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Abstract

A desired compensation adaptive robust control (DCARC)
approach is proposed for nonlinear systems having both
parametric uncertainties and uncertain nonlinearities.
DCARC of nonlinear systems transformable to a normal
form is first solved. A DCARC backstepping design is then
developed to overcome the design difficulties associated with
unmatched model uncertainties. The proposed DCARC has
the unique feature that the adaptive model compensation
part depends on the reference trajectory and parameter es-
timates only. Such a structure has several implementation
advantages. First, the regressor in the model compensation
part can be calculated off-line and on-line computation time
may be reduced. Second, the interaction between the pa-
rameter adaptation and the robust control law is minimized,
which may facilitate the controller gain tuning process con-
siderably. Third, the effect of measurement noise is mini-
mized since the regressor does not depend on actual mea-
surements. As a result, a fast adaptation rate may be chosen
in implementation to speed up the transient response and to
improve overall tracking performance. These claims have
been verified in the comparative experimental studies for the
control of robot manipulators.

1 Introduction

During the past twenty years, a great deal of effort has been
devoted to the control of uncertain nonlinear dynamics. The
problem is motivated by the fact that almost every physical
system is subjected to certain degrees of model uncertain-
ties. The causes of model uncertainties can be classified into
two distinct categories: (i) repeatable or constant unknown
quantities such as the unknown physical parameters (e.g.,
the inertia load of any industrial drive systems), and (ii) non-
repeatable unknown quantities such as external disturbances
and imprecise modeling of certain physical terms. Two non-
linear control methods have been popular and well docu-
mented: adaptive control [1, 2, 3] for parametric uncertain-
ties, and deterministic robust control (DRC) such as sliding
mode control [4, 5, 6, 7, 8, 9] for both parametric uncertain-
ties and uncertain nonlinearities. Recently, as in the robust
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adaptive control (RAC) of linear systems [10, 11], much of
the effort in nonlinear adaptive control area has been devoted
to robustifying the adaptive backstepping designs [1] with
respect to bounded disturbances and significant progress has
been made [12, 13, 14, 15, 16].

In [17, 18, 19, 20], an adaptive robust control (ARC) ap-
proach has been proposed for the design of a new class
of high-performance robust controllers. The approach ef-
fectively combines the design methods of deterministic ro-
bust control (DRC) and adaptive control (AC). The result-
ing ARC controllers achieve the results of both DRC and
AC while naturally overcoming the practical limitations as-
sociated with each method. The approach was originally de-
veloped for the trajectory tracking control of robot manip-
ulators in [17]. In [18], the methodology was extended to
a class of single-input single-output (SISO) nonlinear sys-
tems with arbitrary known ”relative degrees” in a semi-strict
feedback form [13] by combining the backstepping adap-
tive control [1] with the general deterministic robust con-
trol. MIMO nonlinear systems transformable to semi-strict
feedback forms were studied in [19]. A general frame-
work was formalized in [20] and a discontinuous projection
based ARC was also proposed. Comparative experimental
results for the motion control of robot manipulators [21] and
the high-speed/high-accuracy trajectory tracking control of
machine tools [22] have demonstrated the substantially im-
proved performance of the suggested ARC approach. Other
applications include the motion and force control of robot
manipulators in various contacting environment [23, 24, 25]
and the control of electro-hydraulic systems [26, 27].

The proposed ARC approach was originally motivated by
the excellent research done in the conventional robust adap-
tive control (RAC) area [10, 11, 12, 13]. However, it should
be realized that there are some subtle but fundamental dif-
ferences between the proposed ARC and the conventional
RAC [12, 13], even including the recently presented tuning
function based RAC approach [14]. First, in terms of fun-
damental viewpoint, the proposed ARC [17, 18, 19, 20] puts
more emphasis on the robust control law design in achiev-
ing a guaranteed robust performance. In fact, the parameter
adaptation law in ARC can be switched off at any time with-
out affecting global stability and sacrificing the guaranteed
transient performance result since the resulting controller be-
comes a deterministic robust controller. Second, in terms of



