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Adaptive Robust Posture Control of Parallel
Manipulator Driven by Pneumatic

Muscles With Redundancy
Xiaocong Zhu, Guoliang Tao, Bin Yao, Member, IEEE, and Jian Cao

Abstract—This paper presents an adaptive robust posture con-
troller for a parallel manipulator driven by pneumatic muscles
(PMDPM) with a redundant DOF. Rather severe parametric un-
certainties and uncertain nonlinearities exist in the dynamics of the
PMDPM. To deal with these uncertainties effectively, the recently
developed adaptive robust control strategy is applied. Further-
more, the developed control strategy explicitly takes into account
the particular physical properties of the system studied. Specifi-
cally, the symmetric geometric structure of the parallel manipu-
lator driven by identical pneumatic muscles and no external mo-
ments around symmetry-axis direction of the parallel manipulator
make the rotation angle of the parallel manipulator around its
symmetry axis direction negligible and a nonfactor during normal
operations. As such, the axial rotation angle is not measured and
controlled when the PMDPM are used in practice, leading to a
single-DOF redundancy in synthesizing the precise posture con-
troller for rotation angles around other axes. To make full use of
this redundancy, an equivalent average-stiffness-like desired con-
straint is introduced in the development of the adaptive robust
posture controller to achieve precise posture tracking while reduc-
ing control input chattering caused by measurement noise. Exper-
imental results are obtained to verify the validity of the proposed
controller for the redundant PMDPM.

Index Terms—Adaptive robust control (ARC), parallel manipu-
lator, pneumatic muscle, redundancy, uncertainties.

I. INTRODUCTION

PNEUMATIC muscle is made up of a flexible rubber tube
braided with cross-weave sheath material and two connec-

tion flanges. When the rubber tube is inflated with compressed
air, the cross-weave sheath experiences lateral expansion, re-
sulting in axial contractive force and the change of the end point
position of pneumatic muscle. Thus, the position or force control
of the pneumatic muscle along its axial direction can be real-
ized by regulating the inner pressure of its rubber tube [1]. The
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Fig. 1. Structure of the PMDPM.

parallel manipulator driven by pneumatic muscles (PMDPM)
studied in this paper consists of three pneumatic muscles con-
necting the moving platform of the parallel manipulator to its
base platform, as shown in Fig. 1. By controlling the lengths
of three pneumatic muscles, 3 DOF rotation motion of the par-
allel manipulator can be realized. Such a parallel manipulator
combines the advantages of compact structure of parallel mech-
anisms with the adjustable stiffness and a high power/volume
ratio of pneumatic muscles, which will have promising
applications in robotics, industrial automation, and bionic
devices [2].

Due to the symmetric geometric structure of the parallel ma-
nipulator, the identical properties of the pneumatic muscles
used, and no external moments around symmetry-axis direc-
tion of the parallel manipulator (i.e., z-axis in Fig. 1) acting on
the moving platform, the rotation angle around z-axis is nearly
close to zero during normal operations. Thus, this angle is not
measured and controlled to save cost when using these types
of parallel manipulators in practice, leading to a DOF redun-
dancy in synthesizing posture controllers for the rotation angles
around the other two axes. Such an added design freedom is not
utilized in our previous study where an adaptive robust posture
controller was developed for the PMDPM [3]. To make full use
of this redundancy when the precise control of the rotation angle
around z-axis is not needed, this paper will introduce an equiv-
alent average-stiffness-like desired constraint in the adaptive
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robust posture controller design to improve posture control per-
formance while reducing control input chattering caused by
measurement noise.

The utilization of adjustable stiffness concept in the control
of pneumatic muscle systems is not new and has received great
attention recently. Specifically, Sui et al. analyzed the dynamic
and static stiffness of both single pneumatic muscle and antago-
nistic muscle actuators [4]. Tondu and Lopez explained the nat-
ural compliant characteristics (associated with stiffness) of the
actuator consisting of two pneumatic muscles set in antagonism
and verified such feature by experiments on a 2 DOF selective
compliant assembly robot arm (SCARA) robot prototype [5].
Liu and Zong presented the stiffness control on a manipulator
driven by rubber actuators through adjusting p0 and ∆p, and
furthermore, studied the compliance control of a five-bar par-
allel manipulator driven by rubber actuators [6], [7]. Tonietti
and Bicchi employed the adaptive simultaneous position and
stiffness control for a serial robot arm driven by antagonistic
pneumatic muscles [8]. van der Linde [9] and Hildebrandt et al.
[10], respectively, developed some optimization strategies on
the adjustable stiffness of two opposite pneumatic muscles.

