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Abstract

This paper studies the precision motion control of single-rod hydraulic actuators with time-varying

unknown inertia loads. The swing motion control of a robot arm driven by a single-rod hydraulic

actuator (a scaled down version of industrial backhoe loader arm) is used as a case study. During the

swing motion, the e�ective mass acting on the hydraulic actuator varies greatly with the swing angle

and thus time-varying. Furthermore, due to the change of the load of the robot arm in operations,

the e�ective mass is also unknown. A discontinuous projection based adaptive robust controller is

constructed to take into account this strong dependence of the e�ective mass on the fast changing

swing angle and the unknown payload of the arm. The resulting ARC controller is able to take into

account not only the e�ect of parametric uncertainties coming from the payload and various hydraulic

parameters but also the e�ect of uncertain nonlinearities such as uncompensated friction forces

and external disturbances. The ARC controller guarantees a prescribed output tracking transient

performance and �nal tracking accuracy while achieving asymptotic output tracking in the presence

of parametric uncertainties. In addition, the zero output tracking error dynamics for tracking a large

class of time-varying trajectories is shown to be globally uniformly asymptotically stable. Comparative

experimental results are presented to show the e�ectiveness and the high performance nature of the

proposed control algorithm.
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I. Introduction

The dynamics of hydraulic systems are highly nonlinear [1].The system may be subjected to non-smooth

and discontinuous nonlinearities due to control input saturation, directional change of valve opening, fric-

tion, and valve overlap. Aside from the nonlinear nature of hydraulic dynamics, hydraulic servosystems

also have large extent of model uncertainties. The uncertainties can be classi�ed into two categories:

parametric uncertainties and uncertain nonlinearities. Examples of parametric uncertainties include

the large changes in load seen by the system in industrial use and the large variations in the hydraulic

parameters (e.g., bulk modulus) due to the change of temperature and component wear [2]. Other

general uncertainties, such as the external disturbances, leakages, and friction, cannot be modeled ex-

actly and the nonlinear functions that describe them are not known. These kinds of uncertainties are

called uncertain nonlinearities. These model uncertainties may cause the controlled system, designed

on the nominal model, to be unstable or have a much degraded performance. Nonlinear robust control

techniques, which can deliver high performance in spite of both parametric uncertainties and uncertain

nonlinearities, are essential for successful operations of high-performance hydraulic systems.

In the past, much of the work in the control of hydraulic systems uses linear control theory [3, 4,

5, 6] and feedback linearization techniques [7, 8]. In [9], Alleyne and Hedrick applied the nonlinear

adaptive control to the force control of an active suspension driven by a double-rod cylinder. They

demonstrated that nonlinear control schemes can achieve a much better performance than conventional

linear controllers. They considered the parametric uncertainties of the cylinder only.

In [10], the adaptive robust control (ARC) approach proposed by Yao and Tomizuka in [11, 12, 13, 14]

was generalized to provide a rigorous theoretical framework for the high performance robust motion

control of a double-rod hydraulic actuator by taking into account the particular nonlinearities and model

uncertainties of the electro-hydraulic servo-systems. The presented ARC scheme uses smooth projections

[12, 13] to solve the design conicts between adaptive control technique and robust control technique. In

[15], the recently proposed discontinuous projection method based ARC design [14] is generalized to solve

the practical problems associated with smooth projections [10]. In [16], the discontinuous projection

based ARC Scheme [15] is extended to the precision control of a single-rod hydraulic actuator, in which a

constant inertia load is considered and the zero output tracking error dynamics for tracking any non-zero

constant desired velocity trajectory is shown to be stable.

This paper continues the work done in [16] and will extend the results to the precision control of

single-rod hydraulic actuators with time-varying and unknown inertia load. To make the development

more understandable and application speci�c, the swing motion control of a robot arm driven by single-

rod hydraulic actuators will be used as a case study. During the swing motion, the e�ective mass acting

on the hydraulic actuator varies drastically with the swing angle and thus time-varying. Furthermore,

due to the change of the payload of the robot arm, the e�ective mass is also unknown. This strong

dependence of the e�ective mass on the changing swing angle and the unknown payload of the robot

arm makes the swing motion control a perfect case study for the precision motion control of single-rod

actuators with time-varying unknown inertia load. A discontinuous projection based ARC controller

will be constructed to take into account the strong dependence of the e�ective mass on the fast
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changing swing angle and the unknown payload of the arm. The resulting ARC controller is able to

take into account not only the e�ect of the parametric uncertainties coming from the payload and

various hydraulic parameters but also the e�ect of uncertain nonlinearities such as uncompensated

friction forces and external disturbances. The ARC controller guarantees a prescribed output tracking

transient performance and �nal tracking accuracy while achieving asymptotic output tracking in the

presence of parametric uncertainties only. Comparative experimental results will be presented to show

the e�ectiveness and the high performance nature of the proposed control algorithm.

