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A Globally Stable High-Performance Adaptive
Robust Control Algorithm With Input Saturation

for Precision Motion Control of Linear Motor
Drive Systems

Yun Hong and Bin Yao

Abstract—This paper focuses on the synthesis of nonlinear adap-
tive robust controller with saturated actuator authority for a linear
motor drive system, which is subject to parametric uncertainties
and uncertain nonlinearities such as input disturbances as well.
Global stability with limited control efforts is achieved by break-
ing down the overall uncertainties to state-linearly-dependent un-
certainties (such as viscous friction) and bounded nonlinearities
(such as Coulomb friction, cogging force, etc.), and dealing with
them via different strategies. Furthermore, a guaranteed transient
performance and final tracking accuracy can be obtained by incor-
porating the well-developed adaptive robust control strategy and
effective parameter identifier. Asymptotic output tracking is also
achieved in the presence of parametric uncertainties only. Mean-
while, in contrast to the existing saturated control structures that
are designed based on a set of transformed coordinates, the pro-
posed saturated controller is carried out in the actual system states,
which have clear physical meanings. This makes it much easier and
less conservative to select the design parameters to meet the dual
objective of achieving global stability with limited control efforts
for rare emergency cases and the local high-bandwidth control for
high performance under normal running conditions. Real-time ex-
perimental results are obtained to illustrate the effectiveness of the
proposed saturated adaptive robust control strategy.

Index Terms—Adaptive control, input saturation, linear motors,
motion control, nonlinear systems, robust control.

I. INTRODUCTION

A LL actuators of physical devices are subject to amplitude
saturation. Although, in some applications, it may be pos-

sible to ignore this fact, the reliable operation and acceptable
performance of most control systems must be assessed in light
of actuator saturation [1]. Significant amount of research has
been done to stabilize the system while taking into account the
saturation nonlinearities at the controller design stage. It was
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proved in [2] that global stabilization is not possible using lin-
ear feedback laws for general linear systems subject to input
saturation. A low-and-high gain method was used in [3] and [4]
to provide semiglobal stability as well as meeting performance
such as disturbance rejection, robustness, and so on for asymp-
totically null controllable linear systems. For the same class
of systems, robust control techniques such as H-infinity was
employed in [5] to achieve global stability but with the dif-
ficulty to obtain a closed-form expression of the solution for
high-dimensional systems. A novel saturated control structure
was proposed in [6] to ensure the globally asymptotic stabil-
ity for a chain of integrators of arbitrary order by intelligently
using a set of linear coordinate transformations and multiple
saturation-type functions such as sigmoidal functions.

In all those works, it was assumed that the systems of
concern are linear and exactly known, which is not the case for
most physical systems in reality. Some nonlinear factors such
as friction affect system behavior significantly and are rather
difficulty to model precisely. There are always discrepancies
between the model for controller design and the actual physical
system. It is not unusual that some of the system parameters
are unknown or their values may vary from time to time.
Unpredictable external disturbances also affect the system
performance. Therefore, it is of practical importance to take
these issues into account when attacking the actuator saturation
problem. Gong and Yao [7] combined the wise use of saturation
functions proposed in [6] with the adaptive robust control
(ARC) strategy proposed in [8] and [9] to achieve both global
stability and high performance for a chain of integrators subject
to matched parametric uncertainty and uncertain nonlinearities.
However, like the saturated controller in [6], the design is based
on a set of transformed coordinates, in which the effect of model
uncertainties immediately shows up at the beginning step of
the backstepping-like controller design, even though the model
uncertainties studied are matched uncertainties. In other words,
the actual model uncertainties have been “amplified” n times for
the control input to accommodate, where n represents the order
of the system. Thus, with a limited control authority, the extent
of model uncertainties that the resulting controller can handle is
very much restricted, leading to a conservative overall design.

In this paper, a new saturated control structure based on the
backstepping design [12] and the ARC strategy [8], [9] is pro-
posed. It has been shown in [13] that the proposed ARC [8],
[9] can achieve high tracking accuracy (the same level as the
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measurement resolution) under nominal working condition. Fur-
thermore, the projection-type adaptation of ARC can alleviate
integral windup problem caused by parameter adaptations [10].
However, the previous ARC strategy [9], [13] does not guarantee
global stability in the presence of actuator saturation. Specifi-
cally, the position feedback functions as an integral feedback for
velocity loop that is immediately affected by the control input.
Conventional ARC [9], [13] does not deal with the control satu-
ration problem caused by large position tracking error (loosely
speaking, one can think it as an integral windup problem for
velocity feedback loop), as opposed to what the proposed con-
troller in this paper is able to handle.

