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Fig. 1. Convex combination of stable interval matrices.

for some d; > 0. By multiplying both sides of (13) by (1 — af,v)(l -
al;)d;, summing for j # 4, and using (14), we get

n
k -1 k
1- Ay > d,’ Zd;‘d,’j,
I#

i=1,2-,n k=0,1,-,N.

as)
which implies that

N n N
1- (Zakaﬁ) > d,-_lz:dj( akafj), i=1,2,--+,n.
k=1 FES k=1
16)
Thus, I — YN, ax Ax is PQDD, and the proof is complete.

Note that under the conditions of Theorem 3, the
matricesAp, A1, -+, AN are simultaneously PQDD, as established
by (15), and so are their convex combinations.

The following continuous-time version of Theorem 3 can be proved
similarly.

Theorem 4: Let Ao = A5 + A§, with AS > 0, be an n x
nHurwitz-stable matrix, and Ax = AP + AC, with AY > 0,
be n X n matrices such that —A; proportionally dominates — Ao,
k =1,2,---,N, either all rowwise or all columnwise. Then, a
convex combination Zi;o arpAy, with ay > 0,k =0,1,---, N,
SN o ar = 1, is also Hurwitz-stable.

To illustrate the result of Theorem 3, we consider two positive

matrices
04 04 0.4 04
A°‘[1 0.2]’ Al‘[o.l 0.9]‘

both of which can easily be shown to be Schur-stable. Scaling the
rows of I — Ao and I — A; by the reciprocals of their diagonal
elements we observe that I — A, proportionally dominates I — Ap.
Then Theorem 3 implies that any convex combination

04 0.4
ado +(1-e)d = [0.1 +09a 09— 0.7a]’ @€ 1]

is also stable. The significance of this result can be seen by consid-
ering the stability regions in the (@21, az2) plane: While Theorem
1 produces two thin rectangular regions associated with Ao and A,
Theorem 3 combines these into a much larger one as shown in Fig. 1.

Notice that in this example, although I — 4, and I — A, aresimul-
taneously PQDD, there exist no diagonal-type Liapunov function that
would prove simultaneous stability [5] of Ao and A;; this function
being a natural one in the context of M-matrices. This fact points
out the significance of connective stability, which is diagonal-type
simultaneous stability that can be established vig simultaneous PQDD
conditions [7].

VI. CONCLUSIONS

We have obtained necessary and sufficient conditions for stability
ofMorishima-type interval matrices using the results available in the
context of connective stability. The conditions have been further
broadened to include convex combination of interval matrices. In
future research, attempts shall be made to apply the results to establish
connective stability of convex polytopes of nonlinear time varying
matrix systems.
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Abstract— A general target model is proposed in the task space to
represent motion trajectory, interaction force trajectory, and second-
order function relating the motion errors and the interaction force errors.
Using variable structure model reaching control (VSMRC) strategy, the
model is achieved in the sliding mode with robust performance. Reaching
transient can be eliminated or guaranteed with prescribed quality. By
choosing a suitable model for the application, robust motion control,
impedance control, hybrid position/force control, or constrained motion
control are achieved, respectively.
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1. INTRODUCTION

Tasks such as following a contour require robots interaction with
the environment. In these cases, interaction force are present and
needed to be accommodated rather than rejected [1]. To accomplish
such tasks successfully, several approaches have been proposed such
as impedance control [2]-[6], hybrid position/force control [7], [8],
and constrained motion control [9]-[16].

With impedance control [2] the manipulator control system should
be designed, not to track a motion or force trajectory alone, but rather
to regulate the mechanical impedance of the manipulator. By proper
choice of the impedance, dynamic interaction may be controlled
to obtain proper force response. Kazerooni et al. [3] presented the
specification of the desired impedance in the frequency domain to
preserve the stability of whole system in the presence of bounded
modeling uncertainties. This problem is further discussed in [4] where
several sufficient stability conditions are derived via the Small Gain
Theorem and Nyquist Criterion. Adaptive control is used in [5], [6]
to deal with parametric uncertainties of the robot, however, transient
of adaptive systems is not guaranteed.

