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optimization procedure. The optimization is carried out by sim-
ple comparisons, enabling the procedure to be used easily on a
personal computer. Even if a rather coarse grid and as few as
three allowable values for control are used, convergence is rapid
and the results are reliable.
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VSC Coordinated Control of Two Manipulator
Arms in the Presence of Environmental
Constraints

B. Yao, W. B. Gao, S. P. Chan, and M. Cheng

Abstract—A variable structure control (VSC) method is developed for
motion, internal force, and constrained force control of two manipula-
tors grasping a common constrained object. Based on a transformed
dynamic equation of the entire system in the joint space, motion and
force control are designed together via a VSC method with robustness to
parametric uncertainties and external disturbances. The proposed VSC
controller guarantees the system with prescribed qualities in the sliding
mode and during the reaching transient. Simulation results illustrate
the proposed method.

L. INTRODUCTION

Coordinated control of two manipulator arms has received
increasing attention in recent years because of the potential
applications in assembly as well as the handling of large and
heavy objects which are beyond the load capacity of a single
arm.
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When two robots grasp a common object, they form a closed
kinematic chain mechanism. This will impose a set of homoge-
neous constraints on the positions of the robots. As a result,
degrees of freedom (DOF) of the whole system decrease, and
internal forces are generated and needed to be controlled [1]-[6].

When the grasped object comes in contact with rigid surfaces,
kinematic constraints are imposed on the motion of the object
and contact forces are generated. It is necessary to control both
the motion of the object on the constraint surfaces and the
generalized constrained force. This problem has been exten-
sively studied in recent years for a single arm [11]-[13] which is
referred to nonlinear singular system [11].

The problem of constrained object grasped by multiple robots
has been discussed in [7]-[10]. Nonlinear state feedback is used
to linearize and decouple the robot system with respect to the
object motion, internal force, and constrained force by Yun [7]
and Yoshikawa and Zheng [8]. The methods are based on the
exact model of the system. To deal with the uncertainties in the
dynamic modeling of the system, Hu and Goldenberg [10] de-
rived an adaptive law from Popov hyperstability theory. The
controller needs the measurements of acceleration and force
derivative. A VSC method [9] is developed for motion and
constrained force control of the object, in which the internal
force control is not considered.

In this note, we study the robust motion, internal force, and
external contact force control problem of two manipulators
grasping a common object which is constrained by the environ-
ment in the presence of parametric uncertainties and external
disturbances both in the robot and in the object. The dynamic
equations of the robots combining with the dynamic and kine-
matic constraints imposed on the manipulators and the object
are reformulated in the joint space. Based on a transformed
dynamic equation of the robotic system, motion and force con-
trol are designed together via a VSC method. The proposed
VSC controller can guarantee the system with prescribed quali-
ties both in the sliding mode and during the reaching transient.
Simulation results of two three-DOF robots grasping a common
object moving on a circular surface are given to illustrate the
proposed method.

II. DYNAMIC EQUATION OF ROBOTIC SYSTEM AND
PROBLEM FORMULATION

Consider two n;-joint serial link manipulators handling a rigid
object in an n, dimensional workspace where ny <n,. It is
assumed that both robot end-effectors grasp the object firmly at
two specified points. Hence, a closed-loop kinematic chain
mechanism is formed. Kinematic constraints are imposed on the
relative motion between the end-effectors throughout the entire
period during which the task is performed.

Let OXYZ,0,X,Y,Z; (see Figs. 1 and 2) be the Cartesian
reference frame and the base reference frame of the ith robot,
respectively. oxyz is the object frame fixed relative to the object
and o,x,y.z,; is the end-effector frame of the ith robot
located at the grasped point. The dynamic equation of the ith
robot can be written as

M(9:)4; + C{q:,4:)4; + G:(q,)
+IT(g)Fs+ () =1, i=12 (1)

where g; is the n; X 1 joint displacement vector, ; is the
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Fig. 2. Configuration of the ith robot.