In the earlier pneumatic muscle systems with a single or an-
tagonistic muscles, the average pressure scalar with respect to
the entire stiffness of the system is adjusted to improve perfor-
mance. However, especially for the PMDPM, not only it is very
difficult to control the posture precisely in the presence of var-
ious parametric uncertainties and uncertain nonlinearities that
are inherited to the pneumatic muscle system, but also there are
added difficulties in utilizing the adjustable stiffness in the pos-
ture controller for the PMDPM with multi-input multi-output
(MIMO) complex dynamics since it requires finding a uniform
equivalent average stiffness scalar from the inherent multiple-
dimension coupling stiffness matrix of the PMDPM.

In this paper, the adaptive robust control (ARC) strategy
[11]–[13] is used to effectively deal with large extent of para-
metric uncertainties and uncertain nonlinearities to achieve ac-
curate posture tracking control. In addition, with the guaranteed
small tracking errors of the proposed adaptive robust posture
controller, the method of adjusting the prior equivalent average
stiffness is developed to eliminate the redundant DOF as well
as to reduce control input chattering caused by measurement
noise.

II. PRINCIPLE OF POSTURE CONTROL WITH

A REDUNDANT DOF

A. Dynamics of the PMDPM With Redundancy

The PMDPM is shown in Fig. 1, which consists of a moving
platform, a base platform, a central pole, and three pneumatic
muscles connected by six ball joints that are evenly distributed
on the respective platforms [2]. Define the posture vector as
θ = [θx, θy , θz ]T and the pressure vector as p = [p1 , p2 , p3 ]T ,
then the dynamics of the parallel manipulator is [3]

M a(θ)θ̈ + Ca(θ, θ̇)θ̇ + Ga(θ)

+ F fa(θ, θ̇) + dta(θ, θ̇, t) = τ a (1)

where θ, θ̇, θ̈ ∈ R3 are the posture vector, velocity vector, and
acceleration vector of the parallel manipulator, respectively,
M a(θ) is the 3 × 3 rotational inertia matrix, Ca(θ, θ̇)θ̇ is
the 3-vector of centripetal and Coriolis torques [with Ca(θ, θ̇)
being a 3 × 3 matrix], F fa(θ, θ̇) refers to all kinds of fric-
tion force torques originating from the pneumatic muscles and
spherical joints, Ga(θ) is the 3-vector of gravitational torques,
dta(θ, θ̇, t) is the disturbance vector in task space, and τ a is the
calculable 3-vector of torques acting on the parallel manipulator,
which is given by

τ a = JT
a (θ)F m (2)

where Ja(θ) is the Jacobian transformation matrix, F m =
[Fm1 , Fm2 , Fm3]T is the calculable contractive force vector of
pneumatic muscles, and Fm i(i = 1, 2, 3) is obtained by the fol-
lowing integrated model that is derived from literature [14]
and [15]

Fm i(xm i , pi) = pi [a(1 − kεεm i)2 − b] + Fri(xm i) (3)

Fri(xm i) = −πD0L0δ0E(1 − εm i)2

×
(

1
sin α0

− 1
sin αi(xm i)

)
cos α0 (4)

where xm i is the contractive length of pneumatic muscle, pi is
the pressure inside the pneumatic muscle, a and b are constants
related to the structure of pneumatic muscle, kε is a factor ac-
counting for the side effect, εi is the contractive ratio given by
εi = xm i/L0 , L0 is the initial length of pneumatic muscle, Fri
is the rubber elastic force, D0 is the initial diameter of pneu-
matic muscle, δ0 is the thickness of shell and bladder, E is the
bulk modulus of elasticity of the rubber tube with cross-weave
sheath, α0 is the initial braided angle of pneumatic muscle,
and αi is the current braided angle of pneumatic muscle. Note
that model errors of τ a from incalculable part of contractive
forces are lumped into disturbances dta and will be attenuated
by robust feedback later.

Substituting (3) into (2), the drive moment can be described
as follows:

τ a(θ,p) = f τ a(θ)p + gτ a(θ). (5)

Two fast switching valves are used to regulate the pressure
inside each pneumatic muscle, and this combination is subse-
quently referred to as a driving unit. And the pressure dynamics
of the ith driving unit is [3], [16]

ṗi = −λaipiV̇i

Vi
+

λbiRTiqm i

Vi
+ dm i (6)

where λai and λbi are different polytropic exponents, Vi is the
pneumatic muscle’s inner volume that is a function of xm i , R
is the gas constant, Ti is the thermodynamic temperature inside
the pneumatic muscle, qm i is the calculable air mass flow rate
through fast switching valve, and dm i represents all disturbances
in muscle space.