In hybrid position/force control method proposed by Raibert and
Craig [7], task space is divided into two orthogonal subspace. Position
is commanded and controlled in one subspace, and force in the
other one. Since modeling of the environment is not clearly given,
there are some difficulties in formulating the mathematical model
of the problem and force tracking control is not shown in [7],
[8]. Assuming known environmental stiffness, Kelly and Carelli
developed an adaptive hybrid position/force control for dealing with
parametric uncertainties and the resulted controller required the
measurement of force derivative.

Constrained motion control has been extensively studied in recent
years. In the formulation, the robot is assumed to be in contact
with a rigid frictionless surface, and as a result, kinematic constraint
is imposed on its motion. The general theoretical framework is
developed by McClamroch and Wang [9] using a controller based on
a modification of the computed torque method. For considering para-
metric uncertainties, adaptive constrained motion control is discussed
in [17], [14] where only bounded force tracking error is guaranteed
unless persistent excitation condition is satisfied.

Variable structure control (VSC) method [18], which possesses
several advantages such as simplicity, perfect adaption to both
parametric uncertainties and external disturbances, has been applied
for robot motion control by Young {19] and Slotine [20]. Recent, Yao,
et al. [15], [16] developed VSC for constrained motion. However,
motion control and force control are treated differently and separate
switching functions are selected in order to achieve the desired
response in the sliding mode. In this note, a systematic approach
is presented to formulate VSC schemes by representing the various
control objectives in a unified way. The main feature is to introduce
a general target model which is specified in the task space to
represent motion trajectory, interaction force trajectory, and a desired
second-order function relating the motion errors and the interaction
force errors. By choosing a suitable task space and target model,
specific applications such as motion control, impedance control,
hybrid position/force control, or constrained motion control can be
achieved respectively.

With variable structure model reaching control (VSMRC) strategy
[21], a dynamic compensator is incorporated in forming the sliding
surface such that the resulted sliding mode can be identified with
the target model. Using VSC, the system is maintained in the sliding
mode and model reaching is realized. The proposed controller does
not require measurement of force derivative and is simple in the
structure. To illustrate applications of the approach, selection of the
desired target model for various control schemes is discussed.

II. FORMULATION OF GENERAL ROBOT DYNAMICS

General dynamic equations of a rigid link manipulator having n-
DOF in contact with the environment are considered. It is assumed
that the robot is nonredundant and contact with the environment is
made by its end-effector and occurs at a point. Let z € R" denote
the position and Euler angles of the end-effector frame in Cartesian
space. It is related to the joint displacement ¢ € R" by

. . oz
c=c(g); z=J(@g J(@)= —a(qq—) (0}]
where J(g) is assumed to be nonsingular in the finite work space Q.
In the joint space, the dynamic equations can be written as [8]

M@§i+Cle, Pi+G@)+I (F+fty=71

where 7 is the applied joint torque, M(g) is the inertia matrix,
C(g, §)q is the Coriolis and centrifugal force vector, G(g) is the
gravitational load of the robot, f(¢) is the external disturbance.
F € R™ is the vector of forces/moments on the environment exerted
by the robot at the end-effector.

Depending on different contacting environments, different task
space will be defined. Here, a general task space is assumed to be
defined by

r=r(z, t) =r(z(q),t), reER"
# = Jr(x, 8)% +ve = Jo(q)d + ve,

61‘ Y t 0 T, t
Jr = (8:.; ‘)’ vy = T(at )5 Jq = Jr(2(g), )J(9)
F = Jad + Jod + 0 @

where J,(g, t) is assumed to be nonsingular in the finite work space

Using the transformation (3) in (2) and multiplying both sides by
Jg T, dynamic equation (2) can be expressed in terms of the task
space variable r as

H(r, )i + C(r, 7, t)F + G(r, ) + Fe + F(r, ) =T, — F, (4)
where

H(r,t) = I T M(9)J7;
C(r, #,8) = J7TCla, I = T T M ()T o J7!
G(r, ) =J377Gla)  F(r,t)=J77f(t)
Fy = —-H(r, )0, — C(r, ¥, t)vy;
F=JTF T,=J]Tr )
Due to parametric uncertainties of the robot and the environ-
ment, only estimated values H(r, t), C(r, 7, t), G(r), fe(r, t) of
H(r, t), C(r, 7, t), G(r, t), Fi(r, t) in (4) are available. The mod-
eling errors and external disturbances are bounded by