Essentially, a bounded virtual control law is designed to en-
sure the boundedness and convergence of the error signal at
each step. The actual control input comes from the design at
the final step, which consists of a model compensation term
whose bound is calculable due to the preknown information of
the system and the desired trajectory to be tracked, and a local-
high-gain-but-globally-saturated robust control term to meet the
dual objective of achieving global stability with limited control
efforts for rare emergency cases and the local high-bandwidth
control for high performance under normal running conditions.
To better illustrate the essential idea and the high-performance
nature of the proposed saturated ARC control strategy in prac-
tical applications, the precision control of a positioning system
driven by linear motors [13] is considered. The same set of
equipment has also been used to test the saturated ARC design
in [7]. However, unlike in [7], the proposed saturated ARC de-
sign is based on the actual system states, in which state equations
do not have model uncertainties except the last one since model
uncertainties of these systems [13] are matched. As such, there
is no need to consider the effect of model uncertainties until the
final step of the design, removing the design conservativeness
of [7]. Furthermore, the clear physical meaning of the actual
system states makes it easier and more straightforward to select
and tune the controller design parameters in implementation.
All these make the proposed saturated ARC controller a more
practical solution to the saturated actuator problem while with-
out losing high performance under normal running conditions.
Experimental results will be provided to illustrate these claims.

II. PROBLEM FORMULATION AND PRACTICAL ASSUMPTIONS

The linear motor used as a case study is a current-controlled
three-phase epoxy core motor, which drives a linear posi-
tioning stage supported by recirculating bearings. Let x1 and
x2 represent the stage position and velocity, respectively, and
x = [x1, x2]T be the state vector. In order to capture the es-
sential dynamics, the system model includes both viscous and
Coulomb friction, the latter of which has a highly nonlinear
effect approximated by the function FscSf (x2) as in [13]; Fsc

represents the magnitude and Sf (x2) is a nondecreasing contin-
uous function that approximates the discontinuous sign function
sgn(x2) that is normally used in the modeling of Coulomb fric-
tion. The governing equation is, thus, given by [13]

ẋ1 = x2

Mẋ2 = −Bx2 − FscSf (x2) + d(t) + Kfu (1)

where M is the inertia of the payload plus the coil assem-
bly, u is the control voltage with an input gain of Kf , B and
Fsc represent the two major friction coefficients, viscous and
Coulomb, respectively, and d(t) represents the lumped external
disturbances and unmodeled dynamics such as the nonlinear
friction modeling errors and electromagnetic cogging and rip-
ple forces of linear motors.

The aforementioned system is subject to unknown parame-
ters due to payload variation M , uncertain friction coefficients
B and Fsc, the lumped neglected model dynamics and external
disturbances d(t), and the motor constant Kf . In principle, the
algorithm proposed in this paper can be extended to the case
where all these parameters are unknown without much theo-
retical difficulty. However, doing that will make the subsequent
development rather complicated in terms of mathematical
notations. As this paper mainly focuses on the essence of how
to deal with input saturation in guaranteeing global stability
while achieving excellent tracking performance under normal
situations, the mass term M and the motor constant Kf are
assumed to be known to simplify the derivations without
losing generality and practical significance; compared to other
parameters, these two parameters are unlikely to change during
a single operation and can normally be estimated accurately on-
line. With these simplifications, the aforementioned governing
equations can be rewritten as

ẋ1 = x2

ẋ2 = −Bmx2 − FscmSf (x2) + d0m + ∆ +
Kf

M
u

= ϕT (x)θ + ∆ + u (2)

where ϕ(x) = [−x2,−Sf (x2), 1]T is the regressor, θ = [Bm,
Fscm, d0m]T = [B,Fsc, d0]T /M is the vector of unknown
parameters to be adapted on-line, d0m represents the nom-
inal value of the normalized lumped uncertainties dm(t) =
d(t)/M,∆ = dm(t) − d0m represents the variation or high-
frequency components of dm(t), and u = Kfu/M is the
normalized control input whose upper and lower limits can be
calculated from the physical input saturation level.

The following nomenclature is used throughout the paper:
•̂ is used to denote the estimate of •, •̃ is used to denote the
parameter estimation error of •, e.g., θ̃ = θ̂ − θ, •i is the ith
component of the vector •, •max and •min are the maximum
and minimum value of •(t) for all t, respectively. The following
practical assumptions are made for the system, which could be
regarded as given information.

Assumption 1: The extents of the parametric uncertainties are
known, i.e.,

Bm ∈ [Bml, Bmu], Fscm ∈ [Fscml, Fscmu]

where Bml, Bmu, Fscml, and Fscmu are known.
For any controller to be able to stabilize the system even

locally, the actuator has to be physically powerful enough to
withstand the external disturbances. As such, only bounded
disturbances will be considered, which leads to the following
assumption.
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Assumption 2: The lumped disturbance dm(t) is bounded, i.e.,

|dm(t)| ≤ δdm

where δdm is known.
With the aforementioned assumptions, it is obvious that the

parameter vector θ belongs to a set Ωθ as θ ∈ Ωθ = {θmin ≤
θ ≤ θmax}, where θmin = [Bml, Fscml,−δdm]T , θmax =
[Bmu, Fscmu, δdm]T ; the operation ≤ for two vectors is per-
formed componentwise in this paper. The desired position
x1d(t), velocity x2d(t) = ẋ1d(t), and acceleration ẍ1d(t) are as-
sumed to be known and bounded. Let ubd represent the normal-
ized bound of the actuator authority. The saturation control prob-
lem can be stated as follows: under the aforementioned assump-
tions and the normalized input constraint of |u(t)| ≤ ubd, design
a control law that globally stabilizes the system and makes the
output tracking error z1 = x1 − x1d(t) as small as possible.