Mass flow rate qm i is a function of the duty cycle, i.e., control
input ui given by [3]

qm i(ui) = Kqi(pi, sign(ui))ui (7)
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where Kqi(pi, sign(ui)) is a nonlinear flow gain function given
by Kqi(pi, sign(ui)) = Aei(pui/

√
RTui)f(pdi/pui) with

f

(
pdi

pui

)

=




√
k

(
2

k + 1

) k + 1
k −1

, when 0 ≤ pdi
pui

< 0.528√
2k

k−1

[(
pdi
pui

) 2
k −

(
pdi
pui

) k + 1
k

]
, when 0.528 ≤ pdi

pui
≤ 1

Aei is the effective orifice area of fast switching valve, pui is the
upstream pressure, pdi is the downstream pressure, Tui is the
upstream temperature, and k is the ratio of specific heat.

Due to the symmetric distribution of spherical joints, respec-
tively, on moving platform and base platform and the identical
properties of pneumatic muscles used, θz is nearly close to zero
when no external moments around z-axis (see Fig. 1) are acting
on the parallel manipulator in normal operations. Moreover, it
is observed that θz is less than 0.2◦ while θx and θy normally
approach 10◦ in simulation and experiments. For this reason,
the rotation angle of z-axis is not measured and controlled in
practice. Normally, θz is assumed to be zero in the controller
design. With this assumption, the system dynamics for rotation
angles around the other two axes can be written in the following
form according to (1), (6), and (7):



M(x)ẍ + C(x, ẋ)ẋ + G(x)
+F f (x, ẋ) + dt(x, ẋ, t) = τ

= f τ (x)p + gτ (x)
ṗ = fm(x)qm + gm(x, ẋ,p) + dm(x, ẋ, t)
qm = Kq(p, sign(u))u

(8)

where x = [θx, θy ]T ∈ R2 , M(x) and C(x, ẋ) are the corre-
sponding 2 × 2 components of M a(θ) and Ca(θ, θ̇), respec-
tively, G(x), F f (x, ẋ), dt(x, ẋ, t), τ , and gτ (x) are the corre-
sponding 2 × 1 components of Ga(θ), F fa(θ, θ̇), dta(θ, θ̇, t),
τ a , and gτ a(θ), respectively, f τ (x) is the corresponding 2 × 3
component of f τ a(θ), and

fm(x) = diag

([
kb1RT1

V1(xm1)
,

kb2RT2

V2(xm2)
,

kb3RT3

V3(xm3)

]T
)

gm(x, ẋ,p) =

[
−ka1p1 V̇1(xm1 , ẋm1)

V1(xm1)
,−ka2p2 V̇2(xm2 , ẋm2)

V2(xm2)
,

−ka3p3 V̇3(xm3 , ẋm3)
V3(xm3)

]T

.

B. Utilization of Equivalent Average Stiffness

Since the rotation around z-axis is not controlled in normal
operations for the PMDPM, there exists a DOF redundancy in
synthesizing the posture controller for rotation angles around the
other two axes. Therefore, an equivalent average-stiffness-like
constraint, which is related to the multiple-dimension equivalent
stiffness matrix of the PMDPM, is introduced into the posture
controller for removing such a DOF redundancy.

With the backstepping design procedure, the desired drive
moment τ d in the task space can be calculated by desired and
actual postures under certain control strategy. And then, accord-
ing to the first equation of (8), the desired pressure vector pd
can be derived from the following equation:

τ d(x, ẋ,xd , ẋd , ẍd) = f τ (x)pd + gτ (x). (9)

However, the solution of pd from τ d along (9) is not unique
since f τ (x) is a 2 × 3 matrix while pd is a 3 × 1 vector
and τ d is a 2 × 1 vector. That is, the system possesses a DOF
redundancy. Therefore, an extra constraint related to the pressure
vector p is introduced into the posture controller for removing
the redundancy.

Under the condition of the parallel manipulator being at the
equilibrium state (x = ẋ = ẍ = [0◦, 0◦]T ) and ∂p/∂θ ≈ 0, an
equivalent stiffness is described as (10) according to (5), which
is the posture derivative of the drive moment [6], [17]

K(p,θa) =
∂f τ a

∂θa
p +

∂gτ a

∂θa
. (10)

It can be seen from this equation that the equivalent stiff-
ness is mainly dependent on the inner pressures of pneumatic
muscles and the posture vector of the PMDPM. Due to the
symmetric distribution of spherical joints on moving platform
and base platform as well as the identical properties of pneu-
matic muscles, the equivalent stiffness is a principle diagonal
matrix, whose components have the feature that magnitudes of
the equivalent stiffness around x- and y-axes are at the same
level and larger than that around z-axis.