As pointed out in [16], a particular phenomenon associated with the motion control of single-rod

hydraulic actuators is that there exists a one-dimensional internal dynamics, which is due to the fact

that the two chambers of a single-rod actuator have di�erent areas. Thus, it is of practical interests to

consider the stability of the resulting internal dynamics. It is shown in this paper that when tracking a

fairly general class of time-varying desired trajectories, the resulting zero output tracking error dynamics

is globally uniformly asymptotically stable, which is the �rst theoretical result available in the literature

on the stability of zero output tracking error dynamics when tracking a non-constant velocity trajectory.

The paper is organized as follows. Problem formulation and dynamic models are presented in section

II. The proposed nonlinear ARC strategy is given in section III. Experimental set-up and comparative

experimental results are presented in section IV. Conclusions are drawn in section V.

II. Problem Formulation and Dynamic Models
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Figure 1: Swing Motion of a Robot Arm Driven by a Single-Rod Hydraulic Cylinder

The system under consideration is depicted in Fig. 1, which represents the swing motion of a 3

degree-of-freedom(DOF) hydraulic robot arm with the other two joints �xed. The goal is to have the

cylinder displacement xL (or the swing angle q) track any feasible desired motion trajectory as closely

as possible for precision maneuver of the inertia load of the hydraulic cylinder.

Using the joint angle q as the coordinate, the kinetic energy of the swing motion can be expressed

as T = 1
2(J0 + J1) _q

2 where J0 is the swing inertia of the robotic arm and J1 is the swing inertia due
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to the payload mounted at the end of the robot arm 1. Since the other two links of the robot arm are

�xed, J0 and J1 are constant; J1 is unknown since it depends on the unknown payload of the robot

arm. In terms of the cylinder displacement xL, the kinetic energy of the swing motion can be expressed

as T = 1
2(J0+J1)(

@q
@xL

)2 _xL
2, where the fact that q is uniquely related to xL has been used, i.e., q(xL).

Using Euler-Lagrange equation, The dynamics of the swing motion can be described by

(J0 + J1)(
@q
@xL

)2�xL = P1A1 � P2A2 � b _xL � Ffc( _xL)� (J0 + J1)
@q
@xL

@2q

@x2
L

_x2L + ~f(t; xL; _xL) (1)

where P1 and P2 are the pressures of the two cylinder chambers respectively, A1 and A2 are the ram areas

of the two cylinder chambers respectively, b represents the combined coeÆcient of the modeled damping

and viscous friction forces on the load and the cylinder rod, Ffc represents the modeled Coulomb friction

force, and ~f(t; xL; _xL) represents the lumped modeling error including external disturbances and terms

like the unmodeled friction forces.
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Figure 2: E�ective Mass vs Cylinder Displacement

As seen in (1), the e�ective mass driven by the cylinder is (J0 + J1)(
@q
@xL

)2, which could change

greatly during operations since ( @q
@xL

) is a nonlinear function of the cylinder position xL and varies

signi�cantly; for the system used in the experiments in section IV, the dependence of the e�ective mass

on the cylinder position with and without a payload of 45kg is shown in Fig.2, in which the e�ective mass

varies from 2:030� 103kg to 6:656 � 103kg for no-load situation and 5:746 � 103kg to 1:884� 104kg

for loaded situation. Furthermore, it is unknown due to the unknown swing inertia J1 caused by the

payload.

1For simplicity, the swing inertia due to the swing cylinder is neglected since the mass of the swing cylinder is
quite small comparing to the inertia of the whole robotic arm
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The actuator (or the cylinder) dynamics can be written as [1], �rst for the forward chamber:

V1
�e

_P1 = �A1 _xL � Ctm(P1 � P2)� Cem1(P1 � Pr) +Q1 (2)

where V1 = Vh1 +A1xL is the total volume of the forward chamber including the hose volume between

the forward chamber and the servovalve, Vh1 is the forward chamber volume when xL = 0 , �e is

the e�ective bulk modulus, Ctm is the coeÆcient of the internal leakage of the cylinder, Cem1 is the

coeÆcient of the external leakage for the forward loop. Q1 is the supplied ow to the cylinder. Q1 is

related to the spool valve displacement of the servovalve, xv, by [1]

Q1 = kq1xv
p
�P1; �P1 =

(
Ps � P1 for xv � 0

P1 � Pr xv < 0
(3)

where kq1 is the ow gain coeÆcient for the forward loop, Ps is the supply pressure of the pump uid,

and Pr is the reference pressure in the return tank. Similarly, the actuator dynamics for the return

chamber is:
V2
�e

_P2 = A2 _xL + Ctm(P1 � P2)� Cem2(P2 � Pr)�Q2 (4)

where V2 = Vh2 � A2xL is total volume of the return chamber including the hose volume between

the return chamber and the servovalve, Vh2 is the return chamber volume when xL = 0, Cem2 is the

coeÆcient of the external leakage for the return loop, Q2 is the return ow to the cylinder. Q2 is related

to the spool valve displacement of the servovalve, xv, by [1]

Q2 = kq2xv
p
�P2; �P2 =

(
P2 � Pr for xv � 0

Ps � P2 xv < 0
(5)

As in [16], to minimize the numerical error and facilitating the gain-tuning process, constant scaling

factors are introduced to the pressures and the valve opening respectively; the scaled pressure and valve

opening are �P1 =
1
Sc3

P1, �P2 =
1
Sc3

P2, �Ps =
1
Sc3

Ps, �Pr =
1
Sc3

Pr, and �xv =
1
Sc4

xv respectively. De�ne

a set of state variables as x = [x1; x2; x3; x4]
T �
= [xL; _xL; �P1; �P2]