NAH(r, )l < bu(r, 1);  JAC(r, #, || < bo(r, 7, t);
NAG(r, D)l < 6a(r, t)

”AF;(T, 7, t)” < bry; ”F(V‘, t)“ < 61"‘("3 t) ©®

where AA represents the modeling error of matrix (or vector) A
defined by AA = A — A. || - || denotes a norm of - which is a
vector or a matrix. Without loss of generality, in this paper, || - |2
is used, i.e., | A]| = Omax(A) = v/ Amax (AT A), where o(-) denotes
singular value of -, A(-) means eigenvalue of -, and *max (OF *min) is
the maximum (or minimum) value of -. The positive scalar bounds
0u, bc, bg, 6F,, and 64 are assumed known.
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_ Remark 1: Suppose that the estimated values

M(q), C(g, ), G(q) of M(q), C(g, 4), G(q) are available. Let
6m(q), 6c(a, §), 6c(g) and 67(t) denote the known bounds of
the modeling_ errors AM(q), AC(g, §), AG(g) and the external
disturbance f(t) in the joint space, respectively. From (5), the
estimated values in (4) can be calculated, and their corresponding
bounds in (6) can be determined by

Su(r, t) = om (@I,
bc(r, 7, t) = bo(g, YIITHP + Saa (DI I T
8a(r, t) = |J; 16 (a)
b (r, t) = ||I7 [165(2)
br, = 6u(r, Ol|oell + b (r, 7, t)|vell. M

Equation (4) has the following properties [22].

Property 1: For any finite work space §2 = {g: |l¢ — go|| < gmax}
in which J, is nonsingular, H(r, t) is a symmetric positive definite
(s.p.d.) matrix with k[I,xn < H(r, t)kl'I.xn where k., k] are
positive scalars, go and gmax are some constants.

Property 2: The matrix N(r, #, t) = H(r, t) — 2C(r, 7, t) is a
skew-symmetric matrix.

III. UNIFIED VSC DESIGN

Suppose ra(t), Fea(t) € R™ are given as the desired robot
motion and interaction force trajectories in the task space. Let
e. = r(t) — ra(t),er, = F. — Fca(t) be the errors of motion and
controlled interaction force, respectively. F. is the controlled force
which may not be equal to F. in (4) since F.. is the total interaction
force which may include friction force and its n components may not
be independent. the unified formulation of VSC design for the robot
can be stated as that of determining a control law so that the system
errors achieve the following general target model in the task space
under the modeling errors (6)

Mmér + Bmér + Kmer = —Kyer, (®)

where My, B, Kmm, Ky € R™ " are constant matrices which
are usually chosen as diagonal to get decoupled responses. M., is
assumed to be nonsingular. The model (8) should be chosen to be
stable when the robot interacts with the environment.

Using VSMRC strategy, a dynamic compensator is formulated

i=Az+ szer + szér + Kfzchv
A; sza sza Kfz € R"xn (9)

where z is the n-dimensional state vector of the compensator, A
is any diagonal negative semidefinite matrix, Kp., K.., Ky, will
be specified to shape the dynamic sliding mode so that the target
model (8) is achieved. The compensator is employed in forming the
switching function

s(er, éry 2) = ér + Firer + Faz; F, F, € R**" (10)

where Fy and F are any diagonal constant matrices, F> is nonsin-

gular. Differentiating (10)
$=é, + F1é, + Fz. (11
Substituting (9) into (11) and using (10) to eliminate z

é 4+ (FL - RAF; 4+ BRK,.)é, + (F2Kp. — FAF; ' Fy)e,
= —FKf.er, +5— RAF;'s. (12)

Since F; and A are diagonal matrices, FoAF; ! = A. Choosing
szy Kvu Kfz, as

K,.=F;Y(M;'B,. — F, + A)
Kp. = Fy (M Ko + AFY)
Kf. =F; "MK (13)

(12) is given by
Mmér + Brné, + Kme, = —Kyer, + M (8 — As). 14)

In the sliding mode {s = 0, § = 0}, (14) will be identical to the
target model (8). That is to say, the target model is achieved in the
sliding mode.