III. SATURATED ADAPTIVE ROBUST CONTROL

In this section, a saturated adaptive robust controller (ARC)
will be presented to solve the aforementioned saturated control
problem while pushing the achievable practical control perfor-
mance to the limit.

A. Saturated ARC Controller Design

The proposed saturated ARC design follows the standard
backstepping design procedure [12] as follows.

From (1), ż1 = x2 − ẋ1d(t). The first step is to synthesize a
bounded virtual control law α1 for x2, so that the output tracking
error z1 converges to zero globally when x2 = α1. For this
purpose, denoting the actual input discrepancy as z2 = x2 − α1,
then z1 dynamics becomes

ż1 = z2 + α1 − ẋ1d. (3)

The saturated adaptive robust control (SARC) law for α1 is
proposed as

α1 = α1a + α1s, α1a = ẋ1d, α1s = −σ1(z1) (4)

where σ1(z1) is designed to be a smooth (first-order differen-
tiable), nondecreasing, saturation function with respect to z1

and it has the following four properties:
i) If |z1| < L11, then σ1(z1) = k1z1.

ii) z1σ1 > 0, ∀z1 �= 0.
iii) |σ1(z1)| ≤ M1,∀z1 ∈ R.

iv)
∣∣∣∂σ1

∂z1

∣∣∣ ≤ k1, if |z1| < L12, and
∣∣∣∂σ1

∂z1

∣∣∣ = 0, if |z1| ≥ L12.

Graphically, such a saturation function can be drawn as in
Fig. 1 and L11, L12, k1, and M1 are the positive design param-
eters to be specified in detail later.

With (4), (3) becomes

ż1 = z2 − σ1(z1) (5)

which guarantees z1 −→ 0 globally when z2 = 0. So let us look
at the dynamics of z2:

ż2 = ẋ2 − α̇1 = ϕT (x)θ + ∆ + u

− ẍ1d +
∂σ1

∂z1
(z2 − σ1). (6)

Fig. 1. Saturated robust control term for z1.

Let u = ua + us in which ua represents the model compensa-
tion and us for robust term. The idea is to use ua to compensate
for the known part of the model dynamics for perfect tracking
and us to fight against various model uncertainties including
external disturbances. In addition, both ua and us should be
designed to be bounded to make sure that u stays within its
saturation limits. The details are given later.

If the standard direct ARC designs [8], [13] were to be used,
the model compensation ua would be

ua = −ϕT (x)θ̂ + ẍ1d +
∂σ1

∂z1
σ1 (7)

in which the parameter estimate θ̂ is to be updated on-line
through a projection-type parameter estimation algorithm given
by

˙̂
θ = Projθ̂(Γτ), θ̂(0) ∈ Ωθ (8)

where τ is the adaptation function to be synthesized later and
the projection mapping is defined by

Projθ̂(•i) =




0, if θ̂i = θi max and •i > 0
0, if θ̂i = θi min and •i < 0
•i, otherwise

(9)

where Γ is a diagonal matrix of adaptation rates. With the
projection-type parameter estimation law (8), the parameter
estimates θ̂(t) always stay within their known bounds, i.e.,
θmin ≤ θ̂(t) ≤ θmax,∀t. Thus, the parameter estimation errors
θ̃(t) = θ̂(t) − θ are always bounded with known bounds by
|θ̃(t)| ≤ θmax − θmin,∀t. In other words, such a parameter
adaptation law has the following properties:

(P1) The parameter estimates are always within the known bou-
nd at any time instant t.

(P2) θ̃T (Γ−1Projθ̂(Γτ) − τ) ≤ 0.