applied joint torque, M,(g,) is the inertia matrix, C{q;, 4,)4; is
the coriolis and centrifugal vector, G(g;) is the gravitational
vector, f(¢) is the external disturbance, F,; is the ny X 1 vector
of forces /moments on the object exerted by the ith robot at the
end-effector, J(g;) = dx(q;)/dq; is the corresponding manipu-
lator Jacobian matrix which is assumed to be of full rank in the
work space and x; is the n, X 1 position and orientation vector
of the end-effector frame o,;x,;y.;z.; in the base reference
frame O,;X,Y;Z,. The dynamic equation of the grasped object
can be written as

2
My(p)B + Co(p, PIP + Go(p) +fo(t) = L F = F, (2)
i=1
where p is the ny X 1 position and orientation vector of the
object frame oxyz in OXYZ, M(p),Cy, Go(p), fo?) have the
same meaning as in (1), F, is the contact force vector on the
environment exerted by the object, F; is the equivalent force
representation of F,; given by

F=L7 TFei F,= L{Fi 3)

where L; is the nonsingular transformation matrix between the

object position and the ith robot end-effector position given by
ap(x;)

Lx) = ——">.

i

p=Li(x))x; (€3]
The kinematic constraints resulted from the closed chain mecha-
nism can be written as

p =p(x;) = p(x(q9)) = ¥:(q) b =A4,(9)4;
P=Aig+A4, A;=L(x,(q))I(q) ER™™" i=1,2. (5)

Equations (1) and (2) have the following properties [13]. (For
simplicity, we use g, for p).

Property 1: M{q;) is a symmetric positive definite matrix.
Moreover, for any finite workspace (};, there exist k; > 0 and
ki >0 such that k/l, <MSq) <k]I, Vq;€Q; i=0,12
where I,; is the n; X n; identity matrix. '

Property 2: The matrix N(g;,q,) = M{q,) — 2C{q;,q,) is a
skew-symmetric matrix.
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Property 3: A part of the dynamic structure is linear in terms
of a suitably selected set of the robot (the object) parameters,
ie.,

M(q:)Gieq *+ Ci(4i>4i)Gieq + Gi(q;)

= Yi(‘]i?dh‘iieqa‘iieq)ﬁi i=0,1,2 (6)
where Y, is a n; X k; matrix and B; is a k; X 1 vector containing
the unknown manipulator (the object) parameters; §;.q, §ieq are
reference velocity and acceleration, respectively.

Due to parametric uncertainties, the exact values of B; are
not known and the available values are assumed to be ﬁi. The
modeling errors in (1) and (2) are assumed to be bounded by

|ABiI < 0B; AB; =B — /éi
Lol <sf(r) i=0,1,2 Q)

where | 4| < B is true in element, i.c., |4, < B;; and boundary
values 88 and 8f(z) are known. (In the following, the operation
of matrix is understood in the same meaning.)

When the object comes in contact with an environment which
is completely rigid, the object motion is constrained on the
contact surfaces. We assume that the environmental constraints
can be represented by m mutually independent smooth hyper-
surfaces:

Do(p) =0 Do(p) = [dui(P) bom(P))]  (8)

Neglecting friction force, the contact force F, is given by [8],
[111-13]

I Po(P)

o ©

F=J(n)f., J(p)=
where f, is a m X 1 vector of Lagrange multipliers associated
with the constraints. It is assumed that the object initially lies on
the constraint manifold {®,(p) = 0, J.(p)p = 0} and the con-
trol exercised over the object is to maintain motion of the object
on it [11], [12]. In this case, it is necessary to control both the
motion of the object on the constraint surfaces (8) and the
generalized constrained force f,. However, this will only deter-
mine the sum of the forces applied by the two end-effectors.
Since there is a redundancy in determining the forces F; exerted
by each robot, we must also ensure the necessary coordination
between them. This can be achieved by controlling the internal
force in the object [1]-[6]. The internal force is defined as

fau=(1=-a)F,—aF, 0<ax<l

(10)

where a is a constant weighting factor.

