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Adaptive Robust Precision Motion Control of
Systems With Unknown Input Dead-Zones: A Case

Study With Comparative Experiments
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Abstract—In this paper, the recently developed integrated
direct/indirect adaptive robust control (DIARC) for a class of non-
linear systems with unknown input dead-zones is combined with
the desired compensation strategy to synthesize practical high-
performance motion controllers for precision electrical drive
systems having unknown dead-zone effects. The effect of mea-
surement noise is alleviated by replacing noisy state feedback
signals with the desired state needed for perfect output tracking.
Theoretically, certain guaranteed robust transient performance
and steady-state tracking accuracy are achieved even when the
overall system may be subjected to parametric uncertainties, time-
varying disturbances, and other uncertain nonlinearities. Further-
more, zero steady-state output tracking error is achieved when
the system is subjected to unknown parameters and unknown
dead-zone nonlinearity only. The proposed algorithm is also ex-
perimentally tested on a linear motor drive system preceded by
a simulated unknown nonsymmetric dead-zone. The comparative
experimental results obtained validate the necessity of compen-
sating for unknown dead-zone effects and the high-performance
nature of the proposed approach.

Index Terms—Adaptive control, dead-zone, linear motor,
motion control, nonlinear systems.

I. INTRODUCTION

H IGH-PERFORMANCE control of precision systems has
attracted much attention, since designers are likely to

encounter a wide range of nonsmooth nonlinearities such as
dead-zone [1], [2], hysteresis [3], [4], backlash [5], [6] and
friction [7], [8], which could severely deteriorate the achievable
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control performance, leading to undesirable control accuracy,
limit cycles, and even instability [9]. So far, a large number
of publications have been devoted to addressing the issue of
dead-zone. Specifically, an adaptive dead-zone inverse was
proposed in [10], but only bounded output tracking errors are
achieved. In [11] and [12], fuzzy logic and neural network were
used to provide alternative interpretations to the basis functions
needed for adaptive dead-zone inversions [10] but with no
essential improvement on theoretically achievable results, i.e.,
only bounded output tracking errors are obtained. In [13]–[15],
the dead-zone was modeled as a combination of a linear input
with either an unknown constant gain for symmetric dead-
zones or a time-varying unknown gain for nonsymmetric ones
and a bounded disturbancelike term. With this formulation,
traditional robust adaptive control design techniques can be
applied to achieve bounded tracking errors without explicitly
exploring the detailed dead-zone characteristics rather than the
fact that the dead-zone effect can always be treated as a bounded
input disturbance. In [16], smooth basis functions as opposed to
the discontinuous ones in [10] were explored to provide some
approximate inversions of the dead-zone.

In [17], an integrated direct/indirect adaptive robust control
(DIARC) scheme has been developed for a class of single-
input–single-output uncertain nonlinear systems preceded by
non-symmetrical and non-equal slope dead-zone nonlinearity.
The controller makes full use of the dead-zone characteristics
that it can be linearly parameterized within certain known
working ranges and uses indirect parameter estimation algo-
rithms with online condition monitoring for an accurate es-
timation of the unknown dead-zone nonlinearity. With these
accurate estimates of dead-zone parameters, perfect asymptotic
dead-zone compensation is then constructed. Consequently, not
only certain guaranteed robust transient performance and final
tracking accuracy are preserved, but also asymptotic output
tracking has been achieved even in the presence of unknown
dead-zone nonlinearity. Asymptotic output tracking was also
theoretically achieved in [18] as sliding mode control [19], [20]
was employed, but the control inputs included certain chattering
problem met in practical implementations. As a result, when
stringent practical tracking performance is of major concern,
it is often inadequate, as many actual physical systems cannot
endure severe chattering inputs [21].

This paper would combine the DIARC scheme in [17] with
the desired trajectory compensation to synthesize practical
high-performance motion controllers for precision electrical
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drive systems having unknown dead-zone effects. The resultant
controller has several implementation advantages such as less
online computation time, reduced effect of measurement noise,
and a faster adaptation rate as the noisy state feedback signals
are replaced by the desired state needed for perfect output
tracking [22], [23]. Theoretically, certain guaranteed robust
transient performance and steady-state tracking accuracy are
achieved even when the overall system may be subjected to
parametric uncertainties, time-varying disturbances, and other
uncertain nonlinearities. Furthermore, zero steady-state output
tracking is also achieved when the system is subjected to para-
metric uncertainties and unknown dead-zone nonlinearity only.
To validate the effectiveness of the proposed controller, the
algorithms are tested on a linear motor drive system preceded
by a simulated non-symmetrical and non-equal slope dead-
zone nonlinearity, which is assumed to be unknown. Compara-
tive experiments using various controllers such as the existing
control algorithm [18], the proposed desired compensation
DIARC with no dead-zone compensation, nominal dead-zone
compensation, adaptive dead-zone compensation, and complete
dead-zone compensation are all carried out. Comparative ex-
perimental results show that the DIARC with the proposed
adaptive dead-zone compensation outperforms the existing
ones [18] significantly—it achieves almost the same tracking
performance as that of the DIARC with complete dead-zone
compensation. The comparative results also verify the necessity
of dead-zone compensation if high-performance tracking is of
major concern. Overall, the high-performance tracking results
obtained from the experiments validate the effectiveness of the
proposed DIARC strategy in practical applications. This control
algorithm is also suitable for other types of industrial electric
and electronic applications.