T , the entire system, Eqs.(1)-(3) and

(4), with control input u = �xv can be expressed in state space form as:

_x1 = x2

_x2 =
1

�m0(x1)
1

1+
J1
J0

(x3 � �Acx4 � �bx2 � �Ffc)� pq(x1)x2
2 + d

m0(x1)

_x3 = h1(x1)[
�eSc4kq1p
Sc3Vh1

(� �A1x2 + g3(x3; sign(u))u) � Ctm�e
Vh1

(x3 � x4)� Cem1�e
Vh1

(x3 � �Pr)]

_x4 = h2(x1)[
�eSc4kq1p
Sc3Vh1

( �A2x2 � g4(x4; sign(u))u) +
Ctm�e
Vh1

(x3 � x4)� Cem2�e
Vh1

(x4 � �Pr)]

(6)

where m0(x1) = J0(
@q
@xL

)2, �m0(x1) =
m0(x1)
sc3A1

, �Ac =
A2

A1
, �b = b

Sc3A1
, �Ffc =

Ffc(x2)
Sc3A1

, pq(x1) =
@2q

@x2
L

= @q
@xL

,

d = 1

1+
J1
J0

~f(t; x1; x2), h1(x1) = 1
1+ �Ah1x1

, h2(x1) = 1
kv� �Ah2x1

, kv = Vh2
Vh1

, �Ah1 = A1

Vh1
, �Ah2 = A2

Vh1
,
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�A1 =
A1

kq1Sc4
p
Sc3

, �A2 =
A2

kq1Sc4
p
Sc3

, and g3 and g4 are de�ned by

g3 =
q
�P1; �P1 =

(
�Ps � x3 for u � 0

x3 � �Pr u < 0

g4 = kqc

q
�P2; �P2 =

(
x4 � �Pr for u � 0
�Ps � x4 u < 0

(7)

in which kqc =
kq2
kq1

.

Given the desired motion trajectory xLd(t), the objective is to synthesize a control input u such

that the output y = x1 tracks xLd(t) as closely as possible in spite of various model uncertainties.

III. Adaptive Robust Control Design

III.1 Design Model and Issues to be Addressed

In general, the system is subjected to parametric uncertainties due to the variations of J1, b, Ffc, �e,

Ctm, Cem1, and Cem2. For simplicity, in this paper, we only consider the parametric uncertainties due to

the unknown payload swing inertia J1, the bulk modulus �e, the nominal value of the lumped modeling

error d, dn, leakage coeÆcients Ctm, Cem1, and Cem2. Other parametric uncertainties can be dealt with

in the same way if necessary. In order to use parameter adaptation to reduce parametric uncertainties to

improve performance, it is necessary to linearly parametrize the state space equation (6) in terms of a set

of unknown parameters. To achieve this, de�ne the unknown parameter set � = [�1; �2; �3; �4; �5; �6]
T

as �1 =
1

1+
J1
J0

, �2 = dn, �3 =
�eSc4kq1

Vh1
p
Sc3

, �4 =
Ctm�e
Vh1

, �5 =
Cem1�e
Vh1

, and �6 = Cem2�e
Vh1

. The state space

equation (6) can thus be linearly parametrized in terms of � as

_x1 = x2

_x2 =
�1

�m0(x1)
(x3 � x4 �Ac � �bx2 � �Ffc(x2))� pq(x1)x

2
2 +

�2
m0(x1)

+ ~d(t; x1; x2); ~d = d(t;x1;x2)�dn
m0(x1)

_x3 = h1(x1)[�3(� �A1x2 + g3(x3; u)u) � �4(x3 � x4)� �5(x3 � �Pr)]

_x4 = h2(x1)[�3( �A2x2 � g4(x4; u)u) + �4(x3 � x4)� �6(x4 � �Pr)]

(8)

For simplicity, the following notations are used throughout the paper: �i represents the i-th com-

ponent of the vector �, and the operation < for two vectors is performed in terms of the corresponding

elements of the vectors. Since the extents of the parametric uncertainties and uncertain nonlinearities

are normally known, the following practical assumption is made

Assumption 1 Parametric uncertainties and uncertain nonlinearities satisfy

� 2 
�
�
= f� : �min < � < �max g

j ~d(t; x1; x2)j � Æd(x1; x2; t)
(9)

where �min = [�1min; : : : ; �6min]
T ; �max = [�1max; : : : ; �6max]

T and Æd(t; x1; x2) are known. Physically,
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�1 > 0 and �3 > 0. So it is also assumed that �1min > 0 and �3min > 0. �

At this stage, it can be seen that the major diÆculties in controlling (8) are:

(i) The system dynamics are highly nonlinear, either due to the dependence of the e�ective mass

on swing angle or the inherent nonlinearities of hydraulic dynamics such as the nonlinear ow

gains (represented by g3(x3; sign(u)) and g4(x4; sign(u))) and the change of control volumes

(represented by h1(x1) and h2(x1)).

