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Abstract

In this paper, an adaptive robust control (ARC) scheme based
friction compensation strategy is presented for a class of
mechanical systems in the presence of dynamic friction ef-
fects. In contrast to existing deterministic robust control
(DRC) and adaptive control (AC) schemes, the proposed
ARC scheme utilizes both the structural information of the
dynamic friction model and the available prior information
on a physical system such as the bounds of parameter varia-
tions and unmeasurable friction state for high performance.
In particular, the physical bound on the unmeasurable dy-
namic friction state is fully exploited to construct certain
projection type modifications to the dynamic friction state
observers. By doing so, a controlled dynamic friction state
estimation process is achieved even in the presence of distur-
bances. The resulting controller achieves a guaranteed tran-
sient performance and final tracking accuracy. Furthermore,
in the absence of uncertain nonlinearities, asymptotic output
tracking is achieved.

1 Introduction

Friction has been shown to be a dynamic nonlinear effect
which is detrimental to the performance of a number of me-
chanical systems. Most of the dynamic behaviors of friction,
such as the presliding displacement, the friction lag and the
Stribeck effect to name a few, all occur in the so-calledlow-
velocityand thepreslidingregions. To capture these effects,
several researchers have proposed various dynamic friction
models [1, 2]. The idea behind obtaining these highly ac-
curate and sophisticated models is to be able to predict the
friction more accurately so that friction compensation can
be done more effectively. However, no matter how accurate
these mathematical models may be, it is usually difficulty to
capture the nonlinear features of friction exactly, since al-
most every physical system is subjected to certain degrees of
model uncertainties.
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To account for the model uncertainties, two approaches, de-
terministic robust control (DRC) [3, 4] and adaptive control
(AC) [5, 6, 7], may apply. In general, DRC designs can
achieve a guaranteed transient performance and final track-
ing accuracy. However, since no attempt is made to learn
from past behavior to reduce the effect of parametric and dy-
namic uncertainties, the designs are conservative and may
involve switching or infinite gain feedback [3, 4] for asymp-
totic tracking. In contrast to DRC designs, adaptive con-
trollers are able to achieve asymptotic tracking in the absence
of uncertain nonlinearities without resorting to infinite gain
feedback. In [5], Canudas de Witet al. illustrated how the
control structure proposed in [2] could be modified to adapt
for selected unknown friction parameters. In [6], an adaptive
controller utilizing anobserver/filterstructure, was proposed
to handle non-uniform variations in the friction force. Simi-
lar result was achieved in [7], in which adual-observerstruc-
ture was utilized to estimate different nonlinear effects of the
unmeasurable friction state. However, these AC designs suf-
fer from two main drawbacks - unknown transient perfor-
mance and possible non-robustness to disturbances [8].

In this paper, a dynamic friction compensation strategy is
proposed by utilizing the idea of adaptive robust control
(ARC) [9, 10, 11]. By exploiting available prior information
on physical systems such as the bounds of parameter varia-
tions and the unmeasurable friction state as much as possible,
the proposed scheme effectively combines the design meth-
ods of DRC and AC while naturally overcoming their prac-
tical limitations. Specifically, based on the available bounds
on the unmeasurable friction state, the widely used discon-
tinuous projection mapping is utilized to modify the observer
design proposed in [7], which guarantees that the friction
state estimates belong to a known bounded region all the time
no matter if the system is subjected to disturbances or not and
what type of adaptation law is used. As a result, the possi-
ble destabilizing effect of friction state estimation errors can
be dealt with via certain simple robust feedback effectively
for a better performance. The resulting controller achieves
a guaranteed transient performance and final tracking accu-
racy. Furthermore, in the absence of uncertain nonlinearities,
asymptotic output tracking is achieved.



2 Problem Formulation

The mathematical model for a mechanical system in the pres-
ence of friction is assumed to be of the form

ẋ1 = x2; (1)

mẋ2 = u�F +∆(x;z; ;u;t); (2)

wherex = [x1 x2]
T represents the state vector consisting of

the position and velocity,m denotes the unknown inertia,F
is the friction,∆ represents the lumped unknown nonlinear
functions such as disturbances and modeling errors, andu(t)
is the control input. Using the dynamic friction model pro-
posed in [2], the dynamic friction forceF is given by

F = σ0z+σ1ż+σ2x2; (3)