II. PROBLEM STATEMENT

A. System Model

System identified frequency responses on a test linear motor
drive system illustrate that, within the frequency range of
100 Hz, only the rigid body dynamics of the system need to
be considered. In this case, the dynamics of the linear motor
preceded by an unknown dead-zone can be described in cano-
nical form as

ẍ =Ew(t) − Bẋ − ASf (ẋ) + fu

y =x(t) w(t) = D (v(t)) (1)

where x represents the position of the inertia load, v(t) is the
input to the unknown dead-zone, w(t) represents the control
input voltage to the motor, and y(t) is the output from the motor.
E is the motor input gain; B is the equivalent viscous friction
coefficient; ASf (ẋ) represents the nonlinear Coulomb friction,
in which amplitude A may be unknown but the continuous
shape function Sf (ẋ) is known; and fu represents the lumped
uncertain nonlinearities including various model approximation
errors and external disturbances (e.g., cutting force in machin-
ing). The nonlinearity D(v(t)) is described as a dead-zone

Fig. 1. (a) Dead-zone model. (b) Perfect dead-zone inverse.

characteristic shown in Fig. 1(a). With input v(t) and output
w(t), the dead-zone can be represented as in [10] as follows:

w(t) = D (v(t)) =

⎧⎨⎩mrv(t) − mrbr, for v(t) ≥ br

0, for bl < v(t) < br

mlv(t) − mlbl, for v(t) ≤ bl

(2)

where the parameters mr, ml, br, and bl are constants and stand
for the right slope, left slope, right break point, and left break
point of the dead-zone, respectively.

Set E = 1 as the plant input gain E can be considered as
a factor of the dead-zone slopes mr and ml. For notation
simplicity, let θ ∈ R6 be the vector of all unknown constant
parameters, i.e., θ = [B,A,mr,mrbr,ml,mlbl]T. The control
objective is to design a control law v(t) to ensure that all
closed-loop signals are bounded and that the plant state vector
X = [x(t), ẋ(t)] tracks the specified desired trajectory Xd =
[xd(t), ẋd(t)], i.e., X → Xd asymptotically as t → ∞, with
certain guaranteed transient responses. The following practical
assumptions are made.1

Assumption 1: The dead-zone output w(t) is not available
for measurement, but the dead-zone parameters mr, ml, br, and
bl are unknown, and their signs are known as mr > 0, ml > 0,
br > 0, and bl < 0, respectively.

Assumption 2: The unknown parameter vector θ is within
a known bounded convex set Ωθ, i.e., ∀θ ∈ Ωθ: Bmin ≤ B ≤
Bmax, Amin ≤ A ≤ Amax, and 0 < mr min ≤ mr ≤ mr max,
0<mlmin≤ml≤mlmax, 0<(mrbr)min≤mrbr≤(mrbr)max,
(mlbl)min ≤ mlbl ≤ (mlbl)max < 0, where Bmin, Bmax,
Amin, Amax,mr min, mr max, mlmin, mlmax, (mrbr)min,
(mrbr)max, (mlbl)min, and (mlbl)max are all known constants.

Assumption 3: The uncertain nonlinearity fu satisfies

|fu| ≤ δ(X)fd(t) (3)

where δ(X) is a known positive function and fd(t) is an
unknown but bounded positive time-varying function.

1The following nomenclature is used throughout this paper: •min and •max

are the minimum and maximum values of •(t) for all t, respectively; •̂ denotes

the estimate of •; •̃ = •̂ − • denotes the estimation error, e.g., θ̃ = θ̂ − θ; and
•i is the ith component of vector •.



2456 IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. 58, NO. 6, JUNE 2011

Fig. 2. Controlled system with dead-zone inverse.

B. Dead-Zone Compensation

The essence of compensating the dead-zone effect is to
employ a perfect dead-zone inverse function v(t) = DI(w(t))
shown in Fig. 1(b) such that D(DI(w(t))) = w(t) ∀w(t). The
following dead-zone inverse will be used:

v(t) = κ+(wd)
wd(t) + ̂(mrbr)

m̂r
+ κ−(wd)

wd(t) + ̂(mlbl)
m̂l

(4)

where m̂r, ̂(mrbr), m̂l, and ̂(mlbl) are the estimates of mr,
mrbr, ml, and mlbl, respectively, and wd is the desired control
signal that would achieve the stated control objective when
there is no dead-zone effect. Moreover, κ+(wd) and κ−(wd)
are defined by (5) and (6), respectively, shown at the bottom

of the page, where b̂r = ̂(mrbr)/m̂r and b̂l = ̂(mlbl)/m̂l. With
this dead-zone inverse, the resulting controlled system is shown
in Fig. 2.

The proposed DIARC in Section III will use the projection-
type adaptation law for all parameter estimates, which guaran-

tees that the dead-zone parameter estimates m̂r, ̂(mrbr), m̂l,

and ̂(mlbl) are within their known bounded regions all the time.
Thus, in the following, it is implicitly assumed that b̂r(t) > 0
and b̂l(t) < 0 ∀t. With these facts in mind, the following lemma
can be obtained.

Lemma 1: With the dead-zone inverse (4), the error between
the actual dead-zone output w by (2) and the desired output wd

can be parameterized as

w − wd = ˜(mrbr)κ+(wd) + ˜(mlbl)κ−(wd)

− wd + ̂(mrbr)
m̂r

m̃rκ+(wd) −
wd + ̂(mlbl)

m̂l
m̃lκ−(wd) + d(t)

(7)

where d(t) is a function defined as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, if κ+(wd) = 1 & v(t) ≥ br

mrbr − wd+ ̂(mrbr)

m̂r

mr, if κ+(wd) = 1 & 0 < v < br

mlbl − wd+ ̂(mlbl)

m̂l

ml, if κ−(wd) = 1 & bl < v < 0
0, if κ−(wd) = 1 & v(t) ≤ bl

(8)

and bounded above by⎧⎨⎩
∣∣∣(mrbr)max − mr min(mrbr)min

mr max

∣∣∣ , if κ+(wd) = 1∣∣∣(mlbl)min − ml min(mlbl)max
ml max

∣∣∣ , if κ−(wd) = 1.
(9)

In addition, d(t) ∈ L2[0,∞) when θ̃ ∈ L2[0,∞), and d(t) −→
0 when θ̃(t) −→ 0 as t −→ ∞.