As mentioned earlier, ua needs to be bounded to en-
force the essence of this saturated control design. How-
ever, the model compensation term by (7) contains ϕ(x) =
[−x2,−Sf (x2), 1]T , which obviously cannot be assumed
bounded due to the appearance of x2. Note that, ϕ(x) can
be rewritten as [−z2, 0, 0]T + [−α1,−Sf (x2), 1]T , where the



HONG AND YAO: A GLOBALLY STABLE HIGH-PERFORMANCE ARC ALGORITHM WITH INPUT SATURATION 201

first term would go unbounded under a sudden and strong dis-
turbance. Fortunately, it also acts as a damping to help sta-
bilize the system. The second term, defined as ϕb(x) (i.e.,
ϕb(x) = [−α1,−Sf (x2), 1]T ) is always bounded. Overall, the
parameter estimation law remains the same with the adapta-
tion function being τ = ϕb(x)z2, whereas the bounded ua is
redesigned as follows:

ua = B̂mα1 − [−Sf (x2), 1] · [F̂scm, d̂m]T + ẍ1d +
∂σ1

∂z1
σ1

= −ϕT
b (x)θ̂ + ẍ1d +

∂σ1

∂z1
σ1. (10)

The upper bound of |ua|, denoted as uabd, is easy to estimate
according to property (P1), known desired trajectory and prop-
erties (iii) and (iv) of σ1. Obviously, for the desired trajectory
to be physically trackable, uabd has to be less than the available
control authority, i.e., |ua| ≤ uabd < ubd.

Apply the model compensation ua in (10) and z2 dynamics
(6) becomes

ż2 = −Bmz2 − ϕT
b θ̃ + ∆ + us +

∂σ1

∂z1
z2. (11)

Based on the boundedness of ϕb and Assumption 2, it can be
assumed that | − ϕT

b (x)θ̃ + ∆| ≤ h, where h could be regarded
as the bound of the total effect of model mismatch plus the
unmodeled uncertainties under the normal working condition
and estimated according to the prior known information.

As can be seen from (11), the robust term us needs to over-
come the term coming from the first channel (∂σ1/∂z1)z2 plus
the bounded model mismatch in order to make z2 converge or,
at least, bounded.

In order to actively take into account the actuator saturation
problem when the control law is designed, another nondecreas-
ing function σ2(z2) is used to construct us. Let us = −σ2(z2),
where σ2(z2) has the following properties:

i) ∀z2 ∈ {z2 : |z2| < L21}, σ2(z2) = k21z2.
ii) ∀z2 ∈ {z2 : L21 ≤ |z2| ≤ L22}, ∂σ2

∂z2
≥ k21, σ2(L22) =

M2 and σ2(−L22) = −M2.
iii) ∀z2 ∈ {z2 : |z2| > L22}, |σ2(z2)| ≥ M2.

Notice this is the last channel of the system and us is a
part of the real control input, therefore, σ2(z2) only needs to be
continuous instead of smooth. Fig. 2 shows an example of σ2(z2)
that has all the required properties. The design parameters are
L21, k21, L22, and k22. The complete form of control input is,
thus, as follows:

u = −ϕT
b θ̂ + ẍ1d +

∂σ1

∂z1
σ1 − σ2(z2). (12)

Remark 1: Notice that σ2(z2) has two regions with differ-
ent gains whereas σ1(z1) has only one linear gain. This is due
to the fact that the model mismatch and uncertainties only ap-
pear in z2 dynamics. The region with moderate gain k21 rep-
resents the normal operation of the system and is selected to
achieve high performance such as short transient periods and

Fig. 2. Saturated robust control term for z2.

Fig. 3. Design structure.

small tracking errors while remaining insensitive to noise ef-
fects. When |z2| is between L21 and L22, for example, during
the transient period or when model mismatch is large, more
aggressive gain k22 is employed to reduce transient tracking
error and to improve the disturbance rejection. This high-gain
k22 could also be designed as a certain nonlinear function to
achieve further improvement. When some emergences happen,
such as an overpowering random strike on the positioning stage
that drags system states far away from the normal operation re-
gion, i.e., |z2| � L22, σ2 is a constant, so that the overall control
effort is always guaranteed to stay within the physical limit of
the actuator. When the huge disturbance is gone, the proposed
control strategy can pull the state back to the nominal working
range and regain high performance as proved in the following
subsection.

In summary, the overall design structure is illustrated as Fig. 3

B. Proof of Globally Stability and Asymptotic Tracking

By combining (5) and (11), the error dynamics can be rewrit-
ten as follows:

ż1 = z2 − σ1(z1)

ż2 = −Bmz2 − ϕT
b (x)θ̃ + ∆ +

∂σ1

∂z1
z2 − σ2(z2). (13)

Before the evolutions of z1 and z2 are analyzed in details,
the following constraints on the controller design parame-
ters are enforced in order to guarantee the global stabil-
ity of the controlled system: (a) k21 > k1, (b) k1L11 > L22,
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Fig. 4. z1–z2 plane.

(c) M2 > h + k1M1, and (d) M2 ≤ ubd − uabd. The essen-
tial idea to guarantee the global stability of such a system
is to divide the plane into four regions and analyze the er-
ror dynamics in each region. The conclusion is that no matter
where the initial state starts, the trajectory will converge to a
preset region Ωc = {z1, z2 : |z1| ≤ L11, |z2| ≤ L22} in finite
time with the upper bound of the convergence time estimated
accordingly.