the achievable performance, in the proposed ARC, the upper
bound on the absolute value of the tracking error over en-
tire time-history is given and is related to certain controller
design parameters in aknownform, which is more transpar-
ent than that in RAC [14, 13]. Finally, in terms of specific
approaches used for the controller design and the proof of
achievable performance, the proposed ARC uses two Lya-
punov functions; one the same as that in DRC [4, 5, 7, 8]
and the other the same as that in adaptive control [1], while
the robust adaptive control [14, 13] uses the same Lyapunov
function as in adaptive control [1] only. Because of these
subtle differences, the terminology of ”adaptive robust con-
trol” is used for the proposed combined design method to dif-
ferentiate the approach from the conventional RAC approach
and to reflect the strong emphasis on the robust control law
design for robust performance.

For some applications with relatively more transparent dy-
namics, one may have several options for the design of the
robust control law and the parameter adaptation law for the
proposed ARC. It is thus important to identify the desirable
ARC controller structures so that one can select the most ap-
propriate one for a particular application. One of them is
the desired compensation ARC structure–the regressor in the
model compensation and adaptation law depends on the ref-
erence trajectory only. The desired compensation adaptation
law was first proposed by Sadegh and Horowitz [28] for the
trajectory tracking control of robot manipulators. The idea
was then incorporated in the ARC design in [29], of which
the resulting controller has the following desirable features:
(a) The regressor can be calculated off-line and thus on-line
computation time can be reduced; (b) The interaction be-
tween the parameter adaptation and the robust control law is
minimized, which leads to an almost total separation of the
robust control law design and parameter adaptation design;
and (c) The effect of measurement noise is minimized since
the regressor does not depend on actual measurements. As
a result, a fast adaptation rate may be chosen in the imple-
mentation to speed up the transient response and to improve
overall tracking performance. These claims have been ver-
ified by the comparative experiments on the motion control
of robot manipulators [21, 25].

This paper continues the work done in [29] and formalizes
the desired compensation ARC (DCARC) design by gener-
alizing the approach to a more general class of nonlinear sys-
tems. In particular, desired compensation ARC controllers
will be constructed for a class of nonlinear systems trans-
formable to a normal form. A DCARC backstepping design
is then developed to overcome the design difficulties associ-
ated with unmatched model uncertainties to enlarge the ap-
plicable nonlinear systems.

This paper is organized as follows. Section II uses a simple
first-order uncertain nonlinear system to illustrate the dis-
continuous projection based ARC design in [17, 20]. Sec-
tion III presents the proposed DCARC design for the same
first-order system to illustrate the uniqueness and advantages

of the new ARC design. Section IV considers DCARC of
nonlinear systems in a normal form. Section V talks about
DCARC backstepping design and section VI concludes the
paper.

2 Discontinuous Projection Based ARC

In this section, tracking control of a simple first-order system
will be used to illustrate the discontinuous projection based
ARC designs presented in [17, 20]. The system is described
by

ẋ= f (x; t)+u; f = ϕT(x)θ+∆(x; t) (1)

wherex;u2 R, and f is an unknown nonlinear function. In
general, f can be approximated by a group of known ba-
sis functionsϕ(x) 2 Rp with unknown weightsθ 2 Rp, and
the approximation error is denoted by the unknown nonlin-
ear function∆(x; t). The objective is to letx track its desired
trajectoryxd(t) as closely as possible. The following reason-
able and practical assumption is made, which is satisfied by
most applications [17, 21, 22]:

A1 . The extent of parametric uncertainties and uncertain
nonlinearities is known, i.e.,

θ 2 Ωθ
∆
= fθ : θmin < θ < θmaxg

∆ 2 Ω∆
∆
= f∆ : k∆(x; t)k � δ(x; t) g

(2)

whereθmin; θmax andδ(x; t) are known. }

Throughout the paper, it is implicitly assumed that if a func-
tion depends ont explicitly (e.g.,δ(x; t)), then, the function
and all its partial derivatives are bounded with respect to time
t. The following notations are used:�i represents thei-th
component of the vector� and the operation< for two vec-
tors is performed in terms of the corresponding elements of
the vectors.