The above dynamic equations and constraints of the robotic
system are derived directly from the physical laws. In the follow-
ing, we will reformulate these equations and constraints to
obtain an equivalent set in the joint space in terms of the joint
vector ¢ = [g],q}1" € R™*"? and the controlled force f=
[fL,fI1" € R*™*™ in a form which is suitable for designing
control algorithms. From (2) and (10), we have

Fy = a(Mop + Cop + Go + F. +fo) + fin

il

F,= (1 - a)(Mop + Cop + Go + F, +fo) = fir- (1)

Substituting the above and (3), (5), and (9) into (1), the resulting
equation can be written in a concise form

M(q)i + C(q,4)4 + G(q) +f(q,t) = 7= D"(q)f (12)
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where
Mg = | M0+ AP 4,
C(q,4d) = -Cl(ql’ql) + aAlCoAd, + “A{MOA.1
Gqy) + O‘A{GU(P)
G =
D= 61a) + (1 - ) ATGo(p)
. [ f) + adlfy()
) =1 - -
@D fy + (- s

By eliminating p, the internal constraints (5) and the external
constraints (8) can be written in terms of g as

@(q) =0

Dy(q1) — Pa(q2)

a®o(P(q)) + (1 — a)D(@y(g)) [ K"

P(q) =

14

with property D(q) = 9®(q)/dq. Noticing Properties 1-3, (12)
has the following properties.
Property 4: M(q) is a symmetric positive definite matrix with

kol vn, < M(q) <kil, ., where k, = min[k{, k;]and k) =
max[k{, k5]

Property 5: The matrix N(q,q) = M(q) — 2C(q, §) is a skew-
symmetric matrix.

Property 6: A part of the dynamic structure (12) is linear in
terms of the selected set g = [ B, BT, B7 1T € R¥O*+*1+42 with

M(@)Geq + C(4,4)Geg + G(q) = Y(4, 4, Geqs Geg) B (15)

where

aATYy (P, B Bregs B
Y(9: G degs i) = Hlp b P )

pleq =A1qleq

p2eq = A242eq

In the constrained robotic system (12), the imposed con-
straints (14) result in a loss of degrees of freedom of the system
which is reduced to k =n, + n, — (ny, + m). Therefore, we
assume that the robotic system configuration can be character-
ized by k independent generalized coordinates W¥(gq) =
[y(g), ", 4 (@)]" which are twice continuously differentiable
and independent of ®(g). In them, (n, — m) generalized coordi-
nates are used to parameterize the motion of the object on the
constraint surfaces. The others are used to characterize the
self-movement of the robots when the robots are redundant.
When each robot is nonredundant, that is, n,=ngk=ny—m,
the motion of the robotic system is completely determined by
the motion of the object on the constraint surfaces.

The robust motion, internal force, and constrained force con-
trol problem of the robotic system is stated as that of designing a
controller so that the robotic system with the constraints (14)
follows the desired motion trajectory ¥(g,(¢)) while exerting the
desired internal force and constrained force fu.(8) =
Lf2a(), FLOI under the modeling errors (7).

My(gq;) + (1 - a)AgMo(P)Az

D(g)=w)

jl 7_=[,,,1T’ T;]TER"1+n2-
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IS R("' +ny)X(ny+ny)

Co+ (1 - e)AlCod, + (1 - a)AgMoA'J

4 —A,
al(p)A; (- a)l(p)4,

(13)

(1 = @) A%Yo( Py Py Paregs Preq) 0
13leq= Alqleq + Alqleq

Preq=AzGreq + AZquq

III. VSC COORDINATED MOTION AND FORCE CONTROL OF
ROBOTIC SYSTEM

Define a nonlinear transformation
T
r(q) = [rfT, rpT] rp==®(q) r,=%¥(q)

I¥(q)

. . T 1T
F=Id = D@ @] ) =

a7)

Substituting (17) into (12), multiplying both side by J 7, dynamic
equation of the robotic system (12) can be expressed in terms of

" the variable r as

H(r)F + C(r,Fyr + G(r) + F(r,1) = T - Bf

r=[0.r7]" B=11,,,,0]" (18)

Yl(q]’QI’q'leq)q'leq) 0
Yz(qzr 42> quqv fizeq)

Geg=[dhugsdlug]”

o= @0 b (16)
where

H(r) =J;"™M(q)J;"

C(r,#) =J;TC(q,4)0; " — I, TM(q)J; T, I "

G(r)=71,"G(q)  F(r,)y=J7"f(t) T=I;Tr (19)

in which the constraints (14) is simply described by ry=0. The
motion of the robotic system is uniquely determined by the
coordinates r,, and the desired motion is given by rpd(t) =
W(g,(1)).