Remark 2: Constraints (a)–(d) are the minimum require-
ments that the control parameters have to satisfy in order
to make the system globally stable. Further research can be
done to explore the flexibility of choosing controller parameters
given the aforementioned constraints to optimize the achievable
performance.

Theorem 1: With the proposed controller (4) with (12) satis-
fying conditions (a)–(d), all signals are bounded. Furthermore,
the error state [z1, z2]T reaches the preset region Ωc in a finite
time and stay within thereafter. At steady state, the final tracking
error is bounded above by |z1(∞)| ≤ h/[k1(k21 − k1)].

Proof: Due to the special properties of the saturation function
designed for σ1 and σ2, it is convenient to carry out the proof by
dividing the z1–z2 plane into several regions and analyzing the
traveling time from one region to another. As a result, the upper
bound of the reaching time from any arbitrary initial condition
to the convergence region could be estimated.

With conditions (b) and (c), there exist positive ε1, ε2, and ε3,
such that L22 + ε3 < k1L11 and h + k1(M1 + ε1) + ε2 < M2.
Noting M1 > k1L11 > L22, as shown in Fig. 4, the entire z1–z2

plane is divided into four regions Ω1–Ω4 defined as follows:

Ωc = {z : |z1| ≤ L11, |z2| ≤ L22}
Ω1 = {z : |z2| ≤ M1 + ε1}
Ω2 = {z : z2(z1 − sign(z2)L12) > 0, |z2| > M1 + ε1}
Ω3 = {z : |z1| ≤ L12, |z2| > M1 + ε1}
Ω4 = {z : z2(z1 + sign(z2)L12) < 0, |z2| > M1 + ε1}.

Notice that Ωc ⊂ Ω1. In the following procedures, four claims
will be stated and proved, which leads to the final conclusion of
the global stability.

Claim 1: Any trajectory starting from Ω1 will enter Ωc in a
finite time t1c and stay within thereafter.

Proof: Consider the trajectory with the state satisfying L22 ≤
|z2(t)| ≤ M1 + ε1 first. Then, noting the properties of σ1(z1)
and σ2(z2), the following inequality can be established accord-
ing to the error dynamics (13):

z2ż2 ≤ |z2|(h − Bm|z2| + k1|z2| − |σ2(z2)|)
≤ |z2|(h + k1(M1 + ε1) − M2)

≤ −ε2|z2| (14)

which indicates that any trajectory starting with an initial state
of L22 ≤ |z2(0)| ≤ M1 + ε1 will reach the region Ω5 = {z :
|z2(t)| ≤ L22} in a finite time t1c,2 and stay within Ω5 thereafter.
Furthermore, the upper bound of the reaching time t1c,2 is

t1c,2 ≤ max
{

0,
|z2(0)| − L22

ε2

}
. (15)

Within the region Ω5, i.e., |z2(t)| ≤ L22, if |z1(t)| > L11, from
(13) and properties (i) and (ii) of the nondecreasing function
σ1(z1),

z1ż1 ≤ |z1|(L22 − |σ1(z1)|)
≤ |z1|(L22 − k1L11) ≤ −ε3|z1|. (16)

Thus, any trajectory starting within Ω5 with |z1(0)| > L11 will
reach the region Ωc in a finite time t1c,1 and stay within Ωc

thereafter. Furthermore, the upper bound of the reaching time
t1c,1 can be obtained from (16) as

t1c,1 ≤ max
{

0,
|z1(t1c,2)| − L11

ε3

}
. (17)

By combining (15) and (17), the upper bound of the reaching
time for the trajectory starting within Ω1 to Ωc is obtained

t1c = t1c,2 + t1c,1

≤ max
{

0,
|z2(0)| − L22

ε2

}
+ max

{
0,

|z1(t1c,2)| − L11

ε3

}
.

(18)

Claim 2: Any trajectory starting from Ω2 will enter Ω1 in a
finite time t21.

Proof: In Ω2, z1z2 > 0, |z1| > L12, and |z2| > M1 + ε1 >
L22. From property (iv) of σ1, ∂σ1/∂z1 = 0; from property (iii)
of σ2, |σ2| ≥ M2. Thus, from (13), noting property (iii) of σ1

z1ż1 ≥ |z1|(M1 + ε1 − M1) ≥ ε1|z1|
z2ż2 ≤ |z2|(h − (Bm)|z2| − M2) ≤ −(M2 − h)|z2| (19)

which implies that in Ω2, |z1(t)| will increase but |z2(t)| will
strictly decrease to M1 + ε1. Therefore, any trajectory starting
within Ω2 will reach Ω1 in a finite time t21. The upper bound of
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the reaching time t21 can be obtained from (19) as

t21 ≤ |z2(0)| − (M1 + ε1)
M2 − h

. (20)

