.5)

52.45 kN

o Va=+22.55kN T
- M¢ =—4.75 kNm
. Mg =—79.5 kNm

(
»

12.2 kNm

22.55kN
Shear Force Diagram

4.75 kN C

Bending Moment Diagram



266 Examples in Structural Analysis

Solution
Topic: Unit Load - Singly-Redundant Beams
Problem Number: 4.27 Page No. 1

NN

3.0m l 40m Ve
7.0m

Support C settles by 4.0 mm and EI = 100.0 x 10’ kNm®
Determine the value of the support reactions and sketch the shear force and bending
moment diagrams.

Assume that the reaction at C is the redundant reaction.-
Note: B.M. diagrams not to scale

42.0 kN 42.0 kN Z 4y 73.50 kNm M g applied loads

42.0 kN
E
(= F
A;

*~179.69 kNm

B C

BAsc D

A iil lﬂmmm Ay Ulmgguuw

18.33 kNm

25.0kNm  Ag

24.92 KNm 3
Ay 35.6 kNm

Al3 E

D
i

IIR]]
gy s

Al’) It SR L] 15
7.0 kNm AM

lS.OikNm

428
J’v812=, :10_ ’37yl4y11 n s

)’6y5C }’91) }13 E

M for unit vertical load at B
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Solution
Topic: Unit Load - Singly-Redundant Beams
Problem Number: 4.27 Page No. 2

L L 2
jM”’ j MM e b x Ve=-0004  Ve=-|0.004 + M’" dx j "
. El JEl JEI

L
I—dx = I—Aﬁ{l—dx
El

(Note. The readcr should check this using the cocfficients given in Tablc 4.1).

A, =+(0.67 x 7.0 x 73.5) =+ 344.72 KkNm’

y1 (3.5mfromA)=-2.14m LA =-1737.70 kNm’
Ay =+ (0.5 x 7.0 x 179.69) =+ 628.92 kNm’

3, (4.67 m from A)=~2.85m o Aayr =—1792.42 KkNm’
Ay =+ (0.5 x 11.0 x 179.69) = + 988.30 kNm’

y3(7.33 m from F)=-2.85m oo Asy3=—2816.66 kNm?®

Ay =+ (0.5 x 3.0 x 25.0) =+ 37.50 kNm*

y4(2.0 m from A)=-1.22'm - Agya =—45.75 kNm’

As=+ (4.0 x 18.33) = + 73.32 kNm’

ys (5.0 m from A) =—3.05m - Asys =—223.63 kNm’

Ay =+ (0.5 x 4.0 x 6.67) =+ 13.34 kNm*

6 (4.33 m from A) = —2.64 m . Aeye = —35.22 kNm’
A7=+(0.5 x 11.0 x 18.33) =+ 100.82 kNm’

y,(7.33 m from F)=—2.85m o Azyr=—28734 kKNm’
Ag =+ (0.5 x 7.0 x 24.92) = + 87.22 kNm”

yg (4.67 m from A)=—2.85m <. Agys = —248.58 kNm’

Ag =+ (3.0 x 24.92) =+ 74.76 KNm’

5 (9.50 m from F)=-3.71 m . Agye =—127736 KNm’

Ao =+ (0.5 x 3.0 x 10.68) =+ 16.02 kNm”

310 (9.0 m from F)=-3.51'm . Aiyio = — 56.23 KNm’

Ay =+ (0.5 x 8.0 x 35.6) =+ 142.4 kKNm®

yu (5.33 m from F)=—-2.08 m - Anyn =—296.19 kNm’

Ap=+(0.5x%x7.0x7.0)=+24. 50 kNm?

V12 (4.67 m from A)=—-2.85m - Aay1n = —69.83 kNm’

A3 =+ (8.0 x 7.0) = + 56.0 KNm*

313 (7.0 m from F) =-2.73 m s Ay =— 152.88 kNm®

Ay =+ (0.5 x 8.0 x 8.0) =+ 32.0 kNm’

Y14 (5.67 m from F)=—-2.21m S Ay =-70.72 kNm’®

As =+ (0.5 x 3.0 x 15.0) = +22.5 kNm’

y15(20mfrom F)=-0.78 m - Aysyrs =—17.55 KNm®

n, nlSA,))
J-M * El

nl

—7128.06/El m
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Solution
Topic: Unit Load - Singly-Redundant Beams
Problem Number: 4.27 Page No. 3

o2
M= [P ax
JEI JEI
Ay =+(0.5x 7.0 x 4.28) = — 14.98 kNm’

1 (4.67 m from A)=-2.85m oAy =+42.69 kNm®
A>=+(0.5x 11.0 x 4.28) = — 23.57 kNm*
v (7 33 m from A)=-2.85m o Ay =+ 67.09 kNm®

Z ft,yn = [+ (42.69/ED) + (67.09/ED)] = + 109.78/El

n=|

L
- [0.004+ I—Ag de/ J-* dx =—(0.004 —7128.06/E1)/ 109.78/E1
0

=+61.03 kN

6 kN

b
1

12 kN/m

R e R L YRR Ry ks
RN C D
30m .

.. 61.03 kN

J

K

30m

Va=+42.0+25.67+833+3.56+1.0—-(0.61 x61.03) .. Vi=+43.33kN
Vi=+1633+1.67+4.44+5.0-(0.39x61.03) o Vg =+ 3.64 KN T
Mc=+179.69 + 18.33 +24.92 +7.0 - (4.28 x 61.03) S Me=+31.27 kNm

43.33 kN ( 3

10.36 kN

Shear Force Diagram

31.96 kNm

' C/({ ”ﬂHmT”mTWB 0.88 KNm E F
T T

10.92 kNm
75.99 kNm

Lu‘ummml Bending Moment Diagram