From Properties 4-6, (18) has the following properties.

Property 7 [9]: For finite workspace Q which J, is nonsingu-
lar, H(r) is a symmetric positive definite matrix with kil on, <
H(r) < k'I where k; = (k;/c}) k] = (kj/c?) ¢ =

rong+n;
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max ;¢ gl 05 (J (@] ¢, = mianQ[amin(Jq(q))] and o(J)
means singular value of the matrix J,. )

Property 8 [9]: The matrix N(r,7) = H(r) — 2C(r, F)is a
skew-symmetric matrix.

Property 9: A part of the dynamic structure (18) is linear in
terms of the selected set B in Property 6 with

H(r)f,g + C(r,F)Fpq + G(r) = Y(r, FyFogs 'r'eq)B (20)
where
Y(r,r’,r‘eq,i'eq) = Jq‘TY(q,q,qeq,qeq)
—U Yy eg=T; (P~ Tude) @D

For VSC, the switching function is selected as

qeq

s= U] smKfemdn o= = fi)

sp, =€, + Kpe, p = 1p(1) — 1,4(t) (22)
where K, is a weighting matrix, K, is any positive definite

matrix. The resulted sliding mode equation s = 0 is described by

j:ef(u)du =0 ¢, +Kee,=0ore,~0 (23)
and since the integral of e; vanishes identically for any time ¢
after the sliding mode is reached and maintained, we have,
e; =0, f = f,(+). The robotic system asymptotically follows the
desired motion trajectory r,,(t) while exerting the desired force
faD).

The control torque can be determined so that the system
reaches the sliding mode in finite time and has prescribed
reaching transient response against the modeling errors.

Theorem 1: For the robotic system with the constraints (14),
the system will asymptotically follow the desire motion trajectory
r,4(t) and exert the desired internal force and external contact
force f,(¢) under the modeling errors (7), if the following control
torque is applied

T =Y(r,t,fpgFoq) B — Rs = Ty — esgn(s) + Bf (24)

where
t
. —Kffoef(p«)du ; _[ —Kyer
» 0=\ T
Fat) — Koe, Fpa(t) — K€,
Ty = [(8T)15gn (51),+, (8T )mymy 580 (5, 40,)1

8T =|Y (1,7, g 7.g) |88 + 10, T18F

. s
io| ot a|A1|8]TC0 ) )
8f, + (1 — a)l43]8f,

€>0  sgn(s) = [sgn(s1), 560 ()]

R is any positive definite matrix, and sgn(-) is the sign function.
Moreover, the reaching time ¢, which the system reaches the
sliding mode is

1. <t

2 c
r — "max tmax = C_ln (1 + C_S‘/—I/'O) (26)
3

4
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where

2Amin(R) 2
C3 = k"
r

1
Vo= 350 H(r(0)s(0)

and the reaching transient response is shaped by

2 c c
Isl </ & [(\/V_o + c—:)exp‘“ﬁ”" - é] (28)

where A_;,(R) means minimum eigenvalue of the matrix R. &
Proof- For the constrained robotic system (18), we choose a
Lyapunov function V' = 0.5sTH(r)s. From Property 7, we have

@7

1 1 "
Skilsl < V< Skylsil. (29)

Differentiating ¥ with respect to time yields

) 1 ..
V =s"Hs + —sTHs

2
ZSTH(['E] —Feq) +sTC(r,r‘)([r2] —r'eq)

= s"[T - Hi,y = C(r,#)feg = G(r) = F(r, ) = Bf]

=ST[T_Y(rafvfeq’;eq)ﬁ_ﬁ(r’t)_Bf] (30)

where Property 8 has been used to eliminate the term 1/ 25THs
due to the time nature of inertia matrix, and Property 9 has
been used to simplify the formula. Substituting control torque
(24) into it and noticing (29), we have

V= —s"Rs — esTsgn(s) —sTT,

- sT[Y(r,f, ',,q,'r'e,,) AB +J,;Tf(t)]