Proof: See Appendix A. �

III. INTEGRATED DIARC SYNTHESIS

In this section, the DIARC strategy [17] will be combined
with the desired trajectory compensation [23] for synthesizing
wd(t) in (4) and an online parameter adaptation algorithm for
the parameter estimate θ̂. Consequently, a guaranteed transient
and steady-state output tracking performance is attained when
other uncertain nonlinearities exist. Furthermore, asymptotic
output tracking can finally be achieved as well in the absence
of uncertain nonlinearities.

A. Projection-Type Adaptation Law Structure

The widely used projection mapping Proj
θ̂

will be used to
keep the parameter estimates within the known bounded set Ωθ

as in [24]. Suppose that the parameter estimate θ̂ is updated
using the following projection-type adaptation law:

˙̂
θ = Proj

θ̂
(Γτ), θ̂(0) ∈ Ωθ (10)

where τ is any estimation function and Γ(t) > 0 is any contin-
uously differentiable positive symmetric adaptation rate matrix.
With this adaptation law structure, the following desirable
properties hold [26].

P1) The parameter estimates are always within the known
bounded set Ωθ, i.e., θ̂ ∈ Ωθ ∀t.

P2)

θ̃T
(
Γ−1Proj

θ̂
(Γτ) − τ

)
≤ 0 ∀τ. (11)

B. DIARC Law

With the use of the projection-type adaptation law struc-
ture (10), the parameter estimates are bounded with known
bounds, regardless of the estimation function τ to be used.
In the following, this property will be used to synthesize an
integrated DIARC control law for the system (1) that achieves

κ+(wd)(t) =

{
1, if

(
wd(t) > 0 or

(
wd(t) = 0 &

∣∣∣v(t−) − b̂l

∣∣∣ ≥ ∣∣∣v(t−) − b̂r

∣∣∣))
0, else

(5)

κ−(wd)(t) =

{
1, if

(
wd(t) < 0 or

(
wd(t) = 0 &

∣∣∣v(t−) − b̂l

∣∣∣ <
∣∣∣v(t−) − b̂r

∣∣∣))
0, else.

(6)
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a guaranteed transient and steady-state output tracking accuracy
in general. Define

s(t) = ˙̃x(t) + λx̃(t), with λ > 0. (12)

Noting (1) and (7) in Lemma 1 as the dead-zone inverse (4) is
employed in this scheme, ṡ(t) can be derived as

ṡ(t) = λ ˙̃x(t) − ẍd(t) − Bẋ − ASf (ẋ) + w(t) + fu

= λ ˙̃x(t) − ẍd(t) + ϕθp + wd(t) + ˜(mrbr)κ+(wd)

+ ˜(mlbl)κ−(wd) −
wd + ̂(mrbr)

m̂r
m̃rκ+(wd)

− wd + ̂(mlbl)
m̂l

m̃lκ−(wd) + d(t) + fu (13)

where ϕ = [−ẋ,−Sf (ẋ)], θp = [B,A]T. The following
DIARC function is proposed to design wd, which would be
used in the dead-zone inverse (4) to synthesize the input v(t)
as follows:

wd = wda + wds

wda = wda1 + wda2

wds = wds1 + wds2

wda1 = −
(
λ ˙̃x(t) − ẍd(t)

)
− ϕdθ̂p

wda2 = −d̂c

wds1 = −ks1s. (14)

In (14), wda1 represents the adjustable model compensation
with the physical parameter estimates θ̂p updated using an
online adaptation algorithm with condition monitoring to be
detailed in Section III-C, and ϕd = [−ẋd,−Sf (ẋd)] is the re-
gressor that depends on the reference trajectory Xd(t) only and
is thus free of measurement noise effect. wda2 is a model com-
pensation term that is similar to the fast dynamic compensation-
type model compensation used in the DIARC designs [24],
[27], in which d̂c can be thought as the estimate of the low-
frequency component of the lumped-model uncertainties de-
fined later. wds represents the robust control term, in which
wds1 is a simple proportional feedback to stabilize the nominal
system and wds2 is a robust feedback term used to attenuate the
effect of various model uncertainties for a guaranteed robust
control performance in general. ks1 is a nonlinear gain that is
large enough so that

Q1 =
[

k�ks1 − k2 + B + Ag − 1
2λ(B + Ag + λ)

− 1
2λ(B + Ag + λ) 1

2λ3

]
> 0

(15)

where g is defined by Sf (ẋ) − Sf (ẋd) = g(ẋ, t) ˙̃x, k2 is
any positive constant gain, and k� = κ+(wd)(mr/m̂r) +
κ−(wd)(ml/m̂l), which has a value of 1 in the absence of dead-
zone slope estimation error. Substituting (14) into (13), ṡ(t) can
be derived as

ṡ(t) = (−B − Ag) ˙̃x − ϕdθ̃p + d(t) + fu

+
[
mr

m̂r
(wds + wda2) −

m̃r

m̂r
wda1

+ ˜(mrbr) − m̃r

̂(mrbr)
m̂r

]
κ+(wd)

+
[
ml

m̂l
(wds + wda2) −

m̃l

m̂l
wda1

+ ˜(mlbl) − m̃l

̂(mlbl)
m̂l

]
κ−(wd). (16)

Define a constant dc and time-varying ��(t) such that

dc + ��(t) = −ϕdθ̃p + d(t) + fu

−
[
m̃r

m̂r
κ+(wd) +

m̃l

m̂l
κ−(wd)

]
wda1

+

[
˜(mrbr) − m̃r

̂(mrbr)
m̂r

]
κ+(wd)