Claim 3: Any trajectory starting from Ω3 will enter either Ω1

in a finite time t31 or Ω2 in a finite time t32.
Proof: In Ω3, |z1| ≤ L12 and |z2| > M1 + ε1. According to

property (iii) of σ1, |σ1| ≤ M1. From (13), when z2 ≥ M1 + ε1,

ż1 = z2 − σ1 ≥ M1 + ε1 − M1 ≥ ε1 (21)

and when z2 ≤ −(M1 + ε1),

ż1 = z2 − σ1 ≤ −(M1 + ε1) + M1 ≤ −ε1. (22)

Equations (21) and (22) imply that, for any trajectory starting
from Ω3, if it does not enter Ω1, it will enter Ω2 in a finite time
t32. The upper bound of the reaching time t32 can be obtained
as

t32 ≤ |L12 sign(z2) − z1(0)|
ε1

. (23)

It is also possible that the trajectory will enter Ω1 within a
finite time t31. If that happens, the reaching time t31 should
be smaller than the one obtained in (23), i.e., t31 ≤ t32 ≤
|L12 sign(z2) − z1(0)|/ε1.

Claim 4: Any trajectory starting from Ω4 will enter either Ω1

in a finite time t41 or Ω3 in a finite time t43.
Proof: In Ω4, z1z2 < 0, |z1| > L12, and |z2| > M1 + ε1 >

L22. Thus, from (13), when z2 ≥ M1 + ε1, z1 < −L12 and
σ1 = −M1

ż1 = z2 − σ1 ≥ M1 + ε1 + M1 ≥ ε1 + 2M1 (24)

and when z2 ≤ −(M1 + ε1), z1 > L12 and σ1 = M1

ż1 = z2 − σ1 ≤ −(M1 + ε1) − M1 ≤ −(ε1 + 2M1). (25)

Thus, for any trajectory starting from Ω4, if it does not enter
Ω1, it will enter Ω3 in a finite time t43. The upper bound of the
reaching time t43 can be obtained as

t43 ≤ |z1(0)| − L12

2M1 + ε1
. (26)

It is also possible that the trajectory will enter Ω1 within a
finite time t41. If that happens, the reaching time t41 should
be smaller than the one obtained in (26), i.e., t41 ≤ t43 ≤
(|z1(0)| − L12)/(2M1 + ε1). Another estimation of t41 could
be made as follows. From property (iv) of σ1, ∂σ1/∂z1 = 0;
from property (iii) of σ2, z2σ2 ≥ |z2|M2,

z2ż2 ≤ |z2|(h − M2), t41 ≤ |z2(0)| − (M1 + ε1)
M2 − h

. (27)

In all, with Claims 1–4, no matter where the trajectory starts,
it will enter Ωc in a finite time and stay within thereafter. As
shown in the upper half plane of Fig. 4, little black arrows
represent the phase portrait and big hollow arrows indicate the
state traveling from one region to another with the reaching time
marked on. The global stability is, thus, proved.

Once the trajectory enters Ωc ={z : |z1|≤L11, |z2| ≤ L22},
the error dynamics become

ż1 = z2 − k1z1

ż2 = (−ϕT
b θ̃ + ∆)

+ (−Bm + k1)z2 − σ2(z2). (28)

Define a positive semidefinite function V2 = z2
2/2 and let

ks = k21 − k1. From the second equation of (28), the derivative
of V2 is given by

V̇2 = z2ż2

≤ |z2|(h + k1|z2| − k21|z2|)

≤ −ks

2
z2
2 + h|z2| −

ks

2
z2
2

≤ −ks

2
(|z2| −

h

ks
)2 +

h2

2ks
− ks

2
z2
2

≤ h2

2ks
− ks

2
z2
2

≤ −ksV2 +
h2

2ks
(29)

which leads to the following inequality:

V2(t) ≤ exp(−kst)V2(0) +
h2

2k2
s

[1 − exp(−kst)]. (30)

From (30), the steady state of z2 is bounded by |z2(∞)| ≤ h/ks.
Then, according to the first equation of (28), the steady-state
tracking error z1 is bounded by |z1(∞)| ≤ h/(k1ks) =
h/[k1(k21 − k1)], as stated in Theorem 1.

Remark 3: From this proof, it can be seen that every constraint
on the control parameters has its practical meaning. Constraint
(a) requires the gains in the second channel to be greater than
k1 in order to overpower the term ∂σ1/∂z1 in z2 dynamics
(13). Constraint (b) guarantees that once z2 is bounded within a
preset range, z1 is ensured to decrease and be bounded accord-
ingly. Constraint (c) implies that, for the design problem to be
meaningful, the level of lumped modeling error and disturbance
should be within the limit of the control authority available for
robust feedback. Constraint (d) implies that a tradeoff has to be
made between the amount of model uncertainties to which the
system can be made robust, and the aggressiveness of the tra-
jectory that it can follow (i.e., the larger the bound h becomes,
the larger M2 is needed for robust feedback; whereas a more
aggressive desired trajectory leads to a larger bound uabd of
the model compensation). Overall, these constraints are easy to
meet practically and are favorably posed to attain global stability
as well as good local performance. To be more specific, theoret-
ically, there is no absolute restriction on how large the feedback
gains (k1, k21, k22) can be. This means the steady-state tracking
error can be made arbitrarily small, as seen from Theorem 1. In
terms of robustness, the controlled system can tolerate a large
class of modeling error and external disturbances, even those
with a magnitude close to M2. Whereas in [7], significant con-
servativeness exists in this matter.
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Now that it is proved that all signals are bounded after fi-
nite time, the remainder of this section is to demonstrate that
asymptotic tracking is achievable in the presence of parameter
estimation error only, i.e., ∆ = 0.