(ii) The system has severe parametric uncertainties like large variation of the inertial load J1, the

change of bulk modulus due to entrapped air or temperature, etc.

(iii) The system may also have large extent of lumped modeling error (represented by the uncertain

nonlinearity ~d) including external disturbances, unmodeled friction force, etc.

(iv) The model uncertainties are mismatched, i.e. both parametric uncertainties and uncertain non-

linearities appear in the dynamic equations which are not directly related to the control input

u = xv.

(v) As will become clear later, the "relative degree" of the system is three while the system state has a

dimension of four. Thus, there exists a one-dimensional internal dynamics after an ARC controller

is synthesized. It is thus necessary to consider the stability of the resulting internal dynamics, or

at least the stability of the resulting zero output tracking error dynamics when tracking a large

class of reference trajectories.

To address the above challenges, following general strategies are adopted:

a. Physical model based nonlinear analysis and synthesis will be employed to deal with the nonlinear

nature of the system dynamics directly, i.e., the subsequent controller design will be based on the

nonlinear physical model (8).

b. The adaptive robust control (ARC) approach [11, 14] will be used to handle the e�ect of both

parametric uncertainties and uncertain nonlinearities e�ectively for high performance - certain

robust feedback will be employed to attenuate the e�ect of various model uncertainties as much as

possible while parameter adaptation will be utilized to reduce model uncertainties for an improved

performance.

c. Backstepping design [19] via ARC Lyapunov function [13, 14] will be used to overcome the design

diÆculties caused by unmatched model uncertainteis.

Following the above general guideline, the proposed ARC design is detailed in the subsequent sub-

sections.

III.2 Notations and Discontinuous Projection Mapping
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Let �̂ denote the estimate of � and ~� the estimation error (i.e., ~� = �̂ � �). Viewing (9), a simple

discontinuous projection can be de�ned [17, 18] as

Proj
�̂
(�) =

8>><
>>:

0 if �̂i = �imax and � > 0

0 if �̂i = �imin and � < 0

� otherwise

(10)

By using an adaptation law given by
_̂
� = Proj

�̂
(��) (11)

where � > 0 is a diagonal matrix and � is an adaptation function to be synthesized later. It can be

shown [17, 18, 11] that for any adaptation function � , the projection mapping used in (11) guarantees

(P1) �̂ 2 �
�
�
= f�̂ : �min � �̂ � �maxg

(P2) ~�T (��1Proj
�̂
(��)� �) � 0; 8� (12)

For simplicity, let _̂x2 represent the calculable part of _x2, which is given by

_̂x2 =
�̂1

�m0(x1)
(x3 � �Acx4 � �bx2 � �Ffc(x2))� pq(x1)x2

2 + �̂2
m0(x1)

(13)

III.3 ARC Controller Design

The design parallels the recursive backstepping design procedure via ARC Lyapunov functions in

[14, 13] as follows.

Step 1

Noting that the �rst equation of (8) does not have any uncertainties, an ARC Lyapunov function can

thus be constructed for the �rst two equations of (8) directly. De�ne a switching-function-like quantity

as

z2 = _z1 + kpz1 = x2 � x2eq; x2eq
�
= _x1d � kpz1 (14)

where z1 = x1 � x1d(t), in which the reference trajectory x1d(t) will be speci�ed later to achieve a

guaranteed transient performance and kp is any positive feedback gain. If z2 converges to a small value or

zero, then the output tracking error z1 will converge to a small value or zero since Gs(s) =
z1(s)
z2(s)

= 1
s+kp

is a stable transfer function. So the rest of the design is to make z2 as small as possible with a guaranteed

transient performance.

De�ne the load pressure as PL = x3 � �Acx4. Di�erentiating (14) and noting (8)

_z2 = _x2 � _x2eq =
�1

�m0(x1)
(PL � �bx2 � �Ffc)� pq(x1)x2

2 + �2
m0(x1)

+ ~d� _x2eq (15)

where _x2eq
�
= �x1d � kp _z1 is calculable. In (15), if we treat PL as the virtual control input to (15), we

can synthesize a virtual control law �2 for PL such that z2 is as small as possible. Since (15) has both
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parametric uncertainties �1 and �2 and uncertain nonlinearity ~d, the ARC approach proposed in [14] will

be generalized to accomplish the objective. The control function �2 consists of two parts given by

�2(x1; x2; �̂1; �̂2; t) = �2a + �2s

�2a = �bx2 + �Ffc +
�m0(x1)

�̂1
( _x2eq + pq(x1)x2

2 � �̂2
m0(x1)

)
(16)

in which �2a functions as an adaptive control law used to achieve an improved model compensation

through on-line parameter adaptation given by (11), and �2s is a robust control law to be synthesized

later. If PL were the actual control input, then � in (11) would be

�2 = w2�2z2; �2
�
=
h

1
�m0(x1)

(�2a � �bx2 � �Ffc);
1

m0(x1)
; 0; 0; 0; 0

iT
(17)

where w2 > 0 is a constant weighting factor.