Under Assumption A1, the discontinuous projection based
ARC design [17, 20] can be applied to solve the robust track-
ing control problem for (1). Specifically, the parameter esti-
mateθ̂ is updated through a parameter adaptation law having
the form given by

˙̂θ = Pro jθ̂(Γτ) (3)

whereΓ is any symmetric positive definite (s.p.d.) adaptation
rate matrix,τ is an adaptation function to be specified later,
and the projection mappingPro jθ̂(�) is defined by [30, 31]
(for simplicity, assume thatΓ is a diagonal matrix in the fol-
lowing)

Pro jθ̂(�) =

8<
:

0 i f

�
θ̂i = θ̂imax and �> 0
θ̂i = θ̂imin and �< 0

� otherwise
(4)



It can be shown [30, 31, 17] that the projection mapping has
the following nice properties

P1 θ̂ 2 Ω̄θ = fθ̂ : θmin� θ̂� θmaxg
P2 θ̃T(Γ�1Pro jθ̂(Γ�)��)� 0; 8�

(5)

The ARC control law consists of two parts given by

u= uf +us; uf = ẋd(t)�ϕT θ̂
us = us1+us2; us1 =�kz

(6)

wherez= x� xd is the tracking error. In (6),uf is the ad-
justable model compensation needed for achieving perfect
tracking, andus is the robust control law consisting of two
parts:us1 is used to stabilize the nominal system, which is a
simple proportional feedback in this case; andus2 is a robust
feedback used to attenuate the effect of model uncertainties,
which is required to satisfy the following two constraints

i z[�ϕT θ̃+∆(x; t)+us2]� ε
ii zus2 � 0

(7)

whereε is a positive design parameter representing the atten-
uation level of the model uncertainties. In (7), condition i is
used to represent the fact thatus2 is synthesized to dominate
the model uncertainties coming from both the parametric un-
certainties and uncertain nonlinearities to achieve a guaran-
teed level of attenuationε, and the passive-like constraint ii is
imposed to make sure that introducingus2 does not interfere
with the nominal identification process of parameter adapta-
tion. The specific forms ofus2 satisfying constraints like (7)
can be found in ARC designs in [18, 19, 20].

Theorem 1 [20, 17] If the adaptation function in (3) is cho-
sen as

τ = ϕ(x)z (8)

then, the ARC law (6) with the parameter adaptation law (8)
guarantees that

A . In general, all signals are bounded and the tracking
error is bounded by

jzj2 � exp(�2kt)jz(0)j2+ ε
k [1�exp(�2kt)] (9)

i.e., the tracking error exponentially decays to a ball.
The exponential converging rate2k and the size of the

final tracking error (jz(∞)j �
q

ε
k) can be freely ad-

justed by the controller parametersε and k in a known
form.

B . If after a finite time, there exist parametric uncertainties
only (i.e.,∆(x; t) = 0; 8t � t0), then, in addition to the
results in A, zero final tracking error is achieved, i.e,
z�! 0 as t�! ∞. 4

3 Desired Compensation ARC (DCARC)

In the ARC design presented in section II, the regressorϕ(x)
in the model compensationuf in (6) and the parameter adap-
tation function (8) depends on the statex. Such an adap-
tation structure may have several potential implementation
problems. Firstly, the regressorϕ(x) has to be calculated on-
line based on the actual measurement of the statex. Thus,
the effect of measurement noise may be severe, and a slow
adaptation rate may have to be used, which in turn reduces
the effect of parameter adaptation. Secondly, despite that
the intention of introducinguf is for model compensation,
because ofϕ(x), uf depends on the actual feedback of the
state also. Although theoretically the effect of this added im-
plicit feedback loop has been considered in the robust control
law design as seen from condition i of (7), practically, there
still exists certain interactions between the model compen-
sationuf and the robust controlus. This may complicate
the controller gain tuning process in implementation. In the
following, the idea of desired compensation adaptation law
introduced in [28] will be combined with the proposed ARC
design to obtain a DCARC controller structure to solve these
practical problems.