Theorem 1: For the robot manipulator described by (4), the sys-
tem achieve the desired general target model (8) under the modeling
errors (6) if the following control torque is applied:

T" = FI(T, t)i:eq + é(rv 7", t)"'eq + G(Tv t)
+E +F, ~ K, — d”—:ﬂ (15)

where
f‘eq = fd(t) — Fie, — Fyz; i:eq = ’i".{(t) - Fé — Fz.  (16)

K, is any s.p.d. matrix. d is a positive scalar satisfying

d 2 8 (7, B)|[Feqll + 6 (r, 7, t)||Feql
+oc(r, ) + 6p + Ap € (17

where ¢ is any positive scalar. Furthermore, the reaching time ¢,
when the system reaches the sliding mode satisfies

<2 ln(1+ c—l\/‘7o> (18)
C1 C2
where
2)\min(Ks)
c1 = T
2
Ca =€ E;
Vo = 55 (O H((0), 0)s(0) 9)
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and the reaching transient response is shaped by

2 ez e/t _ 2
ol < /2 [ (V55 + 2) exe z).

Proof: For the robot manipulator (4), we choose a positive

definite function as V = 1s7 H(r, t)s From Property 1, we have

20)

1 ’ 1 4
Fkelsl® < v < SR lsll*. @

Differentiating V' with respect to time yields

V=s"H(r t)s + %sTfir(r, t)s = 8T H(F = eq) + 87 C(r, 7, )s
= sT[T. = H(r, t)feq — C(r, , t)feq
- G(r,t) = F. — F, — F(r, t)] 2

where Property 2 has been used to eliminate the term %sTH 8.
Substituting control torque (15) into it and noticing (21), we have

V =—s"K.s—d||s| + sT[-AH(r, t)ieq — AC(r, F, t)ieq
— AG(r, t) — AF; — F(r, t)]
< ~sT Ko~ dl|s|| + |IsIIAH (7, )] [|Feall
+[|AC(r, 7, ]| [|Feqll
+AG(r, )|+ |AF| + | F(r, 1))

< “ain(K)I8]? = €lls]l € —a1V — e2VV. (23)
Thus
VV < (v’v—'o+ z—j) exp~(c1/t _ -Z 24)

and this means in finite time V = 0, i.e., s = 0. Moreover, from
(21), the reaching transient response is shaped by (20). The upper
limit of the reaching time ¢, is solved by setting right hand of (24)
equal zero which is given by (18). Proof is completed. a

Remark 2: In the above theorem, s exponentially reaches zero,
and the reaching time ¢, inversely depends on Amin(K,) and e.
Therefore, by suitable choices of K, and ¢, the reaching transient can
be guaranteed with prescribed quality. The reaching transient can also
be eliminated by choosing initial value of the dynamic compensator 2
as 2(0) = —F; 1 (é-(0) + Fre-(0)) such that s(0) = 0. The system
is maintained in the sliding mode all the time and reaching transient
is eliminated. o ]

Remark 3: The estimated matrices H, C, G, £, may be chosen
to reduce on-line computation load. For example, by choosing H =
H(rq, 1), C = C(ra, 74, ), G = G(rq, t) in which r4(2) is the
nominal trajectory, then can be calculated off-line as long as , C, G
are within the bounds given by (6). In any finite workspace, the scalar
bounds 6u, 6c, 8a, 6F,, 6 can also be determined off-line. F. is
directly obtained from force measurement. In this way, the control
law (15) does not require much on-line computation time. ]

Remark 4: The control torque (15) is implemented in the joint
space as

T = M(9)dea+C(a, 1)dea+G(@)+ITF~J] [K,s + dﬁ] (25)

where deq = J (Feq — ¥t), feq = J7  (Feq — Jodeq — Be). O

IV. SPECIFIC APPLICATIONS

In this section, we show how to choose the desired general target
model (8) to achieve robust motion control, impedance control, hybrid
position/force control, or constrained motion control, respectively.

4.1 Motion Control

When the robot moves in a free space, it is required to follow a
desired motion trajectory gq(t) or za(t) [8], [19], [20]. Since there is
no environmental constraints, F' = 0, F,, = 0. The task space vector
r can be chosen as either the joint space vector ¢ with J; = I, xn,
ve = 0 or the Cartesian space vector « with J, = J(g), v = 0, and
the corresponding controller will be implemented in the joint space
or in the Cartesian space. The general model (8) is specified as

Mmér + Bmér + Kmer =0 (26)

where e, = r — rq is tracking error, 14 = ga(t) or zq(t), and
Mo, Bm, K are s.p.d. matrices so that (26) is asymptotically
stable. The control law is given by (25) such that the model (26)
is achieved in finite time under the modeling errors (6). From (26),
e, — 0, and the system follows the desired trajectory r4(t).