< —sTRs — esTsgn(s) — sTT, + |sT| 8T
Ni+N,
< —sTRs—¢ ¥ Isil < = Ann(R)lIsI? — ellsll
i=1
< —cV — eV, 31
So
cy 4
W< ‘/l—/; + — Jexp (/2 — — (32)
C3 C3

which means that in finite time V =0, ie., s = 0. Moreover,
from (29), the reaching transient response is shaped by (28). The
upper limit ¢, of the reaching time ¢, is solved by setting the
right hand of (32) equal to zero which is given by (26). [

Remark 1: In the above theorem, the role of the discontinu-
ous control torque 7}, is to overcome the modeling errors (7) so
that the system reaches the sliding mode in finite time. Introduc-
ing the discontinuous term € sgn (s) which enhances this effect
and enables us to explicitly control the reaching transient. As
can be seen from (26), the larger € and A,,(R) are, the smaller
tnax Will be, ie., the reaching transient will be shorter. However,
if € is large, there would probably appear a strong chattering in
practice due to its discontinuity. A better choice is to take small
€ and large A,;,(R), such that the reaching transient is rapid
enough and at the same time the chattering is relatively small.

The corresponding control torque in the joint space is given
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by

T=Y(4,4:deq: Geg) B~ IT[Rs + esgn (s) + T, — Bf] (33)

where §,,, 4., is defined in (21). In practice the implementation
of the control torque (33) results in control chattering since the
control law is discontinuous across a sliding surface. Chattering
is undesirable because it involves high control activity and may
excite the neglected high-frequency dynamics. Moreover, in the
case studied, control chattering also cause force response dis-
continuous since the applied control torque can directly influ-
ence the resulted constrained force and internal force, which
severely degrades the system performance. For overcoming this
problem, the concept of the boundary layer [14] is used, that is,
sgn(s;) is replaced by the saturation function sat (s;/A,) where
A; is the boundary layer thickness. This leads to the system
response within a guaranteed precision as demonstrated in the
simulation.

IV. SIMULATION

Fig. 1 shows two three-DOF planer robots grasping a common
object moving on a circular surface. For simplicity, the object is
assumed to be point contact with the surface with physical size
neglected. The configuration of each robot is shown in Fig. 2.
Elements of the matrices in the dynamic equation (1) are given
by

My = By + 2B;5L;Cs + 2B,6(LyChy + Ly Ch)
My =B, + 2Bi6Li2Cfi M3 = Bis
My = B + BisLiCh + Big(LyChy + 2L,,CY)

M3 = Bis + Big(LiyChs + L;,CY)

My = Bis + BisLxC} M = My,
Cinn = =BisLidinS; — Bis(LiS5(dir + diz) + L12G:3S%)
Ci12 = ‘3,‘5141(4‘:‘1 + ‘iiz)sé

= Bio(Li1S33(gin + Gip + dis) + L;2G:354)

Cias = —Bie(LiS% + L3S (diy + Gin + Gi3)

(34)
Cir = BisLi1dnS; + Bi6(Li1S§3q.i1 - LizQizsé)
Ciy = = BisLi241353)
Cini = Bis(LinS53dn + Lio(§iy + d:2)S%)
Cisz = BisLip(g;y + q'.z)sgi
Giy = (BuCl + BisCly + BisCix)g

G = (BisCi, + BisCis)g

Cis = —BigLin(din + diz + 4:3)S%

Cs=0

Gi3 = BisCing

and F,; = [f,,, eiy m,;. 17, Cf = cos(q,), C; = cos(qy,), Ci =
cos(g3), Si= sin(q;), S5 =sin(g;,), Si=sin (g:3), Ci; =
cos(g; + g;), Ci; = cos (g2 + q;3), Cly = cos(q, + g, +
4i3), Si; = sin(g,; + 4i2), Sy = sin(g;; + g;3), Siz = sin (g +
d:; + q;3). External disturbances are assumed to be fie) =
[5 sin (0.57¢), 5 sin (0.57 1), 0.5 sin (0.5# £)]”. B =

[ Bits Biz, Biss Bias Bisy Bi]” is the suitably selected set of the ith
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robot physical parameters:

2 2
By =1y + Ip+ Iy + myli +mpl3,

2 2 2 2
+ mylicy + mp Ly + m(Li + L,
2 2 2
By = Iy + Iz + mplicy + mylics + my L,