+

[
˜(mlbl) − m̃l

̂(mlbl)
m̂l

]
κ−(wd)

= ϑψ(t) + d(t) + fu (17)

where ϑ = [B̃, Ã, (m̃r / m̂r)κ+(wd) + (m̃l / m̂l)κ−(wd),

[ ˜(mrbr) − m̃r( ̂(mrbr)/m̂r)]κ+(wd) + [ ˜(mlbl) − m̃l( ̂(mlbl)/
m̂l)]κ−(wd)], and ψ(t) = −[−ẋd,−Sf (ẋd), wda1,−1]T .
Conceptually, (17) lumps the original system uncertain
nonlinearity fu with the model uncertainties due to physical
parameter estimation errors and divides it into the static
component (or low-frequency component in reality) dc and
the high-frequency components ��(t). In the following, the
low-frequency component dc will be compensated through fast
adaptation that is similar to those in the ARC designs [24], [25]
as follows.

Let dcM be any preset bound, and use this bound to construct
the following projection-type adaptation law for d̂c:

˙̂
dc = Proj

d̂c
(γs) =

{
0, if

∣∣∣d̂c(t)
∣∣∣ = dcM & d̂cs > 0

γs, else
(18)

with γ > 0 and d̂c(0) = 0. Such an adaptation law guarantees
|d̂c(t)| ≤ dcM ∀t. Substituting (17) into (16) and noting (14),
ṡ(t) can be written as

ṡ(t) = (−B − Ag) ˙̃x + k�(wds + wda2) + dc + ��(t)

= (−B − Ag) ˙̃x + k�wds1 + k�wds2 − d̃c

+ (1 − k�)d̂c + ��(t). (19)

Noting Assumptions 2 and 3 and P1), there exists a wds2 such
that the following two conditions are satisfied:

1) swds2≤0

2) s
[
k�wds2−d̃c+(1−k�)d̂c+��(t)

]
≤ε+εdf

2
d (20)

where ε and εd are the design parameters, which can be
arbitrarily small. Essentially, 2) of (20) shows that wds2 is
synthesized to dominate the model uncertainties coming from
both parametric uncertainties and uncertain nonlinearities, and
2) is to guarantee that wds2 is dissipative in nature so that it
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does not interfere with the functionality of the adaptive control
part wda.

Remark 1: One example of wds2 satisfying (20) can be
found in the following way. Let h be any function satisfying

h ≥ |k�
max| |wda2| + ‖ϑmax‖‖ψ‖ + |d(t)|max (21)

where k�
max = max{(mr max /mr min), (mlmax /mlmin)},

ϑ1max = Bmax − Bmin, ϑ2max = Amax − Amin, ϑ3max =
max{(mr max − mr min/mr min), (mlmax − mlmin/mlmin)},
ϑ4max =max{(mrbr)max − (mrbr)min + (mr max − mr min)
((mrbr)max /mr min), (mlbl)max − (mlbl)min − (mlmax −
mlmin ) ( (mlbl)min /mlmin ) }, and | d(t) |max =
max{|(mrbr)max − mr min((mrbr)min/mr max)|,
|(mlbl)min − mlmin((mlbl)max/mlmax)|}. Then, choose

wds2 = −
[

1
4εk�

min

h2 +
1

4εdk�
min

δ2(X)
]

s (22)

where k�
min =min{(mr min/mr max), (mlmin/mlmax)}. Using

the same techniques in [25], it is easy to show that the afore-
mentioned wds2 satisfies (20).

Theorem 1: When the DIARC control law (14) with the
dead-zone inverse (4) and the projection-type adaptation law
(10) is applied, regardless of the estimation function τ to be
used, in general, all signals in the resulting closed-loop system
are bounded, and the output tracking is guaranteed to have a
prescribed transient performance and a final tracking accuracy
in the sense that the tracking error index s is bounded by

Vs ≤ e−λvtV 2
s +

ε + εdf
2
dmax

λv
[1 − e−λvt] (23)

where Vs = (1/2)s2 + (1/2)λ2x̃2, λv = min{2k2, λ}, and
fdmax represents the L∞ norm of the bounded time function
fd(t).

Proof: See Appendix B. �

C. Parameter Adaptation With Online Condition Monitoring

In the previous subsection, a DIARC control law that can
admit any estimation function τ has been constructed, and a
guaranteed transient and steady-state tracking performance is
achieved as long as the parameter estimates are bounded by the
project mapping (10) in accordance with P1). The remainder
of this section is to specify suitable parameter adaptation algo-
rithms for τ and Γ so that an improved final tracking accuracy
and also asymptotic output tracking can be achieved in the ab-
sence of uncertain nonlinearities (i.e., assuming fu = 0 in (1))
with an emphasis on having a good parameter estimation
process as well. For this purpose, rather than using any trans-
formed tracking error dynamics to construct the parameter
estimation model as in the direct adaptive designs, the actual
plant model (1) will be directly used to construct specific
estimation functions as detailed hereinafter.

In the following, we will make full use of the fact that, al-
though not being linearly parameterized globally, the unknown
dead-zone nonlinearity can be linearly parameterized during
the working regions of v ≥ br or v ≤ bl. As such, when the
control input v(t) is surely during the regions of v ≥ br or

v ≤ bl, indirect parameter estimation algorithms with online
condition monitoring can be employed as the parameter adapta-
tion functions for an accurate parameter estimation. In addition,
if v(t) is not surely in the regions of v ≥ br or v ≤ bl, the
parameter estimation would stop updating until v(t) changes
back to these regions. Consequently, accurate estimations of
all the unknown dead-zone parameters are possible, and perfect
adaptive compensation of unknown dead-zones for asymptotic
output tracking is achievable. First, the following lemma must
be presented.