ż = x2�
jx2j

g(x2)
z; (4)

wherez represents the unmeasurable internal friction state,
andσ0, σ1, σ2 are unknown friction force parameters. The
functiong(x2) is used to describe the Stribeck effect [2]:

g(x2) = FC+(FS�FC)e
�(x2=vs)

2
; (5)

where FC and FS represent the levels of the normalized
Coulomb friction and stiction force respectively, andvs is the
Stribeck velocity. This model considers the dynamic effects
of the friction as arising out of the deflection of bristles used
to model the asperities between two contacting surfaces. The
friction state essentially captures the average deflection of
these bristles. Understandably, the statez(t) does not prof-
fer itself for direct measurement. It is shown in [2] that the
model has the followingfinite bristle deflection property:

P1 If jz(0)j � FS, then jz(t)j � FS; 8t � 0.

This property is physically intuitive and will be extensively
used in the subsequent ARC controller designs. Substitut-
ing the friction dynamics (3) and (4) into (2), we rewrite the
equation of motion as

mẋ2 = u�σ0z+σ1
jx2j

g(x2)
z� (σ1+σ2)x2+∆: (6)

If we define an unknown parameter setθ = [θ1;θ2;θ3;θ4]
T ,

whereθ1 = m, θ2 = σ0, θ3 = σ1 andθ4 = σ1+σ2, (6) can be
rewritten as

θ1ẋ2 = u�θ2z+θ3
jx2j

g(x2)
z�θ4x2+∆: (7)

In the paper, the following notations are used:�min for the
minimum value of�, �max for the maximum value of�, the
operation< for two vectors is performed in terms of the cor-
responding elements of the vectors, and�̂ denotes the esti-
mate of�. The following practical assumptions are made:

Assumption 1 The extent of parametric uncertainties is
known, and the uncertain nonlinearity∆ is bounded by a
known functionδ(x;t) multiplied by an unknown but bounded
time-varying disturbanced(t), i.e.,

θ 2 Ωθ
∆
= fθ : 0< θmin < θ < θmaxg; (8)

∆ 2 Ω∆
∆
= f∆ : j∆(x;z;u;t)j � δ(x;t)d(t)g; (9)

whereθmin andθmax are known. �

The control objective is to synthesize a control inputu such
that x1 tracks a desired position trajectoryxd(t) that is as-
sumed to be second-order differentiable.To achieve this ob-
jective, available tools for control of such a mechanical sys-
tem - AC and DRC - will be applied first, from which one
can gain insights about the development and the advantages
of the proposed ARC.

3 Adaptive Control

In the absence of uncertain nonlinearities, i.e.,∆= 0, adaptive
control [7] can be generalized to solve the problem. Define
a switching-function-like quantity as

e2 = ė1+ke1 = x2�x2eq; x2eq
∆
= ẋd�ke1; (10)

wheree1 = x1�xd is the position tracking error, andk is any
positive feedback gain. Ife2 is small or converges to zero ex-
ponentially, thene1 will be small or converge to zero expo-
nentially sinceG(s) = e1(s)

e2(s)
= 1

s+k is a stable transfer function.
So the rest of the design is to makee2 as small as possible.
The structure of (7) motivates us to design the adaptive con-
trol law as follows:

u = ua+us1; (11)

ua = θ̂2ẑ0� θ̂3
jx2j

g(x2)
ẑ1+ θ̂4x2+ θ̂1ẋ2eq ; (12)

us1 = �kse2; (13)

whereks is a positive design constant,ẑ0 andẑ1 are estimates
of the unmeasurable friction statez. After taking the time
derivative of (10), substituting the expressions given by (7)
and (11), and then simplifying the resulting expression, we
obtain

mė2 =�kse2�ϕT θ̃+θ2z̃0�θ3
jx2j

g(x2)
z̃1+∆ ; (14)

whereϕT = [�ẋ2eq;�ẑ0;
jx2j

g(x2)
ẑ1;�x2], z̃0 = ẑ0�zandz̃1 = ẑ1�z

represent the estimation errors of the unmeasurable friction
state, and̃θ = θ̂� θ represents parameter estimation error.
When∆ = 0, the effect of dynamic uncertainties can be can-
celed by using the following observers [7] :

˙̂z0 = x2�
jx2j

g(x2)
ẑ0� γ0e2; (15)

˙̂z1 = x2�
jx2j

g(x2)
ẑ1+ γ1

jx2j

g(x2)
e2; (16)

whereγ0 andγ0 are two positive design constants. The effect
of parametric uncertainties, on the other hand, can be elim-
inated by using the following parameter adaptation mecha-
nisms

˙̂θ = Γϕe2; Γ > 0: (17)

The closed-loop stability of the adaptive controller/observer
can be proved via a Lyapunov-type argument. Specifically,
define the following nonnegative function

Va =
1
2

me22+
1

2γ0
θ2z̃2

0+
1

2γ1
θ3z̃2

1+
1
2

θ̃TΓ�1θ̃: (18)

By using similar techniques as in [7], it can be proved that
all the signals are bounded and asymptotic position tracking
is achieved.