Due to the use of discontinuous projection (10), the adaptation law (11) is discontinuous and

thus cannot be used in the control law design at each step as contrary to the tuning function based

backstepping adaptive control [19]; backstepping design needs the control function synthesized at each

step to be suÆciently smooth in order to obtain its partial derivatives. To compensate for this loss of

information, the robust control law has to be strengthened. So the robust control function �2s consists

of two terms given by

�2s = �2s1 + �2s2

�2s1 = � �m0max

�1min
(k2s1 + k2)z2; k2 > 0

(18)

where �m0max represent the upper bound of the inertia �m0(x1), k2 is a positive scalar, k2s1 a positive

nonlinear control gain function to be speci�ed later, and �2s2 is a robust control function synthesized

as follows. Let z3 = PL � �2 denote the input discrepancy. Substituting (16) and (18) into (15) while

noting (17),

_z2 =
�1

�m0(x1)
z3 +

�1
�m0(x1)

�2s +
�̂1

�m0(x1)
(�2a � �bx2 � �Ffc)� ~�1

�m0(x1)
(�2a � �bx2 � �Ffc)

�pq(x1)x22 + �2
m0(x1)

+ ~d� _x2eq

= �1
�m0(x1)

z3 � �1 �m0max

�1min �m0(x1)
(k2 + k2s1)z2 +

�1
�m0(x1)

�2s2 � ~�T�2 + ~d

(19)

The robust control function �2s2 is now chosen to satisfy the following conditions

condition i z2[
1

�m0(x1)
�1�2s2 � ~�T�2 + ~d] � "2

condition ii z2�2s2 � 0
(20)

where "2 is a design parameter which can be arbitrarily small. Essentially, condition i of (20) shows that

�2s2 is synthesized to dominate the model uncertainties coming from both parametric uncertainties ~�

and uncertain nonlinearities ~d, and condition ii is to make sure that �2s2 is dissipating in nature so that

it does not interfere with the functionality of the adaptive control part �2a. How to choose �2s2 to

satisfy constraints like (20) can be found in [12, 13].
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For the positive semi-de�nite (p.s.d.) function V2 de�ned by

V2 =
1
2w2z

2
2 (21)

from (19), its time derivative is

_V2 =
1

�m0(x1)
w2�1z2z3 + w2z2(

1
�m0(x1)

�1�2s2 � ~�T�2 + ~d)� w2
�1

�1min

�m0max

�m0(x1)
(k2 + k2s1)z

2
2 (22)

Step 2

As seen from (22), if z3 = 0, then, output tracking can be achieved in viewing i of (20). So Step 2

is to synthesize a control input so that z3 converges to zero or a small value with a guaranteed transient

performance as follows. From (8)

_z3 = _PL � _�2

= �3[�( �A1h1 + �A2
�Ach2)x2 + (h1g3 + �Ach2g4)u]� �4(x3 � x4)(h1 + �Ach2)

��5h1(x3 � �Pr) + �6 �Ach2(x4 � �Pr)� _�2c � _�2u

(23)

where
_�2c =

@�2
@x1

x2 +
@�2
@x2

_̂x2 +
@�2
@t

_�2u = @�2
@x2

[� 1
�m0(x1)

(x3 � �Acx4 � �bx2 � �Ffc)~�1 � 1
m0(x1)

~�2 + ~d] + @�2
@�̂

_̂
�

(24)

In (24), _�2c is calculable and can be used in the design of control functions, but _�2u cannot due to

various uncertainties. Therefore, _�2u has to be dealt with via certain robust feedback in this step design.

De�ne the continuous nonlinear load ow mapping function as

QL =
�
h1(x1)g3(x3; sign(u)) + �Ach2(x2)g4(x4; sign(u))

�
u (25)

From (23), QL can be thought as the virtual control input and step 2 is to synthesize a control function

�3 for QL such that PL tracks the desired control function �2 synthesized in Step 1 with a guaranteed

transient performance.

Consider the augmented p.s.d. function V3 = V2 +
1
2w3z

2
3 , where w3 > 0 is a weighting factor.

From (23) and (25)

_V3 = _V2 + w3z3 _z3

= _V2 j�2 +w3z3

�
�3QL + �3e � �T3

~� � @�2
@x2

~d� @�2
@�̂

_̂
�

�
(26)

10



where �3e; �3 are de�ned by

�3e =
1

�m0(x1)
w2

w3
z2�̂1 � �̂3( �A1h1 + �A2h2 �Ach2)x2 � �̂4(h1 + �Ach2)(x3 � x4)

��̂5h1(x3 � �Pr) + �̂6 �Ach2(x4 � �Pr)� _�2c

�3 =

2
66666666664

1
�m0(x1)

h
w2

w3
z2 � @�2

@x2
(x3 � �Acx4 � �bx2 � �Ffc)

i
� 1

m0(x1)
@�2
@x2

�( �A1h1 + �A2
�Ach2)x2 + �3a

�(h1 + �Ach2)(x3 � x4)

�h1(x3 � �Pr)
�Ach2(x4 � �Pr)

3
77777777775

(27)

and _V2 j�2 is a short-hand notation used to represent _V2 when PL = �2 (or z3 = 0), i.e.