Then, an equivalent average stiffness of the parallel manip-
ulator is defined as Kd = (Kx + Ky )/2 and expressed as the
following equation, which is also dependent on inner pressures
of three pneumatic muscles:

Kd = fk(x)p + gk(x). (11)

Therefore, integrating with (9) and (11), the desired pressure
vector in the task space is uniquely determined by

pd = ψ−1
1 (x)[υ − ψ2(x)] (12)

where

ψ1(x) =
[

f τ (x)
fk(x)

]
, ψ2(x) =

[
gτ (x)
gk(x)

]
, υ =

[
τ d
Kd

]
.

In the following design, for notation simplicity, the variable
M(x) is expressed by M , and other variables are analogical
when no confusions on the function variables are concerned.

III. CONTROLLER DESIGN

A. Schematic Diagram of the Posture Controller

The posture controller for the PMDPM is composed of two
parts: the ARC design and the equivalent average stiffness de-
sign. The ARC is adopted to deal with rather severe parametric
uncertainties and uncertain nonlinearities existing in the dynam-
ics of the PMDPM [3], [11], [13], both due to the time-varying
friction forces and the static force modeling errors of pneumatic
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Fig. 2. Schematic diagram of the posture controller.

muscles and due to the inherent complex nonlinearities and un-
known disturbances of the parallel manipulator. Meanwhile, the
equivalent average stiffness is employed to make full use of the
redundancy of the PMDPM for reducing control input chattering
caused by measurement noise. It is noted that since there exist
unmatched model uncertainties in the dynamics of the PMDPM,
the backstepping design is adopted consisting of desired drive
moment design and desired flow rate design along with parame-
ter adaptation to compensate for large parametric uncertainties.
The schematic diagram of the adaptive robust posture controller
with adjustable equivalent average stiffness is shown in Fig. 2.

B. Assumption and Projection Mapping

In general, the system is subjected to parametric uncertain-
ties due to unknown values of λa , λb , the unknown parameters
in M(x), C(x, ẋ), G(x), F f (x, ẋ), and the unknown nomi-
nal value of the lumped disturbance vector represented by dt0
and dm0 . Thus, let β be the unknown parameter vector whose
components are the aforementioned unknown parameters. In ad-
dition, there exist uncertain nonlinearities represented by dt and
dm in the system (dt = dt0 + d̃t , dm = dm0 + d̃m ). Assume
that the extents of the parametric uncertainties and uncertain
nonlinearities are known as

β ∈ Ωβ = {β : βmin ≤ β ≤ βmax}

|d̃t | ≤ dtmax , |d̃m | ≤ dmmax (13)

where βmax = [β1max , . . . , βnmax]T is the maximum parameter
vector, βmin = [β1min , . . . , βnmin ]T is the minimum parameter
vector, and dtmax and dmmax are known vectors.

Let β̂ denote the estimate of β and β̃ = β̂ − β the estimation
error. In view of (13), a discontinuous projection can be defined
as (14) in order to guarantee that the parameter estimates given
by (15) remain in the known bounded region all the time [11],
[13]:

Projβ̂(•i) =




0, if β̂i = βimax and •i > 0
0, if β̂i = βimin and •i < 0
•i , otherwise .

(14)

The adaptation law is given by

˙̂
β = Projβ̂(Γσ), β̂(0) ∈ Ωβ (15)

where Γ > 0 is a diagonal matrix and σ is a parameter adap-
tation function to be synthesized later. It can be shown that for
any adaptation function, the projection mapping used in (15)
guarantees

{
β̂ ∈ Ωβ = {β̂ : βmin ≤ β̂ ≤ βmax}

β̃
T
[Γ−1Projβ̂(Γσ) − σ] ≤ 0 ∀σ.

(16)

C. Design of ARC

In this section, the ARC will be synthesized using the re-
cursive backstepping procedure for the system (8) to achieve a
guaranteed transient and final tracking accuracy [3], [11], [13].

1) Design of Desired Drive Moment: Define a switching-
function-like quantity as

z2 = ż1 + Kcz1 (17)

where z1 = x − yd is the trajectory tracking error vector and
Kc is a positive diagonal feedback matrix. If z2 converges to a
small value or zero, then z1 will converge to a small value or zero
since the transfer function from z2 to z1 G(s) = I(s + Kc)−1

is globally asymptotically stable. Thereby, the next objective is
to design the drive moment τ for making z2 as small as possible.