4 Deterministic Robust Control

Adaptive control has two main drawbacks - unknown tran-
sient performance and possible non-robustness to distur-
bances. The system may have large tracking errors during
the initial transient period or have a sluggish response. In the
presence of uncertain nonlinearity∆, the closed-loop system
may be unstable [8], since parameter adaptation may learn
in a wrong way or the observer states may go unbounded.
In contrast, instead of using parameter adaptation and fric-
tion observers, deterministic robust control (DRC) only uses
robust feedback to attenuate the effect of various model un-
certainties for a guaranteed performance as done in the fol-
lowing. Consider the following DRC law

u= ua+us1+us2; (19)

whereua is given by (12) but with fixed state estimateẑ0 =
ẑ1 = ẑ(0) and parameter estimateθ̂ = θ̂(0), us1 is given in (13)
andus2 is a robust control term to be synthesized later. Sub-
stituting (19) into (7), we obtain the following error dynam-
ics

mė2 =�kse2�ϕT
0 θ̃0+θ2z̃�θ3

jx2j

g(x2)
z̃+∆+us2; (20)

whereϕT
0 = [�ẋ2eq;�ẑ(0); jx2j

g(x2)
ẑ(0);�x2], z̃= ẑ(0)�z andθ̃0 =

θ̂(0)�θ. Noting Assumption 1 and Property P1, a robust con-
trol functionus2 can be synthesized such that the following
condition is satisfied:

e2[�ϕT
0 θ̃0+θ2z̃�θ3

jx2j

g(x2)
z̃+∆+us2]� ε0+ ε1d2; (21)

whereε0 and ε1 are two design parameters which may be
arbitrarily small. From (20) and (21), the derivative of a pos-
itive semi-definite functionVs =

1
2me22 satisfies

V̇s = �kse2
2+e2[�ϕT

0 θ̃0+θ2z̃�θ3
jx2j

g(x2)
z̃+∆+us2]

� �λVVs+ ε0+ ε1d2;
(22)

whereλV = 2ks=θ1max. From (22), it follows that

Vs(t)� exp(�λVt)Vs(0)+
ε0+ ε1kdk2

∞
λV

[1�exp(�λVt)]; (23)

wherekdk∞ stands for the infinity norm ofd(t). The expo-
nentially converging rateλV and the final tracking accuracy
index (jVs(∞)j �

ε0+ε1kdk2
∞

λV
) can be freely adjusted by the de-

sign parametersε0, ε1 andks in aknownform. In other words,
transient performance and final tracking accuracy are guar-
anteed. One exampleus2 satisfying (21) can be found in the
following way. Let h0, h1 andh2 be any smooth bounding
functions satisfying the following conditions,

h0 � kϕ0kkθmax�θmink; (24)

h1 � θ2max(zmax�zmin); (25)

h2 � θ3max
jx2j

g(x2)
(zmax�zmin); (26)

wherezmax=FS andzmin =�FS in viewing Property P1. Then,
us2 can be chosen as

us2 =�
1
4
(

3
ε0

h2
0+

3
ε0

h2
1+

3
ε0

h2
2+

1
ε1

δ2)e2: (27)

5 Adaptive Robust Control

In the following, we will extend the discontinuous projec-
tion based ARC design [10] and propose a dynamic friction
compensation scheme for a class of second order mechanical
systems as outlined in Section 2.