Theorem 2: With the proposed controller (4) and (12) sat-
isfying conditions (a)–(d) and the adaptation law (8) and
(9), asymptotic output tracking is achieved if the system is
only subject to parametric uncertainty after a finite time, i.e.,
∆ = 0,∀t ≥ t0 for some t0.

Proof: Introduce a positive semidefinite function Va =
(1/2)z2

2 + (1/2)θ̃T Γ−1θ̃. In the case of ∆ = 0, with property 2
of the parameter estimation law, V̇a becomes

V̇a = z2ż2 + θ̃T Γ−1 ˙̃
θ

= z2

(
−Bmz2 − ϕT

b (x)θ̃ +
∂σ1

∂z1
z2 − σ2(z2)

)

+ θ̃T Γ−1Projθ̂(Γϕbz2)

≤ −Bmz2
2 −

(
z2σ2(z2) −

∂σ1

∂z1
z2
2

)
(31)

which is negative semidefinite once z1 and z2 evolve to Ωc as
proved. As a result, z2 converges to zero asymptotically and so
would z1 according to (5). Hence, asymptotic output tracking is
achieved.

IV. HARDWARE EXPERIMENTS

A. System Setup

The linear motor system under study is described in detail
in [13]. The control algorithm is designed and tested on the
Y-axis of the stage. The current loop of the amplifier has the
bandwidth as high as 2 kHz; therefore, its dynamics is neglected.
The mass of the stage and coil assembly is 3.34 kg and the input
gain Kf is 27.79. The bound ubd is 83.2 corresponding to the
physical input voltage limit of 10 V. The sampling frequency is
2.5 kHz. The resolution of the position sensor is 1 µm and the
feedback velocity signal is obtained by conducting “backward
difference” of the position feedback.

B. Implementation Issue and Design Parameters

When implementing the designed control law in real-time ex-
periments, a modification on function σ2 shown in Fig. 2 is used
to further improve the performance. Specifically, the example
σ2 in Fig. 2 has a constant control effort when |z2| > L22. Con-
sidering the fact that the actual amount of control effort for the
model compensation ua during most of the running period is
smaller than the estimated upper bound uabd, the total actuator
effort u may not be in its physical limit to put in all available
power to attenuate the disturbance even though the robust con-
trol term reaches its maximum value. To improve the system’s
ability to cope with large disturbances, the magnitude restriction
on function σ2 is removed so that σ2 keeps increasing mono-
tonically and the physical actuator becomes saturated naturally.
Such a σ2 still satisfies properties (i)–(iii) and, thus, the overall
system’s global stability is guaranteed.

Fig. 5. Tracking error and control input (without disturbance).

The control parameters are selected as follows: L11 = 50µm,
L12 = 70µm, k1 = 500,M1 = 1.2k1L11, L21 = 0.5M1, k21 =
k1 + 600, k22 = k21 + 200,M2 = 0.99 (ubd − uabd), L22 =
(M22 − k21L21)/k22 + L21. As long as the design parameters
satisfy constraints (a)–(d), global stability is guaranteed. As
to the tracking performance and closed-loop bandwidth, each
system has its own physical limitation and sensor noise; thus,
control parameters should be designed accordingly.

C. Real-Time Experimental Results

Two sets of desired trajectories are designed to illustrate the
effectiveness of the proposed control law. The point-to-point
trajectory duplicates the regular maneuver in the manufacturing
industry, while the step trajectory represents the extreme case
for the linear motor to track.

1) Point-To-Point Trajectory: The point-to-point trajectory
is at least second-order differentiable (meaning the acceleration
being continuous), with a distance of 0.4 m, a maximum velocity
of 1 m/s, and a maximum acceleration of 12 m/s2, which is the
same reference trajectory as in [13].

The experimental results with the proposed saturated ARC
are given in Figs. 5 and 6. It can be seen that the position error
converges quickly in Fig. 5 and the steady-state error is within
1 µm. Both transient and steady-state performances could be
improved by employing a better parameter estimation algorithm
such as recursive least square method [12].