Defining ẋr = ẏd − Kcz1 , the terms including parametric
uncertainties in the task space can be described as (18) with a
set of unknown parameter vector βt in the task space:

Mẍr + Cẋr + F f + G + dt0

= ϕT
2 (x, ẋ, ẋr , ẍr)βt + f c2(x, ẋ, ẋr , ẍr) (18)

where ϕT
2 (x, ẋ, ẋr , ẍr) is the corresponding regressor of βt

and f c2(x, ẋ, ẋr , ẍr) is the known nonlinear term.
The following equation could be obtained along the solution

of (8) and (18):

Mż2 + Cz2 = τ − ϕT
2 β̂t − f c2 + ϕT

2 β̃t − d̃t . (19)

The desired drive moment τ d is given by

τ d = τ da + τ ds , τ da = ϕT
2 β̂t + f c2 (20)

where τ da functions as the adaptive control part used to achieve
an improved model compensation through online parameter
adaptation via β̂t , and τ ds is a robust control law to be synthe-
sized later. β̂t is updated by a discontinuous projection-based

adaptation law of the form (15), i.e., ˙̂βt = Projβ̂ (Γ2σ2) with
the parameter adaptation function σ2 = −ϕ2z2 . τ ds consists
of two parts

τ ds = τ ds1 + τ ds2 , τ ds1 = −K2z2 (21)

where K2 is a positive definite feedback gain matrix and τ ds2 is
synthesized to dominate the uncompensated model uncertainties



ZHU et al.: ADAPTIVE ROBUST POSTURE CONTROL OF PARALLEL MANIPULATOR DRIVEN 445

coming from both parametric uncertainties and uncertain non-
linearities, which is chosen to satisfy the following conditions:{

zT
2 (τ ds2 + ϕT

2 β̃t − d̃t) ≤ ε2

zT
2 τ ds2 ≤ 0

(22)

where ε2 is a positive design parameter. For example, τ ds2 may
be chosen as [13]

τ ds2 = −K2s tanh (z2/ε2) (23)

where K2s is a positive definite diagonal matrix dependent on
uncertain nonlinearities in the task space.

As analyzed in Section II, according to the desired drive
moment τ d and the desired equivalent average stiffness Kd
designed later, the desired pressure vector pd can be obtained
from (12).

Define the positive semidefinite Lyapunov function V2 =
(1/2)zT

2 Mz2 and let the input discrepancy be z3 = p − pd .
The time derivative of V2 along the solution of (19) is

V̇2 = − zT
2 K2z2 + zT

2 f τ z3

+ zT
2 (τ ds2 + ϕT

2 β̃t − d̃t). (24)

2) Design of Desired Flow Rate: Next, the mass flow rate
qm is synthesized so that z3 converges to a small value or zero
with a guaranteed transient performance. With a set of unknown
parameter vector βm in muscle space, the terms including para-
metric uncertainties in muscle space are described as

fm(x)qm + gm(x, ẋ,p) + dm0

= ϕT
3 (x, ẋ,p)βm + f c3(x, ẋ,p) (25)

where ϕT
3 (x, ẋ,p) is the corresponding regressor of βm and

f c3(x, ẋ,p) is the known nonlinear term.
The time derivative of the input discrepancy along the solution

of (8) and (12) is

ż3 = ṗ − ṗd = fmqm + gm + dm0

+ d̃m − ṗdc − ṗdu (26)

where ṗdc = ∂pd/∂t + (∂pd/∂x)ˆ̇x + (∂pd/∂ẋ)ˆ̈x + (∂pd/

∂β̂t)
˙̂βt and ṗdu = (∂pd/∂x)(ẋ − ˆ̇x) + (∂pd/∂ẋ)(ẍ − ˆ̈x) in

which ˆ̇x and ˆ̈x are obtained from x by a second-order differen-
tial filter as [3], ṗdc represents the calculable part of ṗd and can
be used to design control input u, but ṗdu cannot due to various
uncertainties.

The desired mass flow rate qmd is

qmd = qmda + qmds ,

qmda = f̂
−1
m (−fT

τ z2 − ĝm − d̂m0 + ṗdc) (27)

where qmda is used for adaptive model compensation through
online parameter adaptation via β̂m , and qmds is the robust
control law to be synthesized later. β̂m is updated by a dis-
continuous projection-based adaptation law of the form (15),

i.e., ˙̂βm = Projβ̂(Γ3σ3) with the parameter adaptation func-
tion σ3 = ϕ3z3 .