For simplicity, denote the desired regressor asϕd(t) =
ϕ(xd(t)). Let the regressor error bẽϕ = ϕ(x)�ϕd. Not-
ing thatθ is unknown but bounded as assumed in (2), there
exists a known functionδφ(x; t) such that

jϕ̃Tθj= jϕ(x)Tθ�ϕ(xd)
T θj � δφ(x; t)jzj (10)

The proposed desired compensation ARC law and the adap-
tation function have the same forms as (6) and (8) respec-
tively but with the desired regressorϕd(t) and a strengthened
robust controlus, which are given by

u= uf +us; uf = ẋd(t)�ϕT
d (t)θ̂

us = us1+us2; us1 =�ks1z
τ = ϕd(t)z

(11)

whereks1 can be any nonlinear gain satisfying

ks1 � k+δφ(x; t) (12)

andus2 is required to satisfy constraints similar to (7) with
the constraint i modified to

i. z[�ϕT
d θ̃+∆(x; t)+us2]� ε (13)

Remark 1 Examples of smooth us2 satisfying (13) can be
found in the following way. Let h(x; t) be any smooth func-
tion satisfying

h� kθMkkϕd(t)k+δ(x; t) (14)

whereθM = θmax�θmin. Then, using the same technique as
in [18], it can be shown that

us2 =�h tanh
�

0:2785hz
ε

�
(15)

satisfies (13) and condition ii of (7). Another simple choice
would be [19, 25]

us2 =� 1
4εh2z (16)

Other smooth or continuous examples of us2 can be found in
[19, 25]. }



Theorem 2 If the DCARC law (11) is applied, the same re-
sults as stated in Theorem 1 are achieved. 4

Remark 2 The DCARC law (11) has the following advan-
tages: (i) Since the regressorϕd depends on the reference
trajectory only, it is bounded and can be calculated off-line
to save on-line computation time if needed; (ii) Due to the
use of projection mapping in (3),̂θ is bounded as shown
by P1 of (5). Thus the model compensation uf in (11) is
bounded no matter what type of adaptation law is going to be
used. This implies that uf does not affect the system stability
at all and the robust control function us can be synthesized
totally independent from the design of parameter adaptation
law for stability; (iii) Gain tuning process becomes simpler
since some of the bounds like the first term in the right hand
side of (14) can be estimated off-line; and (iv) the effect of
measurement noise is reduced. }

Proof of Theorem 2: Substituting (11) into (1), the error
equation is

ż+ks1z= ϕ̃Tθ�ϕT
d θ̃+∆(x; t)+us2 (17)

whereθ̃=θ̂�θ is the parameter estimation error. Noting (10)
and (12), the derivative of a positive definite functionVs =
1
2z2 is given by

V̇s ��ks1z2+ jzjjϕ̃Tθj+z[�ϕT
d θ̃+∆+us2]

��kz2+z[�ϕT
d θ̃+∆+us2]

(18)

Thus, from (13),

V̇s��kz2+ ε��2kVs+ ε (19)

which leads to (9) and proves the results in A of Theorem 1.

Now consider the situation in B of Theorem 1, i.e.,∆= 0; t �
t0. Choose a p.d. functionVa as

Va =Vs+
1
2θ̃T Γ�1θ̃ (20)

Noticing (18), (11), condition ii of (7), and P2 of (5),

V̇a = V̇s+ θ̃TΓ�1 ˙̂θ��kz2+ θ̃TΓ�1( ˙̂θ�Γτ)
��kz2+ θ̃T(Γ�1Pro jθ̂(Γτ)� τ)��kz2 (21)

Therefore,z2 L2. It is easy to check that ˙z is bounded. So,
z is uniformly continuous. By Barbalat’s lemma,z�! 0 as
t �! ∞, which proves B of Theorem 1. 2

4 DCARC of Systems In A Normal Form

In this section, DCARC of SISO nonlinear systems trans-
formable to the following controllable canonical form will
be solved. The system under consideration is described by