Fig. 6 shows the tracking error and control effort under a 1 V
constant disturbance added to the physical control input u. It
is about 10% of the total control authority, which represents
the normal working environment. With the Matlab program, the
disturbance is introduced to the system at 3 s and lasts 10 s.
As can be seen from the plot, the system adjusts well and the
tracking error remains at the same level as it is in Fig. 5 due to
the parameter adaptation mechanism. The parameter estimates
are not shown here because the estimation law is of direct type
that normally does not lead to accurate estimates of individual
parameters [11].
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Fig. 6. Tracking error and control input (with 1-V disturbance).

Fig. 7. Tracking error and control input (with 6-V disturbance).

To demonstrate the global stability of the proposed saturated
controller, as well as how effectively the controlled system deals
with the practical scenario of experiencing an accident, such as
a strong but short disturbance, experiments are conducted as
follows. The actual input limit of the hardware is 10 V, while
the physical limit of the control input is purposely set at 4 V,
so that a step input, with the amplitude of 6 V and a duration
of 0.1 s, can be injected as a disturbance and implemented
by the hardware. The desired trajectory is also changed to be
less aggressive due to the reduced control input authority, with
a distance of 0.1 m, a maximum velocity of 0.02 m/s, and a
maximum acceleration of 0.1 m/s2.

Experimental results are shown in Figs. 7–9. Fig. 7 provides
an overall view of the tracking error and control input during
the entire operation time. Fig. 8 emphasizes the time period
when the strong input disturbance happens. As seen from the
plots, when the strong input disturbance is inserted at 3 s, the
control input is not sufficient to overpower the disturbance and
it saturates at the 4-V limit level with the tracking error ac-
cumulating to over 0.05 m. After the strong input disturbance
is removed 0.1 s later, the tracking error reduces to the en-

Fig. 8. Tracking error and control input (in the presence of 6-V disturbance).

Fig. 9. Tracking error and control input (zoomed-in portion at steady state).

coder resolution level of 1 µm at steady state, as shown in
Fig. 9.

The aforementioned results support the claim that the pro-
posed saturated ARC can achieve high performance under nor-
mal working environment and ensure global stability in case of
unexpected strong disturbances.

2) Step Trajectory: Normally, step signal is not a feasible
trajectory for a physical system to track due to the infinite value
of its derivative at the step instant. The system will have large
initial error that would easily saturate the control input with
high-gain feedback and cause potential instability. Therefore,
certain trajectory planning between the initial point and the set
point is necessary to avoid that problem. The point-to-point
trajectory described in the previous section is an example of
a feasible one. However, in a few industry applications such
as the hard disk drive (HDD) servomechanism, point-to-point
movement is frequent and random whereas trajectory planning
is not convenient or economic to conduct. A common solu-
tion in HDD servomechanism is to switch the system between
the “seeking mode” and the “tracking mode” when tracking a
step reference. The proposed strategy provides an alternative
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Fig. 10. Desired position and velocity trajectory (step reference).

Fig. 11. Tracking error and control input (step reference).

to those methods as it could achieve good tracking perfor-
mance and ensure stability with a built-in smooth “switching”
controller.

In the hardware experiments, as shown in Fig. 10, the de-
sired position trajectory for the linear motor is a step signal
with the amplitude of 0.1 m. Since the controller has direct ef-
fect on the velocity, another step signal with the amplitude of
1.36 m/s (about the maximum velocity that the hardware can
provide) is employed as the desired velocity trajectory and it
steps down to zero 0.076 s later. The value 0.076 is estimated
based on the desired trajectory, the maximum acceleration of
the hardware and the control parameters, in order to obtain
the minimum settling time of the controlled system. However,
due to the modeling uncertainties of the linear motor system,
this number does not guarantee the fastest tracking in real-
time experiments, although it is good enough for the illustration
purpose.

The experimental results with the step references are shown
in Fig. 11, and Fig. 12 shows the zoomed-in portion at its steady

Fig. 12. Tracking error and control input at steady state (step reference).

state. As can be seen from Fig. 11, the actuator uses its maximum
power ±10 V to speed up at the beginning and slow down when
the stage is close to the 0.1 m set point. Between the acceleration
and deceleration, the stage approaches to the set point at full
speed. With this strategy, the controlled system can track the
step reference with minimum time. Fig. 12 shows that the final
tracking error is at the 1 µm resolution level and it enters the
range of ±10 µm, 0.01% of the travel distance, after roughly
0.12 s.

V. CONCLUSION

A saturated ARC algorithm was proposed to guarantee global
stability and good tracking performance for the linear motor sys-
tem that is subject to limited control authority, model uncertain-
ties, and external disturbances. Such a goal was accomplished
by taking the actuator saturation problem into account at the
design stage and employing saturation function in the control
algorithm. An identification law of projection type was applied
to provide bounded parameter estimates and attain asymptotic
tracking performance in the presence of parametric uncertain-
ties only. Real-time experiments were presented to support the
study.
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