The robust control law qmds consists of the following two
parts:

qmds = qmds1 + qmds2 , qmds1 = −f̂
−1
m K3z3 (28)

where K3 is a positive definite feedback gain matrix and qmds2
is synthesized to dominate the uncompensated model uncertain-
ties and chosen to satisfy the following conditions:

{
zT

3 (f̂mqmds2 − ϕT
3 β̃m + d̃m − ṗdu) ≤ ε3

zT
3 f̂mqmds2 ≤ 0

(29)

where ε3 is a positive design parameter that may be arbitrarily
small. For example, qmds2 may be chosen as [13]

qmds2 = −f̂
−1
m K3s tanh (z3/ε3) (30)

where K3s is a positive definite diagonal matrix dependent on
uncertain nonlinearities in muscle space.

To see how this control function works, define a positive
semidefinite (p.s.d.) function V3 = V2 + (1/2)zT

3 z3 , its time
derivative along the solution of (22), (24), (26), and (29) is

V̇3 ≤ −zT
2 K1z2 − zT

3 K3z3 + ε2 + ε3 . (31)

According to comparison lemma [18], the solution of (31) is

V3(t) ≤ exp(−λv t)V3(0) +
εv

λv
[1 − exp(−λv t)] (32)

where λv = 2 × min{K2 ,K3} and εv = ε2 + ε3 .
As can be seen from (32), the output tracking error vector

z = [zT
2 ,zT

3 ]T is bounded above by

‖z(t)‖2 < exp(−λv t) ‖z(0)‖

+
2εv

λv
[1 − exp(−λv t)]. (33)

Specifically, asymptotic output tracking (or zero final tracking
error) is obtained in the presence of parametric uncertainties
only.

3) Design of Control Input Vector: Once the desired mass
flow rate qmd is synthesized, the inverse flow rate mapping
is used to calculate the specific duty cycle commands of fast
switching valves. The control input vector is

u = K−1
q qmd . (34)

D. Design of Equivalent Average Stiffness

The equivalent average stiffness Kd in (12) is adjustable and
can be further designed to reduce control input chattering.

1) Permissible Equivalent Average Stiffness: The equivalent
average stiffness Kd is constrained by the minimum and max-
imum permissible inner pressures of three pneumatic muscles.
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For this purpose, (3) can be written in another form as

Fm i(xm i , pi) = Ai(xm i)pi + Fri(xm i) (35)

where Ai(xm i) is the equivalent acting area of the pneumatic
muscle.

For a single pneumatic muscle, the minimum inner pressure is
pmini = −Fri(xm i)/Ai(xmi) since pneumatic muscle can only
generate positive contractive force. Meanwhile, the maximum
inner pressure is pmaxi = min(pmi, ps) in which pmi is the per-
missible maximum inner pressure of the pneumatic muscle and
ps is the supply pressure. Let pmin be the vector consisting of
such three pmini and pmax be the vector consisting of such three
pmaxi .

According to (12), the permissible desired pressure vector
should satisfy the following inequality:

pmin ≤ pd = ψ−1
1 (υ − ψ2) ≤ pmax . (36)

Let ψ−1
1 υ = aτ τ d + akKd in which aτ is a 3 × 2 matrix

and ak is a 3 × 1 matrix from ψ−1
1 , and substitute it into (36),

then

pmin + ψ−1
1 ψ2 − aτ τ d ≤ akKd ≤ pmax + ψ−1

1 ψ2 − aτ τ d .
(37)

Hence, the permissible equivalent average stiffness for the
desired posture is obtained:

Kdmax = min
{(

χr1

ak1

)
,

(
χr2

ak2

)
,

(
χr3

ak3

)}

Kdmin = max
{(

χl1

ak1

)
,

(
χl2

ak2

)
,

(
χl3

ak3

)}
(38)

where χr = pmax + ψ−1
1 ψ2 − aτ τ d = [χr1 , χr2 , χr3 ]T and

χl = pmin + ψ−1
1 ψ2 − aτ τ d = [χl1 , χl2 , χl3 ]T .

2) Optimal Equivalent Average Stiffness: Generally, the
equivalent average stiffness of the PMDPM has arbitrariness
within the permissible range when not controlled, which indi-
cates that it may be used as a constraint to tune system perfor-
mance. Concretely, the velocity and acceleration of the PMDPM
would be needed in the calculation of the control input vector.
Though these signals may be obtained from the posture through
a second-order differential filter, measurement noise may be
amplified resulting in severe control input chattering. Thus, it
is necessary to find an optimal equivalent average stiffness for
decreasing the gain from noise to control input vector, and con-
sequently, reducing control input chattering.