Lemma 2: Define a positive constant H as H =
max{(mrbr)max−(mrbr)min, (mlbl)max−(mlbl)min}. Then,
when |wd(t)| ≥ H , the dead-zone input v(t) by the
proposed dead-zone inverse (4) would satisfy v(t) ≥ br or
v(t) ≤ bl.

Proof: See Appendix C. �
For notation simplicity, define

χ+(•) =
{

1, if • > 0
0, if else

χ−(•) =
{

1, if • < 0
0, if else

(24)

and χ(wd(t)) = χ+(wd(t) − H) + χ−(wd(t) + H). Then,
noting Lemma 2 and multiplying the plant dynamics (1) by
χ(wd(t)), we can get

χ (wd(t)) ẍ =χ (wd(t)) (−Bẋ − ASf (ẋ))

+ χ+ (wd(t) − H) (mrv(t) − mrbr)

+ χ− (wd(t) + H) (mlv(t) − mlbl) (25)

which is linearly parameterized by the system parameters.
Define

yχ(t) = χ (wd(t)) ẍ

FT (t) = χ (wd(t)) [−ẋ,−Sf (ẋ), v(t),−1] . (26)

Noting Lemma 2, explicit online condition monitoring can be
used to select the measurement data for parameter estimation
according to the following two cases.

Case I: First, consider all the measurement data associated
with the case when wd(t) ≥ H . For this data set, χ+(wd(t) −
H) = 1 and χ−(wd(t) + H) = 0. Thus, the plant dynamics
(25) becomes the following linear regression model for param-
eter estimation:

yχ(t) = FT (t)θr (27)

where

θr = [B,A,mr,mrbr]T (28)

Note that (27) is in standard regression form. With this static
model, various estimation algorithms can be used to identify
unknown parameters. As it is well known that the least squares
estimation algorithm has the best parameter estimation conver-
gence property in general [28], it will be used in the following
to estimate the values of θr.

In the implementation, since ẍ in (26) is not measured,
filtering will be used to obtain all the terms in the estimation
model based on the measurement of state X . Namely, let Hf (s)
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be the transfer function of any stable filter with a relative degree
that is larger than or equal to one (e.g., Hf (s) = 1/(ωfs + 1)).
Applying the filter to both sides of (27), we obtain

yχf (t) = FT
f (t)θr (29)

where yχf = Hf [yχ] and Ff = Hf [F ] can be calculated based
on the measurement of state X only. Thus, applying the least
squares estimation algorithm with forgetting factor and covari-
ance limiting, the following adaptation function τ is obtained
for the estimation of parameter vector θr:

τ = − 1

1 + υtr
{

FT
f ΓFf

}Ff ς (30)

where ς and Γ are the prediction error and covariance matrix
calculated by

ς =FT
f θ̂r − yχf = FT

f θ̃r

Γ̇ =

{
αΓ − 1

1+υtr{F T
f

ΓFf}ΓFfFT
f Γ, if λmax (Γ(t)) ≤ ρM

0, otherwise.

(31)

α ≥ 0 is the forgetting factor, ρM is the preset upper bound
for the covariance matrix, and υ ≥ 0, with υ = 0 leading to the
unnormalized algorithm. The following lemma summarizes the
properties of these types of estimators [24], [28].

Lemma 3: With the projection-type adaptation law structure
(10) and the least-squares-type adaptation function (30), in the
absence of uncertain nonlinearities (i.e., fu = 0 in (1)), if the
following persistent excitation (PE) condition is satisfied:

t+T∫
t

FfFT
f dτ ≥ βIp, for some β > 0 and T > 0 (32)

then the estimates of physical parameters θ̂r’s converge to their
true values, i.e., θ̃r(t) → 0 as t → ∞.

Case II: Now, consider all the measurement data associated
with the case when wd(t) ≤ −H . For this data set, χ+(wd(t) −
H) = 0 and χ−(wd(t) + H) = 1, and the plant dynamics (25)
becomes the following linear regression model for parameter
estimation:

yχ(t) = FT (t)θl (33)

where

θl = [B,A,ml,mlbl]T. (34)

Thus, the same procedure as that in Case I can be used to
estimate the physical parameter set θl, and the estimates θ̂l’s
converge to their true values, i.e., θ̃l(t) → 0 as t → ∞, when
a certain PE condition like (32) is satisfied. The details are
omitted as they are identical to those in Case I.

Overall, the parameter estimations of Cases I and II
guarantee that all unknown physical parameters, i.e., θ =

Fig. 3. Biaxial linear motor-driven gantry system.

[B,A,mr,mrbr,ml,mlbl]T, are accurately estimated, pro-
vided that the PE conditions like (32) are satisfied.

D. Asymptotic Output Tracking

With the accurate parameter estimates obtained in
Section III-C, in addition to Theorem 1, an improved
steady-state tracking performance is also obtained as follows.

Theorem 2: In the absence of uncertain nonlinearities (i.e.,
assuming fu = 0 in (1)), when the PE conditions like (32)
are satisfied, the DIARC control law (14) with the dead-zone
inverse (4) and the projection-type adaptation law (10) and (30)
can achieve an improved steady-state tracking performance—
asymptotic output tracking, i.e., X̃(t) → 0 and s → 0
as t → ∞.