ẋi = xi+1; i � n�1
ẋn = ϕT(x)θ+∆(x; t)+u
y= x1

(22)

wherex= [x1; : : : ;xn]
T 2 Rn is the state,y is the output, and

θ and∆(x; t) are assumed to satisfy (2) as in previous sec-
tions. The objective is to design a bounded control law for

the inputu such that all signals are bounded and the output
y tracks the desired output trajectoryyd(t) as closely as pos-
sible. As such, if perfect tracking were achieved, the desired

state would bexd(t) = [yd(t); ẏd(t); : : : ;y
(n�1)
d ]T 2 Rn, which

is known in advance. Thus, we can define the desired regres-
sorϕd = ϕ(xd(t)) and the regressor errorϕ̃ as in section III.
Define the state tracking error ase= x�xd 2 Rn. Similar to
(10), there exists a known vector functionδφ(x; t) 2 Rn such
that

jϕ̃T θj= jϕ(x)T θ�ϕ(xd)
Tθj � δφ(x; t)T jej (23)

The system (22) has a relative degree ofn and is in the semi-
strict feedback form studied in [18]. Thus, in principle, the
backstepping designs may be applied to construct intermedi-
ate control functions for the firstn� 1 equations (i.e., state
equations for ¯xn�1 = [x1; : : : ;xn�1]

T ). However, since the
system (22) has matched model uncertainties only. A simple
sliding-mode-like technique can be used to construct a con-
trol function for the firstn� 1 equations directly, which is
adopted in the paper. Furthermore, a dynamic sliding mode
can be employed to enhance the dynamic response of the sys-
tem as in the control of robot manipulators [17, 21, 29]. The
design proceeds as follows.

Let a dynamic compensator be

ẋc = Acxc+Bce1; xc 2 Rnc; Bc 2 Rnc�1

yc =Ccxc; yc 2 R
(24)

where(Ac;Bc;Cc) is controllable and observable ande1 is
the first element ofe or the actual output tracking error. For
simplicity, denote ¯en�1 as the firstn�1 elements ofe. Not-
ing (22), ˙̄en�1 = [e2; : : : ;en]

T , which is known. Define a
switching-function-like term as

ξ = LT
ξ e+yc = L̄T

ξn�1ēn�1+en+yc

= lξ1e1+ : : :+ lξn�1e(n�2)
1 +e(n�1)

1 +yc
(25)

where Lξ = [L̄T
ξn�1;1]

T , L̄ξn�1 = [lξ1; : : : ; lξn�1]
T is a con-

stant vector to be chosen later. In frequency domain, from
(25) and (24),e1(s) is related toξ(s) by

e1(s) = Gξ(s)ξ(s); Gξ(s) =
1

sn�1+lξn�1sn�2+:::+lξ1+Gc(s)

(26)
where Gc(s) = Cc(sInc �Ac)

�1Bc . It is clear that poles of
Gξ(s) can be arbitrarily assigned by suitably choosing dy-
namic compensator transfer functionGc(s) and the constant
vectorLξ; Gξ(s) should be chosen such that the resulting dy-
namic sliding modefξ = 0g (i.e., free response of the trans-
fer functionGξ(s)) possesses fast enough exponentially con-
verging rate and the effect of non-zeroξ on e1 is attenuated
to a certain degree. In addition, the initial valuexc(0) of the
dynamic compensator (24) can be chosen to satisfy

Ccxc(0) =�LT
ξ e(0) (27)

Then,ξ(0) = 0 and transient tracking error may be reduced.

Noting (25) and (24), the state space representation of (26)
is obtained as

ẋξ = Aξxξ +Bξξ; yξ =Cξxξ (28)



wherexξ = [xT
c ; ēT

n�1]
T 2 Rnc+n�1 and

Aξ =

2
4 Ac Bc 0

0 0 In�2

�Cc �L̄T
ξn�1

3
5 ; Bξ =

2
4 0

0
1

3
5 ; Cξ = [0;1;0]

(29)
SinceGξ(s) is chosen to be stable, there exists an s.p.d. solu-
tion Pξ for any s.p.d. matrixQξ for the following Lyapunov
equation,

AT
ξ Pξ +PξAξ =�Qξ (30)

Furthermore, the exponentially converging rate
λmin(Qξ)

λmax(Pξ)
can

be any desired value by assigning the poles ofAξ to the far
left plane and suitably choosingQξ.