_V2 j�2= _V2 � �1
�m0(x1)

w2z2z3

w2z2(
1

�m0(x1)
�1�2s2 � ~�T�2 + ~d)� w2

�1
�1min

�m0max

�m0(x1)
(k2 + k2s1)z

2
2

(28)

Similar to (16), the control function �3 consists of two parts and the control functions are thus

chosen as
�3(x1; x2; x3; x4; �̂; t) = �3a + �3s

�3a = � 1
�̂3
�3e

�3s = �3s1 + �3s2

�3s1 = � 1
�3min

(k3 + k3s1)z3

(29)

where k3 > 0 is a constant, k3s1 is a positive de�nite control gain function which will be speci�ed later.

Substitute(29) into (26) and noting (27), the time derivative of Lyapunov function V3 can be expressed

by

_V3 = _V2 j�2 +w3z3(�3�3s2 � ~�T�3 � @�2
@x2

~d)�w3
�3

�3min
(k3 + k3s1)z

2
3 �w3z3

@�2
@�̂

_̂
� (30)

As in (20), �3s2 is a robust control function satisfying the following two conditions

condition i z3
h
�3�3s2 � ~�T�3 � @�2

@x2
~d
i
� "3

condition ii z3�3s2 � 0
(31)

where "3 is a design parameter.

Once the control function �3 for QL is synthesized as given in (29), the actual control input u can

be backed out from the continuous one-to-one nonlinear load ow mapping (25), i.e., determining a

u(x1; x2; x3; x4; �̂; t) such that:

�
h1(x1)g3(x3; sign(u)) + �Ach2(x1)g4(x4; sign(u))

�
u = �3(x1; x2; x3; x4; �̂; t) (32)

Since h1; h2; g3, and g4 are all physically positive functions, the sign of control input u is always the
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same as the load ow rate QL = �3. Thus, the solution of (32) is

u = 1
h1(x1)g3(x3;sign(�3))+ �Ach2(x1)g4(x4;sign(�3))

�3(x1; x2; x3; x4; �̂; t) (33)

III.4 Main Performance Results

With the above design, the following theoretical results on the performance of the proposed ARC

controller can be obtained.

Lemma 1 Let the parameter estimates be updated by the adaptation law (11) in which � is chosen as

� =
P3

j=2wjzj�j (34)

If nonlinear control gains k2s1 and k3s1 are chosen such that k2s1 � 1
2w2k��2k2 and k3s1 � w3k@�2

@�̂2
k2+

1
2w3k��3k2 respectively, then, the control law (33) guarantees that

V3(t) � exp(��V t)V3(0) + "V
�V

[1� exp(��V t)] (35)

where �V = 2minfk2; k3g and "V = w2"2 + w3"3 4

Proof. See Appendix A. 2.

As seen from (35), the initial value of V3 a�ects the transient performance of the system. To further

minimize the transient tracking errors, the following trajectory initialization [12, 19] can be used to

render V3(0) = 0.

Lemma 2 Let x1d(t) be the trajectory generated through a stable 3-rd order �lter given by

x
(3)
1d + �1x

(2)
1d + : : :+ �3x1d = x

(3)
Ld + �1x

(2)
Ld + : : :+ �3xLd (36)

If the initials x1d(0); : : : ; x
(3)
1d (0) are chosen as

x1d(0) = x1(0)

_x1d(0) = x2(0)

�x1d(0) = _̂x2(0)

(37)

then, zi(0) = 0; i = 1; 2; 3 and V3(0) = 0. 4

Proof: The Lemma can be proved in the same way as in [12]. 2

Theorem 1 Given the reference trajectory x1d(t) generated through (36) with initial conditions chosen

by (37), the following results hold if the control law (33) with the adaptation law (11) is applied:

12



A. In general, the tracking errors z = [z1; z2; z3]
T are bounded. Furthermore, V3, an index for the

bound of the tracking error z, is bound above by

V3(t) � "V
�V

[1� exp(��V t)] (38)

The output tracking error ey = x1 � xLd(t) can be guaranteed to have any prescribed transient

performance by suitably selecting certain controller parameters.

B If after a �nite time t0, ~d = 0, i.e., the model uncertainties are due to parametric uncertainties

only, in addition to the results in A, asymptotic output tracking or zero �nal tracking error (i.e.,

z1 �! 0 as t �!1) is obtained for any positive gains k and ". 4

Proof : See Appendix B. 2

Remark 1 Results in A of Theorem 1 indicate that the proposed controller has an exponentially con-

verging transient performance with the exponentially converging rate �V and the �nal tracking error

being able to be adjusted via certain controller parameters freely in a known form; it is seen from (38)

that �V can be made arbitrarily large, and "V
�V

, the bound of V (1) (an index for the �nal tracking

errors), can be made arbitrarily small by increasing feedback gains k = [k2; k3]
T and/or decreasing con-

troller parameters " = ["2; "3]
T . Such a guaranteed transient performance is important for the control

of electro-hydraulic systems since execute time of a run is normally short. Theoretically, this result is

what a well-designed robust controller can achieve.