The acceleration in control input vector consists of the fol-
lowing two parts:

ˆ̈x = ˆ̈x0 + n(t) (39)

where ˆ̈x0 is the noise-free signal and n(t) is the measurement
noise. When the trajectory tracking error is small, pd is nearly
equal to p and the robust control part is neglected. With this
approximation, the control input vector in (34) can be rewritten
as

u = K−1
q (pd(Kd))f̂

−1
m

∂pd(Kd)
∂ẋ

[
ˆ̈x0 + n(t)

]
+ κ(x, ˆ̇x, t)

(40)

Fig. 3. Permissible and optimal equivalent average stiffness along a sinusoidal
trajectory.

Fig. 4. Relation between Jopt and Kd at different posture points in the process
of tracking the trajectory. Note: θ1 , θ2 , θ3 , θ4 , and θ5 represent different
posture points. θ1 = [2.8229◦, 2.2583◦]T , θ2 = [4.9134◦, 3.9308◦]T , θ3 =
[0.9213◦, 0.7370◦]T , θ4 = [−2.8229◦,−2.2583◦]T , and θ5 = [−4.9134◦,
−3.9308◦]T .

where κ(x, ˆ̇x, t) is a nonlinear function given by

κ(x, ˆ̇x, t)=K−1
q f̂

−1
m

[
∂pd

∂t
+

∂pd

∂x
ˆ̇x +

∂pd

∂β̂t

˙̂βt−ĝm−d̂m0

]
.

In order to obtain the optimal equivalent average stiffness,
the gain from noise to control input vector should be as small as
possible. Thus, the objective function to be minimized is

Jopt =
∣∣∣∣K−1

q (pd(Kd))f̂
−1
m

∂pd(Kd)
∂ẋ

∣∣∣∣ . (41)

The permissible and optimal equivalent average stiffness
along a desired sinusoidal trajectory (amplitude θx = 5◦ and
θy = 4◦, period 20 s) are shown in Fig. 3. And Fig. 4 shows
the relation between Jopt and Kd at different posture points in
the process of tracking the trajectory. It can be seen from Fig. 4
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that the objective function near the optimal equivalent average
stiffness changes mildly, which indicates that the slight change
of equivalent average stiffness in the small neighborhood of the
optimal equivalent average stiffness will have slight change on
reducing control input chattering. Therefore, the optimal value
in practice can be a smaller constant value than the averaged
value of the optimal equivalent average stiffness along certain
trajectory to decrease air consumption, and consequently, save
energy.

E. Some Issues on Posture Control With Redundant DOF

Remark (i). The posture controller of the PMDPM with re-
dundancy could be flexibly designed. Besides the ARC adopted
in this paper, other control methods such as PID, adaptive con-
trol, sliding-mode control, or deterministic robust control can
also be used to obtain the desired drive moment. And then, the
equivalent average-stiffness-like desired constraint according to
different requirements is integrated into the posture controller
for effectively improving tracking accuracy or reducing control
input chattering.

Remark (ii). Only the value of equivalent average stiffness uti-
lized by the controller is almost invariant in the aforementioned
sinusoidal trajectory, while the equivalent stiffness around x-and
y-axes fluctuate, respectively, due to the posture variations.

Remark (iii). The desired pressure vector pd can also be
obtained from (9):

pd = f+
τ (x)(τ d − gτ ) + [I3 × 3 − f+

τ (x)f τ (x)]p0 (42)

where p0 is called as the equivalent average pressure vector,
which is related to the equivalent average stiffness and an arbi-
trary 3 × 1 vector within the permissible range.

Substitute this pd as p into (11), then the relation between the
equivalent average pressure vector and the equivalent average
stiffness becomes

Ak (x)p0 = Bk (x,Kd) (43)

where Ak (x) = f k (x)[I3 × 3 − f+
τ (x)f τ (x)], Bk (x,Kd) =

Kd − gk (x) − f k (x)f+
τ (x)(τ d − gτ ) in which f+

τ (x) is the
pseudoinverse of f τ (x).