4.2 Impedance Control

Specification of the impedance is usually given in terms of a desired
motion trajectory and a desired dynamic relationship between motion
errors and interaction force to guarantee stable contact with the
environment. In Cartesian space, the desired impedance is specified
as [5], [6], [3]

Myné+ Bné+ Kne = ~F, e=uz—za(t) 27

where z4(t) is the desired motion trajectory in Cartesian space.

Suppose that the environment can be described by the following
general mass-damper-spring system [2], [3]

M.i+ B.t + K.(x —z.) = F (28)

where z. is the equilibrium position. M., B., K. which represents
the inertia, damping, and stiffness of the environment, respectively,
are symmetric positive semidefinite (s.p.sd.) matrices [3]. Combining
(27) with (28), the closed-loop system is described by

= Mmis+ Bma + Knzq+ K.z, (29)
which is asymptotically stable if M, By, Ky, are chosen as s.p.d.
matrices.

By setting parameter K; = Inxn, Fc = F, F(t) = 0,
and choosing the task space vector r as Cartesian space vector z,
(correspondingly rq(t) = z4(t)), the target model (8) is identical to
the desired impedance (27).

4.3 Hybrid Position and Force Control

Suppose the environment in undeformation is described by a set
of m time-varying hypersurfaces

@(xv t) =0; Q(Iy t) = [¢1 (=, t)»' < Om(z, t)]T> m<n
(30)
which are mutually independent for any ¢, and ¢:(z, t) is assumed

to be twice differentiable with respect to = and ¢. Then, there exist a
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set of (n — m) scalar functions {¢1(z, t), -, ¥n—m(z, t)}, which
are twice differentiable with respect to = and ¢, such that {¢:(z, t),
i=1,---m; ¥;(z, t),j =1,---,n —m} are mutually independent
for any ¢ [15]. In this case, the task space is defined as

r=0f, )"
rr=[61(z, t), -+, dm(z, )7

7o = [W1(z, By Ynem(, )] (31)

Directions of curvilinear coordinates r; are aligned with the normal
directions of the environment in undeformation. Therefore, subspace
vy represents the constrained subspace, in which force control is
required, and 7, can be considered as the unconstrained subspace
in which motion control is needed. In the normal directions of the
contact surfaces, the environment is assumed to be an elastic model
with s.p.d. stiffness matrix K. (either from the force sensor or from
the contact surfaces), i.e.,

fo=Kery; fo €R™; K.€ R™T™ (32)

where f, are the normal contact force components. The problem is
to design a controller so that the robot with the modeling errors (6)
exerts the desired normal contact force f.4(t) on the environment
while following the desired motion trajectory rp4(t).

The controlled force is F.. = | fr, O]T. The desired motion and

force trajectories are specified as 74 = [rya(t)”, rpa(t)T]7 and
Feg = [faa(t)T, 0]T where r74(t) is specified as
rra(t) = K" faa (33)

in which K. represents the estimated stiffness matrix. The target
model (8) is chosen as

[Mml

}ér+ [I‘"“
2

Km2 ]er
[Ime

Mm2 ]

o]ch
er = s | = |TF| = |THd
€rp Tp Tpd

_ €| — fn _ fnd(t)
=)= 6] 1%

where Mmls Bml € Rmxm’ Mm2, Bm29 Km2 € R(n—m)x(n—m)

are any s.p.d. matrices. K,1 is any s.p.sd. matrix. Substituting (32),
(33) into (34), the closed-loop equation is given by

(34

Mmlérf + Bmlé'rj + (Kml + Ke)erf = (I"e - f{e)"'fd

Mmzérp + Bm2érp + KmZCrp =0 (35)

which is asymptotically stable and e, — 0. In the case of known
environmental stiffness, i.e., K. = K., from (35), we obtain

€rp =15 ~Tra—0;

efn = fo — fna = Keer; - 0. (36)

Hence in the constrained subspace ry, the robot exerts the desired
normal force fnq4(t) on the environment while in the unconstrained
subspace r,, the robot follows the desired motion r,4(t).