B of Theorem 1 implies that the parametric uncertainties may be reduced through parameter adapta-

tion and an improved performance is obtained. Theoretically, Result B is what a well-designed adaptive

controller can achieve. }

III.5 Internal Dynamics and Zero Dynamics

Theorem 1 shows that, under the proposed ARC control law, the three transformed system state

variables, z = [z1; z2; z3]
T 2 R3, are bounded, from which one can easily prove that the position x1,

the velocity x2, and the load pressure PL = x3� �Acx4 are bounded. However, since the original system

(8) has a dimension of 4, there exists a one-dimensional internal dynamics, which reects the physical

phenomenon that there may exist in�nite number sets of pressures in the two chambers of the single-rod

actuator to produce the same required load pressure PL = x3� �Acx4. In other words, the fact that the

load pressure PL = x3 � �Acx4 and the valve opening x5 are bounded does not necessarily imply that

the pressures x3 and x4 in the two chambers of the single-rod cylinder are bounded. It is thus necessary

to check the stability of the resulting internal dynamics to make sure that the two pressures x3 and

x4 are bounded in implementation in order to have a bounded control input. Although simulation and

experimental results seem to verify that the two pressures are indeed bounded when tracking any motion

trajectory, it is of both practical and theoretical interests to see if we can prove this fact, which is the

focus of this subsection.

13



As a �rst step toward to the proof of the stability of the resulting internal dynamics, we will consider

the stability of the zero output tracking error dynamics [20] when tracking any reference trajectory

x1d(t). The reason for doing this is that the zero output tracking error dynamics for tracking a desired

trajectory x1d(t) is the same as the internal dynamics when z(t) = 0;8t. Thus, if the zero output

tracking error dynamics is proven to be globally uniformly asymptotically stable, then, it is reasonable

to expect that all internal variables are bounded when the proposed ARC law is applied, since z is

guaranteed to converge to a small value very quickly by Theorem 1.

In [16], the zero output tracking error dynamics when tracking a non-zero constant velocity reference

trajectory was proved to be stable. Here, we consider the general situation of tracking any feasible time-

varying reference trajectory x1d(t). As in [16], for simplicity, the leakage ows are neglected in the

analysis since they are normally relatively much smaller than the control ows needed to track a time-

varying trajectory. The results are summarized in the following Theorem.

Theorem 2 Assume that the leakage ows can be neglected and the system is absence of uncertain

nonlinearities, i.e., �4 = �5 = �6 = 0 and ~d = 0 in (8). Let _x1d(t) be any feasible time-varying

reference trajectory that the system can follow, i.e., there exists a bounded state equilibrium trajectory

xe(t) = [x1e(t); x2e(t); x3e(t); x4e(t)]
T 2 L4

1 and a bounded control input ue(t) satisfying the system

equation (8) and having x1d(t) as the output (i.e., x1e(t) = x1d(t);8t). When tracking such a feasible

time-varying trajectory _x1d, the following results hold:

A. The desired load pressure trajectory PLd(t) and the desired load ow trajectory QLd(t) for tracking

_x1d perfectly are unique and given by

PLd(t) = �b _x1d(t) + �Ffc( _x1d(t)) +
�m0(x1d(t))

�1

h
�x1d(t) + pq(x1d(t)) _x

2
1d(t)� �2

m0(x1d(t))

i
QLd(t) =

1
�3

_PLd(t) + �A1
�
h1d(t) + �A2

ch2d(t)
�
_x1d(t)

(39)

where h1d(t) = h1(x1d(t)) and h2d(t) = h2(x1d(t)). In addition, if QLd(t) is zero only at discrete

points, any bounded equilibrium state trajectory xe(t) and the bounded equilibrium control input

ue(t) having x1d(t) as the output satisfy the following algebraic equations

x1e(t) = x1d(t)

x2e(t) = _x1d(t)

x3e(t)� �Acx4e(t) = PLd(t)

ue(t) =
1

h1d(t)g3e(t)+ �Ach2d(t)g4e(t)
QLd(t)

(40)

and di�erential equations

_x3e(t) =
h1d(t)g3e(t) _PLd(t)+�3 _x1dh1dh2d �A2( �Acg3e�g4e)

h1dg3e+ �Ach2dg4e

_x4e(t) =
�h2dg4e _PLd+�3 _x1dh1dh2d �A1( �Acg3e�g4e)

h1dg3e+ �Ach2dg4e

(41)

where g3e(t) = g3(x3e(t); sign(QLd(t)) and g4e(t) = g4(x4e(t); sign(QLd(t))).
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B. Suppose that the reference trajectory x1d(t) is such that the resulting desired load pressure PLd(t)

in (39) is within the physical limit, i.e., �( �Ac
�Ps� �Pr) < PLd(t) < �Ps� �Ac

�Pr. In addition, assume

that x1d(t) satis�es the following persistently-exciting-like condition,

PE: 9T; c > 0 such that
R t+T
t j QLd(�) j d� � c > 0; 8t (42)

where T and c are any positive constants, and QLd(t) is given by (39). Then, the resulting

zero output tracking error dynamics (i.e., the dynamics when z1 = 0;8t) is globally uniformly

asymptotically stable with respect to the bounded equilibrium state trajectory xe(t) in (41). }

Proof: See Appendix C

Remark 2 Roughly speaking, the PE condition (42) is equivalent to the physical situation that the

desired valve opening corresponding to the reference trajectory x1d(t) is not always 0, which includes the

non-zero constant velocity reference trajectory studied in [15], and any sinusoidal reference trajectories.