As can be seen from (43), the equivalent average stiffness
corresponds to multivalued vector p0 . If three components of
the vector p0 are set to the same value represented by the equiv-
alent average pressure scalar p̄0 , a unique mapping between
the equivalent average stiffness Kd and the equivalent average
pressure scalar p̄0 will be established. Generally, the methods
of adjusting equivalent average stiffness and regulating equiv-
alent average pressure scalar almost have the same effects on
control performance, but the method of regulating equivalent
average pressure scalar is simple and explicit when applied in
the posture control of the PMDPM with redundancy. In addi-
tion, it is noted that the equivalent average pressure scalar of
the PMDPM takes the similar function as the average pressure
scalar of antagonistic pneumatic muscle systems mentioned in
previous literature [5]–[7].

Fig. 5. Experimental test rig of the PMDPM.

IV. EXPERIMENTAL RESULTS

The experimental test rig shown in Fig. 5 is used to
evaluate the effectiveness of the proposed posture controller
with the constraint of the equivalent average stiffness. Three
pneumatic muscles used in experiments are fluidic mus-
cles manufactured by Festo, Inc. The geometric parameters
of the PMDPM in Fig. 1 are r = 0.2 m, R = 0.23 m, and
h = 1.05 m. And the rotational inertia matrix of the mov-
ing platform is I = diag([0.457, 0.457, 0.864]T). The exper-
iments are conducted with the supply pressure 0.48 MPa.
The online estimated parameters are βt = dt0 and βm = dm0
since their values have vital influences on improving model
accuracy and the rest parameters are preset offline. Espe-
cially, friction force in (8) is neglected and the model error
is lumped into uncertain nonlinearities. Feedback gain ma-
trices are K1 = diag([80, 80]T), K2 = diag([30, 30]T), and
K3 = diag([5, 5, 5]T). And adaptation gain matrices are Γ2 =
diag([70, 70]T) and Γ3 = diag([5, 5, 5]T).

The controller of the PMDPM is first tested for tracking a
sinusoidal desired posture trajectory with amplitude θx = 5◦,
θy = 4◦, and period 20 s under the same conditions except differ-
ent constant equivalent average stiffness shown in Fig. 6–8. As
can be seen, larger equivalent average stiffness of the PMDPM
requires higher inner pressures of pneumatic muscles and larger
control efforts while resulting in smaller control input chat-
tering. Due to the larger time-varying friction forces caused by
larger pressures, the tracking errors increase slightly under larger
equivalent average stiffness. On the contrary, smaller equivalent
average stiffness results in lower inner pressures of pneumatic
muscles and smaller control efforts while brings much more
control input chattering due to the system’s sensitivity to dis-
turbances and measurement noise under lower pressures. It is
especially noted that the optimal equivalent average stiffness
only used in Fig. 7 greatly reduces control input chattering and
saves energy while the tracking errors are as small as those of
Figs. 6 and 8.
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Fig. 6. Sinusoidal tracking results with Kd = 800 N · m/rad.

Fig. 7. Sinusoidal tracking results with Kd = 1500 N · m/rad.

The experimental result of time-varying equivalent average
stiffness is shown in Fig. 9 under the condition of tracking the
same trajectory as before. As can be seen, the time-varying
equivalent average stiffness has slight influences on tracking
errors during the control process. In other words, the added
equivalent average-stiffness-like desired constraint has slight
influences on the tracking accuracy of posture control.

Fig. 8. Sinusoidal tracking results with Kd = 1650 N · m/rad.

Fig. 9. Sinusoidal tracking results with time-varying Kd .

To sum up, all results prove the original intention that the
adaptive robust posture controller with equivalent average-
stiffness-like desired constraint for the PMDPM with redun-
dancy could not only achieve small tracking errors but also
reduce control input chattering.
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V. CONCLUSION

The adaptive robust posture control with adjustable equiv-
alent average stiffness as a constraint is proposed for precise
planar posture tracking control of a parallel manipulator driven
by three pneumatic muscles with a redundant design freedom.
The equivalent average stiffness can be adjusted to reduce con-
trol input chattering caused by measurement noise. An adaptive
robust posture controller has been developed to effectively deal
with the model uncertainties existing in the complex dynam-
ics of such a system due to factors such as time-varying friction
forces, the large extent of modeling errors of pneumatic muscles,
and the strong coupling and inherent nonlinearities of the par-
allel manipulator dynamics. Meanwhile, to make full use of the
added design freedom of not controlling rotation angle around
the symmetry axis of parallel manipulator, the equivalent aver-
age stiffness is introduced and its optimal value is determined to
achieve the secondary objective of reducing control input chat-
tering caused by measurement noise. Furthermore, the principle
of selecting the equivalent average stiffness, the inherent char-
acteristic of using equivalent average stiffness and equivalent
average pressure scalar are discussed to provide instructions in
application. Comparative experimental results are presented to
illustrate the proposed control strategy as well.
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