2
Bz =1y + myli,

Bis = mylicy + (myy + my3) Ly Bis =mpliy + myzLiy

Bis = m3lics. (35)
The matrix Y{q;, §;, dicq»> Gieg) in Property 3 can be directly
obtained by substituting (34) into the left hand of (6). Parameter
values of the ith robot under study are m;, = 10 kg, m;, = 10
kg, m; =2 kg, I; =2 kgm?, I, =2 kgm?, I, =05 kgm?
Liy=05m, ,,=05m,/;;3=01m, L;=1m, L,=1m,
L;; =02 m. Therefore, B; =[23.52,7.02,0.52,17,7,0.2)7. The
forward kinematic relationship of the ith robot is x’ = [x,;, Yeis
0,1 = [LyCl + L;y,Cly + LiyClyy, LinSi + LipSi; + LiaSins,
g1 + g2 + g:31". The dynamic equation of the object is given by

mg

0 2
mo P+ |M8|+F +f(t)= L F
IN 0 i=1

x1 10 T
p=1Y| fo(®) =110 ]sin (—t)
[0] [0.5 2
where F; = [f,,, f;,, m;,I" are given by (3), and the actual values
of my, I, are my = 20 kg, I, = 4 kgm?. Defining B, = [m,, 1,17,
from (36), we can obtain the matrix Y,(p, p, Pegs Peg)-

The exact values of the robot parameter 8; and the object
parameter 3, are assumed to be unknown with their estimated
values f; = [14, 4, 0.3, 10, 4, 0.117, B, = [10,2]. So we choose
the boundaries of the modeling errors (7) as 88; = [10, 4, 0.3, 7,
3, 0.11%, 88, =[10,21%, &f; =[5, 5, 0.5], &f, = [10, 10, 0.5I".
The kinematic relationships (4) among the object and the robots
are given by p =[x, —dy, Yo, 0] =[d; = x3, yo3, = 6,517
where d; = 1 m, d, = 1 m. The internal constraints (5) are then
calculated, and the internal force is defined by (10) where « is
chosen as a = 0.5. The environmental constraint (8) and the
constrained force (9) are given by

VX2 +y? —dy;=0 d;=07m

(36)

F, = [cos ¢ sin ¢ 0]7f,.
(37)

As each robot is nonredundant, the motion of the robotic system
is determined by the motion of the object on the circular
surface. Therefore, we choose generalized coordinates r, as
r,= [x, 8]7. The nonlinear transformation (17) are then formed.
The switching function is defined in (22) where K, =
diag {0.02,0.02,0.02,0.02} and K, = diag{15,15}. The control
torque is calculated by (33) where sgn(s) is replaced by sat
(s/A). The controller parameters are chosen as R =
diag {2000, 2000, 2000, 2000, 1000, 1000}, e = 1, A =
diag {0.03, 0.03,0.03,0.05,0.05,0.03}, g = 9.8 ms~2. The desired
position, internal force and contact force trajectories are

x4 = ~0.5cos (0.2571)

6, = atan 2[\/d — x3(1) Jx4()] - 057

fii = (3%)

Figs. 3-5 show the time responses of position, internal force,

[000]" f,=—50~25sin(0.5mt).
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Fig. 6. Time response of switching function.

and contact force of the object which verify the robust motion
and force tracking control of the suggested method. The time
response of the switching function is shown in Fig. 6. Robot joint
torques of Figs. 7 and 8 demonstrate the elimination of chatter-
ing by using the boundary layer technique.

V. CONCLUSION

In this note, the robust motion, internal force, and contact
force control problem of two manipulators grasping a common
object which interacts with the environment has been consid-
ered. Kinematic and dynamic constraints imposed on the manip-
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ulators and the object are first determined to obtain a dynamic
model of the entire system in the joint space. Based on a
transformed dynamic equation, motion and force tracking con-
trol are designed via a VSC method with robustness to both
parametric uncertainties and external disturbances. Prescribed
qualities are also guaranteed during the reaching transient.
Detailed simulation results illustrate the proposed method.
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Discrete-Time Point Process Filter for Mode Estimation
Chun Yang, Yaakov Bar-Shalom, and Ching-Fang Lin

Abstract—The performance of a tracking and prediction system of
maneuvering targets can be improved by using additional (and uncon-
ventional) measurements of target features or attitude (target modes),
typically provided by an image pr . A del for the
image-based observation channel for target-mode estimation in discrete
time is presented in this note. A multidimensional point-process filter is
then obtained by using the discrete-time point process theory. The
characteristics of the filter are finally illustrated through simulation
examples.