Proof: See Appendix D. �

IV. COMPARATIVE EXPERIMENTS

The proposed DIARC control algorithm is implemented on
the Y -axis of a precision X–Y Anorad HERC-510-510-AA1-
B-CC2 gantry driven by LC-50-200 iron core linear motors, as
shown in Fig. 3. The position sensors of the gantry are two lin-
ear encoders with a resolution of 0.5 μm after quadrature. The
velocity signal is obtained by the difference of two consecutive
position measurements. Standard offline least squares identifi-
cation is performed to obtain the parameters of the Y -axis. To
test the learning capability of the proposed DIARC algorithms,
a 5-kg load is mounted on the motor in the experiments, and the
identified values of the parameters are B = 0.8/s, A = 0.23/s,
E = 1.55 m/s2/V, and fN = 0 m/s2, where fN is the nominal
value of fu. All the control algorithms are implemented using
a dSPACE DS1103 controller board. The controller executes
programs at a sampling period of Ts = 0.2 ms, resulting in a
velocity measurement resolution of 0.0025 m/s. The control
objective is to let the system state [x, ẋ]T follow its desired
trajectory [xd, ẋd]T. Assuming

xd = 0.21 + 0.08 sin(πt − π/2) + 0.07 sin(0.8πt − π/2)

+ 0.06 sin(1.2πt − π/2) (35)

the initial values of plant states are set as X(0) = [0, 0]T.
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A. Comparative Experiment I

Suppose that w(t) is the output of a simulated dead-zone
described by

w = D(v) =

⎧⎨⎩ 0.9(v − 1.2), for v ≥ 1.2
0, for −1 < v < 1.2
1 (v − (−1)) , for v ≤ −1

(36)

which is practically supposed to be unknown and precede
the input of the linear motor. Adding the effect of E =
1.55 m/s2/V into the dead-zone, we can describe the dead
zone as

w = D(v) =

{ 1.395v − 1.674, for v ≥ 1.2
0, for −1 < v < 1.2
1.55v + 1.55, for v ≤ −1.

(37)

Thus, the approximate accurate values are θ = [0.8, 0, 23,
1.395, 1.674, 1.55,−1.55]T. As the simulated dead-zone is
supposed to be unknown, we set the nominal values to be θN =
[0.8, 0, 23, 1.6, 1.8, 1.8,−1.4]T. The bounds of the parametric
variations are chosen as

θmin = [0.7, 0.1, 1.2, 1.4, 1.2,−1.8]T

θmax = [1, 0.4, 1.7, 1.9, 1.9,−1.2]T. (38)

To better illustrate the effectiveness of the proposed scheme,
particularly the dead-zone compensation, the following control
algorithms for system (1) are implemented and compared.

C1) The proposed DIARC adapting the estimates of phys-
ical parameters B, A, E, and fN and ignoring the
existence of the unknown dead-zone (36). This case
represents the scenario where the existence of dead-
zone is totally ignored.

C2) The proposed DIARC adapting the estimates of phys-
ical parameters B, A, E, and fN only and without
updating the dead-zone parameter estimates. This case
represents the scenario where the dead-zone is compen-
sated with their nominal values and the effects of the
unknown dead-zone are ignored.

C3) The proposed DIARC presented in Sections II and III.
C4) The proposed DIARC in which only B, A, E, and

fN are updated based on the proposed online parame-
ter adaptation algorithm and the dead-zone (36) effect
is compensated by (4) with actual dead-zone param-
eter values assuming that the dead-zone parameters
are known. Thus, this case represents the ideal sce-
nario where the dead-zone effect can be completely
compensated.

In C3), wds2 in (14) is given in Section III-B. Theoretically,
we should use the form of wds2 = −ks2s, with ks2 being
a nonlinear proportional feedback gain, as given in (22), to
satisfy the robust performance requirement (20) globally. In the
implementation, a large-enough constant feedback gain ks2 is
used instead to simplify the resulting control law. With such
a simplification, although the robust performance condition
(20) may not be guaranteed globally, the condition can still
be satisfied in a large-enough working range, which might be

TABLE I
PERFORMANCE INDEXES OF COMPARATIVE EXPERIMENTS I AND II

Fig. 4. Output tracking errors of DIARCs with dead-zone.

acceptable to practical applications, as done in [27], [29], and
[30]. With this simplification, noting (14), we choose wds =
−kss in the experiments where ks represents the summation
of ks1 and ks2 and is chosen as ks = 200. The constant λ in
(12) is selected as λ = 200. The constant adaptation rate γ

in (18) is set as γ = 1000, and the bound of d̂c is chosen to
be dcM = 2. The initial values of all parameter estimates are
θ̂(0) = [0.8, 0, 23, 1.6, 1.8, 1.8,−1.4]T, which are chosen to be
the same as the nominal values θN ’s. The initial value of the
adaptation matrix Γ in (30) is Γ(0) = 1000I6, and the forgetting
factor is chosen as α = 0.1. The constant H in Lemma 2 is set
as H = 0.7. For a fair comparison, the controller parameters
and the initial values in cases C1, C2, and C4 are chosen the
same as that in C3 when they have the same meaning (e.g., wds

in C1, C2, and C4 are chosen the same as that in C3). The initial
values of the adaptation matrix Γ in (30) for C1, C2, and C4
are Γ(0) = 1000I4, for which the dead-zone parameters are not
adapted; consequently, there are B, A, E, and fN those need to
be estimated, and their initial values are [0.8, 0.23, 1.55, 0]T.
In C4, the dead-zone (36) is known and can be completely
compensated by its inverse (4).

The experimental results in terms of some performance
indexes after running the gantry for one period are given in
Experiment I of Table I. Overall, C2, C3, and C4 achieve good
steady-state tracking performances during movements, which
are better than that in C1. C3 and C4 achieve almost the same
excellent tracking performances that are better than that in C2.
The experimental results for all four controllers are shown in
Figs. 4–7. Specifically, Fig. 4 shows the tracking errors of all
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Fig. 5. Parameter estimates of DIARC in C3.

Fig. 6. Parameter estimates of DIARC in C4.