Define the transformed state error vector asxe = [xT
ξ ;ξ]

T =

[xT
c ; ē

T
n�1;ξ]T 2 Rnc+n. The original state error vectore is

related toxe by

e=Cexe; Ce =

�
0 In�1 0
�Cc �L̄T

ξn�1 1

�
(31)

Noting (23), there exist known nonlinear functionsδxξ(xe; t)
andδξ(xe; t) such that

jϕ̃Tθj � δxξ(xe; t)kxξk+δξ(xe; t)jξj (32)

The proposed DCARC lawα(xe; θ̂; t) for (22) and the associ-
ated adaptation functionτα(xe; t) have similar forms as (11)
and are given by

α = α f (θ̂; t)+αs(xe; t); αs = αs1+αs2;

α f = y(n)d (t)�ϕT
d (t)θ̂

αs1 =�kxe(xe; t)xe

=�ks1ξ�Cc(Acxc+Bce1)� L̄T
ξn�1

˙̄en�1�BT
ξ Pξxξ

τα = ϕd(t)ξ
(33)

In (33),ks1(xe; t) is any nonlinear gain satisfying

ks1 � k+δξ +
1

2kQ
δ2

xξ (34)

wherekQ is any gain less thanλmin(Qξ), andαs2 is required
to satisfy constraints similar to (7)

i. ξ[�ϕT
d θ̃+∆+αs2]� ε

ii. ξαs2 � 0
(35)

Specific form ofαs2 can be obtained using the techniques in
Remark 1. For example, corresponding to (16),

αs2 =� 1
4εh2ξ (36)

whereh is any function satisfyingh� kφdkkθMk+δ.

Theorem 3 If the DCARC law (33) is applied, i.e., u= α
with θ̂ updated by (3) andτ = τα, then,

A . In general, all signals are bounded. Furthermore, the
positive definite function Vs defined by

Vs =
1
2xT

ξ Pξxξ +
1
2ξ2 (37)

is bounded above by

Vs� exp(�λVt)Vs(0)+ ε
λV

[1�exp(�λVt)] (38)

whereλV = minf
λmin(Qξ)�kQ

λmax(Pξ)
; 2kg.

B . If after a finite time,∆(x; t) = 0; 8t� t0, then, in addition
to the results in A, zero final output tracking error is
achieved, i.e, e�! 0 and xe�! 0 as t�! ∞. 4

Remark 3 The DCARC law (33) has the structure that the
model compensationα f depends on the reference trajectory
and parameter estimate only, and the robust control termαs
dose not depend on the parameter estimate. In addition,
αs �! 0 as kxek �! 0. It thus has all the nice properties
stated in Remark 2. }

Proof of Theorem 3: In order for the results in this section
to be used conveniently in the DCARC backstepping design
in the next section, formulas are derived for the general case
that u might be different from the control functionα first.
Denote the input discrepancy aszu = u�α, from (22), (25),
and (33), it can be checked out that

ξ̇ = zu�ks1ξ�BT
ξ Pξxξ + ϕ̃Tθ�ϕT

d θ̃+∆+αs2 (39)

Noting (28), (30), (39), and (32), the derivative ofVs given
by (37) is

V̇s =�1
2xT

ξ Qξxξ�ks1ξ2+ξϕ̃Tθ+ξ[�ϕT
d θ̃+∆+αs2]+ξzu

��1
2(λmin(Qξ)�kQ)kxξk

2�kξ2+ξ[�ϕT
d θ̃+∆+αs2]+ξzu

(40)
in which ξϕ̃T θ� δxξkxξkjξj+δξξ2� 1

2kQkxξk
2+( 1

2kQ
δ2

xξ
+

δξ)ξ2 has been used. Thus, ifu = α or zu = 0, noting i of
(35),

V̇s��λVVs+ ε (41)

which leads to (38) and proves the results in A of Theorem
3. Noting ii of (35), B of Theorem 3 can be proved by using
a positive definite functionVa of the form (20) and the same
techniques as in (21). 2