In the case that the stiffness is unknown, for constant f,q4, the
steady state motion and force tracking errors in the normal direction
are

erf (OO) = _(Kml + Ke)_l(Ke - Ke)Ke_lfnd
e, (0) = [I = Ke(Km1 + K) ' J(K. — K)K: ' fna (37)

By choosing K»1 = 0, we have ey, (c0) = 0. In spite of unknown
stiffness, the robot can exert the constant desired normal contact force
fna with controllable time constant of the system in (35).

Remark 5: In the hybrid position/force control [7], [8], the con-
strained subspace and the unconstrained subspace are chosen as
orthogonal subspace. Here, the orthogonality of the constrained
subspace 75 and the unconstrained subspace r, is not needed. This is
convenience for implementation as we can simply choose some joint
angles ¢; as the supplemental coordinates 7. m]

Remark 6: In [5], a hybrid impedance/force control technique
is proposed as an extension of the hybrid position/force control
which control impedance along the unconstrained directions while
controlling force along the constrained directions. This can be done
by modifying the model (34) as
et [

]ér+ [K'"l

sz}er

e

Mm2 Bm2

S L B
Tp Tpd

— fﬂ _ fnd(t)
e = [fr,, 0
where M1, Bmi, Km1 are any s.p.d. matrices, M2, Bm2, Km2
are s.p.d. matrices representing the desired inertia, damping and

stiffness in the uncontrained directions, f., is the interaction force in
the unconstrained directions such as friction force. 0O

(38)

4.4 Constrained Motion Control

In constrained motion control [9]-[12], the environment is assumed
to be rigid frictionless surface and described by (30) (in this formu-
lation, the frictionless surface assumption is unnecessary). Motion of
the robot end-effector is constrained on the surfaces. The generalized
constrained forces in Cartesian space is given by [9]

T
Fn=(M) A, AER™

oz (39)

where A is a vector of generalized multipliers associated with the
constraints which usually represents normal contact force. The task
space is defined by (31) with the constraint surfaces (30) and the
generalized constrained forces (39) given by

rr=0; Fn=J TF, =T 0 (40)
in which motion of the robot on the constraint surfaces is completely
determined by the variables r,. The problem is to design a robust
controller so that the robot exerts the desired constrained force A4(t)
on the environment while following the desired motion r,4(¢) on the
constraint surfaces.
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The controlled force is F. = [X, 0]7. The desired motion and
force trajectories are specified as 74 = [0, 7pa(#)T)T and F.q =
[Aa(#)T, 0)7. The target model (8) is chosen as

M . B R 0
T e M L P
[ e
AN
Tp Tpd
_ [A] _ [re®
= lo 0
where Mml; Bml € Rmxm, MmZ’ Bm2, Km2 € R(n—z)x(n—m)

are any s.p.d. matrices. On the constraint surface (30), ie, ry = 0,
the model (41) is reduced to

(41)

A= a(t) =0
My2€,, + Bmaér, + Kmzer, =0 or e, ,=7r,P —rpq — 0.
42)

That is, the robot exerts the desired generalized constrained force
Ad(t) on the environment and follows the desired motion r,4(¢) on
the constraint surfaces.

V. CONCLUSION

The main feature of the proposed formulation is that the robot
control system is designed not to track a motion or force trajectory
alone, but to achieve a general target model which relates the motion
errors and the interaction force errors. Using VSC, the target model
is achieved in the sliding mode, and the reaching transient can be
eliminated or guaranteed with prescribed quality. With specific target
model suitably chosen according to different control objectives, the
unified controller can be applied to different applications such as
motion control, impedance control, hybrid position/force control, and
constrained motion control. The approach may also be extended
to a rather large class of control system which is under further
investigation. The problem associated with VSC is the control law
being discontinuous across the switching surface. In practice, direct
implementation of the control law will lead to control chattering,
which may affect the system performance. This problem should be
given careful consideration in the application of VSC. Experimental
results for trajectory control of a robot as well as simulation results
of the robot elastically interacting with a time-varying surface and
the robot moving on a semicircle constraint surface [22] show that
control chattering is eliminated by smooth implementation of VSC
law using the concept of boundary layer [20].
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