Fig. 7. Control input history of DIARCs with dead-zone.

four cases, and it is observed that all four cases have good
initial output tracking transient performance, illustrating the
strong robust transient performance of the proposed DIARC

strategy in general. It is also seen that the steady-state output
tracking errors of C3 and C4 are almost the same and on
the order of 10−6m, which are much less than that of C2
that is on the order of 10−5m. This result agrees with the
prediction by theory in Section III that the proposed DIARC
in C3 is able to achieve asymptotic convergence of dead-zone
parameter estimates to their true values and the perfect dead-
zone compensation of the proposed dead-zone inverse (4) when
the estimates converge. This is also revealed by the history of
system parameter estimates in Fig. 5. Furthermore, C2, C3, and
C4 have much better output tracking performances than C1,
which illustrates the necessity of dead-zone compensation. The
estimate values of B̂ = 0.78, Â = 0.23, and Ê = 1.58 shown
in Fig. 6 are close to their offline identified values, and the
estimated values of θ̂ = [0.82, 0.225, 1.42, 1.66, 1.5,−1.49]T

shown in Fig. 5 are near the approximate accurate value of θ,
which verify the asymptotic convergence of system parameter
estimates as well. The control inputs of all four cases shown in
Fig. 7 reveal that the control input may exhibit some chattering
phenomena during periods when the motion is very small and
the system is almost operating within the dead-zone region due
to the use of the nonsmooth direct dead-zone inverse (4). In
summary, the good output tracking performance of all four
cases demonstrates the robust performance of the proposed
DIARC algorithm. The much-improved output tracking per-
formances of C2, C3, and C4 over C1 illustrate the necessity
of dead-zone compensation. The much-improved steady-state
tracking performance of C3 over C2 validates the need for
accurate online dead-zone parameter estimates. Moreover, the
almost similar asymptotically converging steady-state output
tracking performances of C3 and C4 verify the asymptotic con-
vergence of dead-zone parameter estimates to their true values
and further validate the perfect compensation of unknown dead-
zones by the proposed DIARC algorithm.

B. Comparative Experiment II

To further illustrate the effectiveness and merits of the pro-
posed scheme, the robust adaptive control algorithm proposed
in [18], a typical example of the previously published algo-
rithms for systems with dead-zones, is also implemented for
comparison. As the control algorithm in [18] is designed for
systems with symmetric dead-zones only, in the following, the
simulated dead-zone is set as equal slope and described by

w = D(v) =

{ 1.395v − 1.674, for v ≥ 1.2
0, for −1 < v < 1.2
1.395v + 1.395, for v ≤ −1.

(39)

Thus, the approximate accurate values are θ = [0.8, 0.23,
1.395, 1.674, 1.395,−1.395]T. The bounds of the parametric
variations are chosen as similar as that of (38).

The proposed DIARC referred to as C3 and the robust
adaptive control algorithm (presented in [18]) referred to as C5
are implemented and compared. For C3, the control parameters
and the initial values are the same as those in Section IV-A.
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Fig. 8. Output tracking errors of C5 and C3 with dead-zone.

Fig. 9. Control input history of C5 and C3 with dead-zone.

For C5, the control law is designed following exactly the same
procedure in [18]

v = êwd

wd = ẍd(t) − c1ż1 − ϕθ̂p − c2z2 − z1 − sgn(z2)D̂

˙̂e = −βwdz2
˙̂
θp = ΓϕT z2

˙̂
D = μ|z2| (40)

where z1 = x̃(t), z2 = ż1 + c1z1, c1 = 100, c2 = 120, μ =
1000, Γ = 10I2, and β = 10. The initial values are ê(0) =
1/1.4, D̂(0) = 0, θ̂p(0) = [0.8, 0.23]T, and v(0) = 0.

The experimental results in terms of some performance
indexes after running the gantry for one period are given in
Experiment II of Table I. It can be seen from these results that
the proposed DIARC algorithm outperforms the robust adaptive
control algorithm in [18] significantly. The experimental results
for the two controllers are also shown in Fig. 8 in terms of the
output tracking performance and in Fig. 9 for the control inputs.
It is seen from Fig. 8 that the steady-state output tracking error
of the proposed DIARC is mostly less than 10 μm and around

zero, which is much less than that of C5 that does not exhibit a
near-zero tracking error during most of the movements. This re-
sult verifies the asymptotical output tracking performance of the
proposed DIARC in the presence of parametric uncertainties
and unknown dead-zones. The control inputs shown in Fig. 9
reveal that the robust adaptive control algorithm in [18] exhibits
the control input chattering phenomena during the entire motion
due to the use of discontinuous control action (the last term in
wd in (40)), while the proposed DIARC only has the chattering
input during periods when the motion is very small and the
system is essentially operating at the dead-zone region only.
All these results further validate the effectiveness and the high-
performance nature of the proposed DIARC algorithm.

V. CONCLUSION

In this paper, an integrated direct/indirect desired compen-
sation adaptive robust control scheme has been developed for
electrical drive systems having unknown dead-zone effects. The
proposed control strategy, in which the actual state feedback
in the regressor is replaced by the precalculated desired tra-
jectory, is able to reduce the effects of measurement noise for
an increased achievable closed-loop bandwidth in application.
Theoretically, certain guaranteed robust transient performance
and steady-state tracking accuracy are achieved even when the
overall system may be subjected to parametric uncertainties,
time-varying disturbances, and other uncertain nonlinearities.
Furthermore, zero steady-state output tracking error is achieved
when the system is subjected to unknown parameters and
unknown dead-zone only. Comparative experimental results
have been obtained on a linear motor drive system preceded
by a simulated unknown dead-zone. The results validate the
effectiveness of the proposed dead-zone compensation scheme,
and the excellent output tracking performances also verify the
high-performance nature of the proposed DIARC strategy in
practical applications.

APPENDIX A

Proof of Lemma 1: It is noted from (6) that κ+(wd) +
κ−(wd) = 1 ∀wd. Thus, there are only two cases to be ex-
amined: Case 1: κ+(wd) = 1 and κ−(wd) = 0, and Case 2:
κ−(wd) = 1 and κ+(wd) = 0.