L. INTRODUCTION

Maneuver estimation is a major problem in advanced target
tracking. The difficulty lies in the uncertainty of the maneuver.
Maneuvers can be modeled as acceleration changes in the
kinematic equations, and a survey of recent results in the litera-
ture can be found in [1]. However, those approaches suffer, as
pointed out in [2], from a fundamental limitation when only
position (range and angles) and, occasionally, Doppler rate are
available. There is a significant delay between the time of an
acceleration change and the time when the trajectory deviation
permits us to determine that change unambiguously. Conse-
quently, it is difficult to obtain a satisfactory maneuver detection
and acceleration estimation only from those measurements.

Introducing a new source of information was proposed in [2],
to exploit the significant correlation between the aircraft orien-
tation and the direction of the acceleration. A relationship
between aircraft attitude angles (yaw, pitch, and roll) and the
magnitude and direction of acceleration was analytically derived
in [3]. The use of an imaging sensor, in conjunction with an
image processor, provides the practical means to obtain attitude
measurements. Most parameters characterizing the target atti-
tude are inherently continuous valued, like orientation angles.
However, the precision limitation of processing algorithms and
the time constraint involved necessitate attitude variable dis-
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cretization. The mechanism of optical-matched filters or correla-
tors [4] as well as neural network technology [5] only considers a
finite set of reference patterns. These image-processing algo-
rithms express a continuous-valued attitude in terms of a finite
set of values or modes, and their output (image-based mode
measurement) can be considered as a sequence of statements
from a finite vocabulary describing the image content.

Due to clutter and processing error, the statement from the
image sensor processor may not correspond to the actual mode
of the target. Temporal filtering is necessary to yield more
reliable assessments. A continuous-time probabilistic framework
has been established [6] and a mode filter developed to account
for the imperfection of image-based mode measurements.

In this note, the discrete-time counterpart is defined, and the
discrete nature of image processing is accounted for fully: not
only the discrete-valued outputs but also the fact that the output
is available only at discrete times. The dependence of image
sensing and processing upon the target mode is also taken into
account.

II. DISCRETE-TIME IMAGING CHANNEL AND MODE FILTER

Target maneuvering is often slowly reflected in position mea-
surements; whereas the maneuver-induced target orientation
change can be quickly detected through the sudden variation of
the target image [2], [3], and [6]. The imaging sensor and image
processor constitute an image-based observation channel. As-
sume that the image sensor processor is designed to look from
cluttered and noisy images for a set of modes (discretized
attitude) of the target of interest, denoted by

m(t) € M = {1,-, M}. (2.1)

Introduce an indicator vector ¢(¢) for m(¢) such that the ith
element of ¢(t) is

m(t) =i

2.2
otherwise. 22

1
(1) =
¢(1) {0
The output of the image sensor processor is one of the M
possible statements denoted by

n(tyeM={1,-, M} (2.3)

and a similar indicator vector p(¢) for n(¢). Then, p(t) is a vector
with binary elements or a point-process vector [7].

Two parameters are introduced to describe the image-sensing
and image-processing procedure. The first, observation rate,
characterizes the dependence of the image frame and mode
statement generation upon the complexity of information, sensi-
tivity of the detector, sophistication of processing, availability of
CPU, etc. Denote the appearance of a frame of image by a
binary variable such that

W) = {(1)

Note that «(¢t) = 0 implies p(¢) = 0 for all i. This is different
from the continuous-time definition, where the waiting time
between two observations is assumed to be exponentially dis-
tributed [6]. Consequently, a mode-dependent rate is introduced

A=A Ay T @5)

a statement is generated

no statement is available. @4

with

A= Plu(r) = 1e(1) = 1} = E{u())l$(1) = 1}. (26)
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