5 DCARC Backstepping Design

In this section, a DCARC backstepping design will be pre-
sented to overcome the design difficulties associated with
higher ”relative degrees” andunmatachedmodel uncertain-
ties. To keep the development concise, the system under con-
sideration is obtained by augmenting the system (22) through
a general first-order nonlinear input dynamics, which is de-
scribed by

ẋi = xi+1; i � n�1
ẋn = ϕT(x)θ+∆(x; t)+u
u̇= ϕT

u (x;u)θ+∆u(x;u; t)+v
y= x1

(42)



wherev is the new input of the system andu becomes a mea-
surable state variable. Similar to (2), the unknown nonlinear
function∆u is assumed to be bounded by

j∆uj � δu(x;u; t) (43)

The goal is the same as in section IV, i.e., wanty�! yd.

Like the system (22), the desired values for the firstn state
variables for perfect tracking is known in advance and given

by xd(t) = [yd; : : : ;y
(n�1)
d ]T . However, the desired value for

the state variableu for perfect tracking is unknown because
of the appearance of the unmatched model uncertainties in
the second equation of (42). To by-pass this technical dif-
ficulty, the best estimate of its desired value,α f (θ̂; t) de-
fined in (33), is used, i.e., letud be ud = α f (θ̂; t). The de-
sired value of the functionϕu(x;u) can thus be calculated as
ϕud =ϕu(xd(t);ud(θ̂; t)). Similar to (23) and (32), there exist
known functionsδϕu1 andδϕu2 such that

jϕ̃T
u θj= jϕu(x;u)Tθ�ϕud(xd;ud)

Tθj � δϕu1kxek+δϕu2ju�udj
(44)

Noting thatju�udj= jzu+αsj � jzuj+ jαsj andαs given by
(33) has the property thatαs

kxek
is finite whenkxek�! 0, from

(44), there exist known functionsδϕu3 andδϕu4 such that

jϕ̃T
u θj � δϕu3kxek+δϕu4jzuj (45)

As shown in Theorem 3, ifzu = 0, output tracking would be
achieved. Thus, the backstepping design in this section is es-
sentially to synthesize a DCARC law for the actual inputv
such thatzu converges to a small value with a guaranteed
transient performance as follows. The proposed DCARC
backstepping law has the following structural form

v= vf (θ̂; t)+vs(xe;zu; θ̂; t); vs = vs1+vs2+vs3;

vf =
∂α f (θ̂;t)

∂t �ϕT
ud(θ̂; t)θ̂;

vs1 =�ksuzu�ξ+ ∂αs
∂t + ∂αs

∂xξ
(Aξxξ +Bξξ)

+ ∂αs
∂ξ (zu�ks1ξ�BT

ξ Pξxξ +αs2)

(46)

wherevf is the model compensation depending on the refer-
ence trajectory and the parameter estimate only,vs1 has the
same function as that in (33),vs2 is synthesized in the fol-
lowing to attenuate the effect of model uncertainties, andvs3
is an additional robust control action term synthesized in the
following to handle the effect of time-varying parameter es-
timate.

Noting the particular form (33), from (42), (39), and (46), it
can be checked out that

żu = u̇� α̇ = ϕT
u θ+∆u+v� [

∂α f

∂θ̂
˙̂θ+ ∂α f

∂t + ∂αs
∂xξ

ẋξ +
∂αs
∂ξ ξ̇+ ∂αs

∂t ]

=�ksuzu�ξ+ ϕ̃T
u θ� ∂αs

∂ξ ϕ̃Tθ+vs2�φT
u θ̃+∆u�

∂αs
∂ξ ∆

+vs3�
∂α f

∂θ̂
˙̂θ

(47)
where

φu = ϕud(θ̂; t)� ∂αs
∂ξ ϕd(t) (48)

Define an augmented p.d. function as

Vst =Vs+
1
2z2

u (49)

whereVs is defined by (37). Noting (32) and (45), from (40)
and (47), it is straightforward to show that

V̇st ��1
2(λmin(Qξ)�kQ)kxξk

2�kξ2+ξ[�ϕT
d θ̃+∆+αs2]