Case 1) wd(t) ≥ 0, and by (4), v(t) = (wd(t) +
̂(mrbr)/m̂r) > 0.

If v(t) ≥ br, then, by (2), w(t) can be derived as

w(t) = mrv − mrbr = mr(wd + ̂(mrbr)/m̂r) −
mrbr = wd + ˜(mrbr) − m̃r(wd + ̂(mrbr)/m̂r).
Noting (7), d(t) = 0, which leads to the first sce-
nario of (8).

If 0 < v < br, from (2), w(t) = 0. Thus, by (7)

d(t) = −wd − ˜(mrbr) + m̃r
wd + ̂(mrbr)

m̂r

=mrbr −
wd + ̂(mrbr)

m̂r
mr (41)
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which leads to the second scenario of (8). Further-
more, as 0 ≤ wd(t) = m̂rv − ̂(mrbr) < m̂rbr −
̂(mrbr), d(t) in (41) satisfies

d(t) ∈
(

0,mrbr − mr

̂(mrbr)
m̂r

]
(42)

which leads to the upper bound in the second
scenario of (9).

Case 2) As the same can be said about this case, (7) and
(8) are validated, and d(t) is bounded previously
as in (9).

Note that (42) is the same as d(t) ∈
(0,− ˜(mrbr) + m̃r( ̂(mrbr)/m̂r)]. Thus, ∀t, |d(t)| ≤
max{| ˜(mrbr)| + |m̃r|((mrbr)max/mrmin), |˜(mlbl)| +
|m̃l|(|(mlbl)min|/mlmin)}. Since θ̃ ∈ L2[0,∞) implies

that ˜(mrbr), m̃r, ˜(mlbl), m̃l ∈ L2[0,∞), it is clear that
θ̃ ∈ L2[0,∞) leads to d(t) ∈ L2[0,∞) as well. Similarly,
it is true that θ̃(t) → 0 ensures d(t) → 0 as t → ∞, which
completes the proof. �

APPENDIX B

Proof of Theorem 1: Noting (19), the derivative of Vs is

V̇s = (−B − Ag) ˙̃xs + k�wds1s

+ s
[
k�wds2 − d̃c + (1 − k�)d̂c + ��(t)

]
+ λ2x̃ ˙̃x. (43)

Noting 2) of (20) and ˙̃x = s − λx̃, we have

V̇s≤(−k�ks1−B−Ag)s2+(B+Ag+λ)λx̃s−λ3x̃2+ε+εdf
2
d .

(44)

If Q1 given by (15) is positive definite, then

V̇s ≤ −k2s
2 − 1

2
λ3x̃2 + ε + εdf

2
d ≤ −λvVs + ε + εdf

2
d .

(45)

Using the comparison lemma, (23) is true. The theorem can
then be proved by noting that all online parameter estimates are
guaranteed to be bounded regardless of the estimation function
to be used shown in P1). �

APPENDIX C

Proof of Lemma 2: When wd(t) ≥ H , noting (4) and
the bounds of the dead-zone parameter estimates in P1),

v(t) = (wd(t) + ̂(mrbr)/m̂r) ≥ (H + ̂(mrbr)/m̂r) ≥
((mrbr)max/m̂r) ≥ br. When wd(t) ≤ −H , it is

straightforward to verify that v(t) = (wd(t) + ̂(mlbl)/m̂l) ≤
((mlbl)min/m̂l) ≤ bl, which completes the proof. �

APPENDIX D

Proof of Theorem 2: When the PE condition is satisfied,
from Lemma 3, θ̃b(k) → 0 as k → ∞ and θ̃b ∈ l2. Thus, noting
Lemma 1, we have d(t) ∈ L2[0,∞) as well.

Noting (14) and (16), the derivative of Vs when fu = 0 is

V̇s = (−B − Ag) ˙̃xs + k�wdss − d̂cs + d(t)s + ξs + λ2x̃ ˙̃x
(46)

where

ξ =
[(

m̃r

m̂r
d̂c −

m̃r

m̂r
wda1

)
κ+(wd)

+
(

m̃l

m̂l
d̂c −

m̃l

m̂l
wda1

)
κ−(wd) − ϕdθ̃p

]

+

(
˜(mrbr) − m̃r

̂(mrbr)
m̂r

)
κ+(wd)

+

(
˜(mlbl) − m̃l

̂(mlbl)
m̂l

)
κ−(wd). (47)

Choose a positive definite function as Va = Vs + (1/2γ)d̂c
2
.

Then, noting ˙̃x = s − λx̃ and Q1 > 0, we have

V̇a = V̇s + γ−1d̂c
˙̂
dc

= (−k�ks1 − B − Ag) s2 + (B + Ag + λ)λx̃s − λ3x̃2

+ k�wds2s + d(t)s + ξs +
(
γ−1Proj

d̂c
(γs) − s

)
d̂c

≤ −k2s
2 − 1

2
λ3x̃2 + k�wds2s + d(t)s + ξs (48)

where (11) of P2) is used in deriving the inequality of the last
step. As ξ defined by (47) is linear w.r.t. the parameter estima-
tion error θ̃, with all coefficients being uniformly bounded by
Theorem 1, the fact that θ̃ ∈ l2 implies that ξ ∈ L2[0,∞). From
1) of (20), k�wds2s ≤ 0. Thus, (48) implies that s ∈ L2[0,∞)
as ξ ∈ L2[0,∞) and d(t) ∈ L2[0,∞). It is easy to verify that
s is uniformly continuous. Thus, by Barbalat’s lemma, s → 0
as t → ∞. Noting (12), X̃(t) → 0 as t → ∞, which completes
the proof. �
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