5.1 Discontinuous Projection Mapping
By exploiting prior information on the physical systems such
as the bounds of parameter variations and internal friction
state, a discontinuous projection based ARC design is con-
structed to solve the robust tracking control problem. Specif-
ically, the parameter estimateθ̂ is updated through a param-
eter adaptation law having the form given by

˙̂θ = Projθ(Γτ); τ = ϕe2; (28)

whereProjθ(Γτ) = [Projθ1
((Γτ)1); � � � ;Projθ4

((Γτ)4)]T , and(Γτ)i
represents the i-th component ofΓτ. The unmeasurable fric-
tion statez is estimated by the following robust observers
with projection type modifications respectively

˙̂z0 = Projz0
fx2�

jx2j

g(x2)
ẑ0� γ0e2g; (29)

˙̂z1 = Projz1
fx2�

jx2j

g(x2)
ẑ1+ γ1

jx2j

g(x2)
e2g: (30)

The projection mappingProjζ(�) is defined by [9, 12]

Projζ(�) =

8<
:

0 if ζ̂ = ζmax and �> 0
0 if ζ̂ = ζmin and �< 0
� otherwise

(31)

whereζ is a symbol that can be replaced byθ1 � θ4, z0 or z1.
Using similar arguments as in [9, 12], we can show that the
above projection mappings have the following properties

P2 ζ̂ 2Ωζ = fζ̂ : ζmin � ζ̂� ζmaxg (32)

P3 θ̃T(Γ�1Projθ(Γτ)� τ)� 0 (33)

P4 z̃0f˙̂z0� (x2�
jx2j

g(x2)
ẑ0� γ0e2)g � 0 (34)

P5 z̃1f˙̂z1� (x2�
jx2j

g(x2)
ẑ1+ γ1

jx2j

g(x2)
e2)g � 0 (35)

5.2 ARC Controller Design
The proposed ARC law has the same structure as the DRC
law (19)

u= ua+us1+us2; (36)

whereua is given by (12) but withθ̂ updated by (28), and
ẑ0 andẑ1 updated by (29) and (30) respectively.us1 is given
by (13), andus2 is synthesized in a similar way as in DRC
design as follows. Substituting the ARC control law into (7),
we obtain the following error dynamics

mė2 =�kse2�ϕT θ̃+θ2z̃0�θ3
jx2j

g(x2)
z̃1+∆+us2: (37)

As in (21), us2 is synthesized to satisfy the following con-
straint,

i e2[�ϕT θ̃+θ2z̃0�θ3
jx2j

g(x2)
z̃1+∆+us2]� ε0+ ε1d2: (38)



Such a robust control termus2 always exists since both pa-
rameter and state estimates belong to some known bounded
regions by Property P2. To ensure that the robust control
termus2 does not interfere with the nominal estimation pro-
cess of parameter adaptation and friction state observer, the
following passivity-like requirement is also imposed:

ii e2us2 � 0: (39)

An example ofus2 satisfying (38) and (39) is given by (27)
with h0 redefined ash0 � kϕkkθmax�θmink.

Theorem 1 With the ARC control law (36), parameter adap-
tation law (28), and friction state observers (29) and (30),
the following results hold:

A. In general, all signals are bounded. Furthermore, Vs is
bounded above by

Vs(t)� exp(�λVt)Vs(0)+
ε0+ ε1kdk2

∞
λV

[1�exp(�λVt)]: (40)

B. If after a finite timet f , ∆ = 0, i.e., in the presence of
parametric uncertainties and dynamic friction only, then, in
addition to result A, asymptotic position tracking (or zero
final tracking error) is achieved. 4

Proof: Consider the same Lyapunov function candidate as
that in DRC designVs=

1
2me22. With (37) and (38), we obtain

V̇s��λVVs+ ε0+ ε1d2; (41)

which leads to (40). Thuse2(t) is bounded. Sincee2(t) is
related toe1(t) via an exponentially stable transfer function
G(s), e1(t) is bounded. Sincexd(t) is assumed to be a bounded
signal with bounded derivatives up to the second order, not-
ing (10), it follows thatx2eq is bounded. Sincee1 = x1� xd

ande2 = x2� x2eq, we see that the statex is bounded. From
Property P2, the boundedness ofθ̂, ẑ0 andẑ1 is apparent. The
control inputu is thus bounded. This proves A of Theorem
1.

Now consider the situation in B of Theorem 1, i.e.,∆ = 0.
Choose the same Lyapunov function candidateVa (18) as that
in AC design. Its derivative along the trajectory in (37) is

V̇a = �kse2
2+e2[�ϕT θ̃+θ2z̃0�θ3

jx2j
g(x2)

z̃1+us2]

+ θ2
γ0

z̃0(˙̂z0� ż)+ θ3
γ1

z̃1(˙̂z1� ż)+ θ̃TΓ�1 ˙̂θ:
(42)

Substituting (4), (28), (29) and (30) into (42), and noting
(33), (34), (35) and (39), we obtain