�(ksu�δϕu4)z2
u+[δϕu3kxek+ j

∂αs
∂ξ j(δxξkxξk+δξjξj)]jzuj

+zu[vs2�φT
u θ̃+∆u�

∂αs
∂ξ ∆]+zu[vs3�

∂α f

∂θ̂
˙̂θ]

(50)
vs2 is now chosen to satisfy conditions similar to (35)

i. zu[vs2�φT
u θ̃+∆u�

∂αs
∂ξ ∆]� εu

ii. zuvs2 � 0
(51)

Specific form ofvs2 can be obtained using the techniques in
Remark 1. For example, corresponding to (16),

vs2 =� 1
4εu

h2
uzu (52)

wherehu is any function satisfyinghu � kφukkθMk+ δu+

j ∂αs
∂ξ jδ: Let the adaptation function be

τ = τa+φuzu = ϕdξ+φuzu (53)

vs3 can now be chosen as

vs3 =
∂α f

∂θ̂
˙̂θ =

∂α f

∂θ̂ Pro jθ̂(Γτ) (54)

to cancel the effect of the time-varying parameter estimate as
seen from (50). Note thatvs3 given by (54) may experience
possible finite jumps since the projection mapping is discon-
tinuous at certain boundary points. If this poses a problem,
then, instead of the direct cancellation by (54), the technique
in [20] can be used to construct a smoothvs3 to dominate the
effect of the time-varying parameter estimate. The details
are quite tedious and omitted here.

Theorem 4 Consider the DCARC law (46) and the adapta-
tion function (53) for the system (42). Choose the controller
gain ksu in (46) large enough such that

ksu� d1+δϕu4+
1

2d2

�
δϕu3+ j

∂αs
∂ξ jδxξ

�2
+ 1

4d3

�
δϕu3+ j

∂αs
∂ξ jδξ

�2

(55)
where d1 is any positive scalar, d2 and d3 are any positive
nonlinear gains satisfying d2 < λmin(Qξ)� kQ and d3 < k
respectively. Then,

A In general, all signals are bounded. Furthermore, the p.d.
function Vst defined by (49) is bounded above by

Vst � exp(�λVt)Vst(0)+
εV
λV

[1�exp(�λVt)] (56)

whereλV = minf
λmin(Qξ)�kQ�d2

λmax(Pξ)
; 2(k�d3); 2d1g, and

εV = ε+ εu.

B If after a finite time,∆ = 0 and∆u = 0, then, in addition
to the results in A, zero final output tracking error is
achieved, i.e, e�! 0 as t�! ∞. 4

Proof of Theorem 4: If (55) is satisfied, by using the com-
pletion of square and noting (54), from (50), it is easy to
show that

V̇st ��1
2(λmin(Qξ)�kQ�d2)kxξk

2� (k�d3)ξ2�d1z2
u

+ξ[�ϕT
d θ̃+∆+αs2]+zu[vs2�φT

u θ̃+∆u�
∂αs
∂ξ ∆]

(57)



Noting i of (35) and (51),

V̇st ��λVVst+ εV (58)

which leads to A of Theorem 4.

When∆ = 0 and∆u = 0, noting (53) and ii of (35) and (51),

V̇st ��λVVst� τT θ̃ (59)

Thus, B of Theorem 4 can be proved by using a positive def-
inite functionVat =Vst+

1
2 θ̃TΓ�1θ̃ and the same techniques

as in (21). 2

6 Conclusions

A general framework of the proposed desired compensation
adaptive robust control (DCARC) has been presented for
nonlinear systems having both parametric uncertainties and
uncertain nonlinearities. The resulting DCARC controllers
have several implementation advantages such as reduced on-
line computation time, an almost total separation of robust
control design and parameter adaptation to facilitate gain
tuning process, the reduced effect of measurement noise, and
a faster adaptation rate for a better tracking performance in
implementation. The controllers achieve a guaranteed tran-
sient performance and a prescribed final tracking accuracy in
the presence of both parametric uncertainties and uncertain
nonlinearities while achieving asymptotic output tracking in
the presence of parametric uncertainties without using an in-
finite fast switching control law or an infinite-gain feedback.
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