V̇a ��kse2
2+θ2z̃0(

˙̂z0
γ0
+e2)�

θ2
γ0

z̃0ż+θ3z̃1(
˙̂z1
γ1
�

jx2j
g(x2)

e2)

� θ3
γ1

z̃1ż+ θ̃T(Γ�1 ˙̂θ� τ)
=�kse2

2+
θ2
γ0

z̃0[˙̂z0� (x2�
jx2j

g(x2)
ẑ0� γ0e2)]�

θ2
γ0

z̃0(ż�x2

+
jx2j

g(x2)
ẑ0)+

θ3
γ1

z̃1[˙̂z1� (x2�
jx2j

g(x2)
ẑ1+ γ1

jx2j
g(x2)

e2)]

� θ3
γ1

z̃1(ż�x2+
jx2j

g(x2)
ẑ1)+ θ̃T (Γ�1 ˙̂θ� τ)

��kse2
2�

θ2
γ0

jx2j
g(x2)

z̃2
0�

θ3
γ1

jx2j
g(x2)

z̃2
1

(43)

This shows thate2 2 L2
T

L∞. It is easy to check thaṫe2 2

L∞. So,e2(t) is uniformly continuous. By Barbalat’s lemma,
e2 �! 0 ast �! ∞. 2

6 Comparative Simulation Results

Comparative simulation results are obtained for the model
described by (1)�(5), in which the numerical values of the
parameters are taken from reference [6]

m= 0:125kg-m2, σ0 = 12Nm=rad, σ1 = 0:1Nm-s=rad,
σ2 = 13:2Nm-s=rad, Fc = 3:24, Fs= 8:45, vs = 3:0.

For comparison purpose, the inertiam is assumed to be
known as in [7]. Thus there are only three parameters to
be adapted. The bounds describing the uncertain ranges
are given byθmin = [0:125;0;0;0]T , θmax = [0:125;20;0:3;2]T ,
zmin = �8:45, zmax = 8:45 and δ = 1. Three different con-
trollers synthesized early are compared:

- ARC: the controller proposed in section 5.
- AC: the controller presented in section 3. For comparison
purpose, initial conditions and common design parameters
of ARC and AC are kept the same as follows:

z(0) = ẑ0(0) = ẑ1(0) = x1(0) = x2(0) = 0;
θ̂(0) = [0:125;6;0:05;0:71]T ; k= 5; ks = 5;
Γ = diag[0;2000;100;50]; γ0 = γ1 = 1;
ε1 = ε2 = 4�103:

(44)

- DRC: the controller presented in section 4. Initial condi-
tions and design parameters remain unchanged exceptΓ = 0
andk= ks = 25.

The desired position trajectory is selected to be [6]

xd = 1:0tan�1(4sin(0:5t)(1�exp(�0:01t3)) rads: (45)

The following two typical cases are considered:1. No dis-
turbance (i.e.,∆ = 0); 2. A random disturbance signal with
an amplitude of 6.25(Nm) is added to the system att = 0
sec and remove att = 20 sec. Simulation results are given
in Fig.1�Fig.5. Overall, AC has the worst transient perfor-
mance, and DRC has a large non-converging final tracking
error; ARC has a more stable parameter estimation process
and state estimation process than that of AC. It is seen that
ARC achieves a much smaller tracking error during the pe-
riod when disturbance occurs. In addition, ARC recovers to
its nominal performance much faster after the disturbance is
removed.

7 Conclusion

In this paper, a discontinuous projection based ARC scheme
is presented for a class of mechanical systems in the pres-
ence of dynamic friction effects. Like other existing adap-
tive dynamic friction compensation (AC) schemes, the pro-
posed ARC scheme utilizes the structural information of the
friction dynamics to construct nonlinear observers to recover
the unmeasurable friction state. In addition, by utilizing
available prior information on the system such as the bounds
of parameter variations and unmeasurable friction state, the
proposed scheme uses projection mappings for a stable pa-
rameter and friction state estimation process in the presence
of uncertain nonlinearities, and uses certain robust feedback
to attenuate the effect of both estimation errors and uncertain
nonlinearities for a guaranteed robust performance in gen-
eral. As a result, the presented design enjoys the benefits of



both adaptive dynamic friction compensation and fast robust
feedback while naturally overcoming their practical limita-
tions.
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Figure 1: Tracking errors (without disturbance)
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Figure 2: Control inputs (without disturbance)
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Figure 3: Parameter estimates (without disturbance)
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Figure 4: Tracking errors (with disturbance)
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Figure 5: Friction state estimation errors (with disturbance)