}

Remark 3 Result B of Theorem 2 indicates that all bounded equilibrium state trajectories xe(t) converge

asymptotically to a unique trajectory depending on the reference trajectory x1d only. }

IV. Comparative Experiments

IV.1 Experimental Setup

To test the proposed nonlinear ARC strategy and study fundamental problems associated with the

control of electro-hydraulic systems, a three-link robot arm (a scaled down version of industrial backhoe

loader arm) driven by three single-rod hydraulic cylinders has been set up at the Ray W. Herrick

Laboratory of the School of Mechanical Engineering. The three hydraulic cylinders are controlled

by two proportional directional control valves and one servovalve manufactured by Parker Hannifan

company. The entire set-up is shown in Fig.3. For the purpose of this paper, experiments have been

conducted on the swing motion control of the arm (or the �rst joint) with the other two joints �xed.

The schematic of the swing circuit is shown in Fig.4. The swing circuit is driven by a single-rod cylinder

(Parker D2HXTS23A) and controlled by a servovalve (Parker BD760AAAN10). The cylinder has a

built-in Temposonic LDT sensor, which provides the position and velocity information of the cylinder

movement. Pressure sensors (Entran's EPXH-X01-2.5KP) are installed on the each chamber of the

cylinder. Due to the noises in the analog signals, the e�ective measurement resolution for the position

is around 1 mm and for the pressure is 1:035 � 105Pa . Since the range of the velocity provided by

the Temposonic LDT sensor is too small (less than 0.09m/sec), backward di�erence plus �lter is used
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Figure 3: Experimental setup

to obtain the needed velocity information at high speed movement. The entire system is controlled by

a dSPACE system and monitored by a host Pentium II PC. Control program is download from the host

PC to the dSPACE system. Through plugged in A/D and D/A boards, all analog measurement signals

(the cylinder position, velocity, forward and return chamber pressures, and the supplied pressure) are

fed back to the dSPACE system and the calculated control command is then sent out to the driver of

the servovalve. The supply pressure is 6:9� 106Pa.

Swing Motion

Swing
cylinder

32Channels 
16 bit A/D DS2003

6Channels
 16 bit D/A DS2102

Cylinder position velocity

P1

P2

Valve
Command

Dspace System

Pentium II
266

CPU Board
DS1003

PC Interface
Board DS811

Host Computer

Figure 4: Schematic of Experimental setup
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IV.2 System Identi�cation

The swing inertia of the robot arm is estimated to be J0 = 78:69kgm2. The cylinder physical

parameters are A1 = 2:027 � 10�3m2, A2 = 1:069 � 10�3m2, Vh1 = 4:995 � 10�4m3, and Vh2 =

9:068 � 10�4m3. Although tests have been done to identify the friction curve as seen in Fig.5, for

simplicity, friction compensation is not used in the following experiments (i.e., b = Ffc = 0 in (1)) to

test the robustness of the proposed algorithm to these hard-to-model terms. By assuming no leakage

ows and moving the cylinder at di�erent constant velocities, we can back out the static ow mappings

(3) and (5) of the servovalve. The estimated ow gains are kq1 = 3:590 � 10�8m3=(
p
PasecV ) and

kq2 = 3:721� 10�8m3=(
p
PasecV ) respectively. Dynamic tests are also performed and reveal that the

servovalve has a bandwidth around 10Hz. The e�ective bulk modulus is estimated around 2:71�108Pa.
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Figure 5: Friction force

IV.3 Controller Simpli�cation

A simpli�cation is made to the selection of the speci�c robust control term �2s in (18) and �3s in

(29). Let k2s and k3s be any nonlinear feedback gains satisfying

k2s � �m0max

�1min

h
1
2w2k��2k2 + k2 +

1
2"2

(k�Mk2k�2k2 + Æ2d)
i

k3s � 1
�3min

h
k3 + w3k@�2

@�̂
k2 + 1

2w3k��3k2 + 1
2"3

(k�Mk2k�3k2 + k@�2
@x2

kÆ2d)
i (43)

in which �M = �max � �min and Æd is de�ned in (9). Then, using similar arguments as in [15, 14], one

can show that the robust control function of �2s = �k2sz2 satis�es (18) and (20), and �3s = �k3sz3
satis�es (29) and (31).

Knowing the above theoretical results, we may implement the needed robust control terms in the

following two ways. The �rst method is to pick up a set of values for k2; k3; w2; w3; "2; and "3 to

calculate the right hand side of (43). k2s and k3s can then be determined so that (43) is satis�ed for

a guaranteed global stability and a guaranteed control accuracy. This approach is rigorous and should

be the formal approach to choose. However, it increases the complexity of the resulting control law

considerably since it may need signi�cant amount of computation time to calculate the lower bounds.
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As an alternative, a pragmatic approach is to simply choose k2s and k3s large enough without worrying

about the speci�c values of k2; k3; w2; w3; "2; and "3. By doing so, (43) will be satis�ed for certain sets

of values of k2; k3; w2; w3; "2; and "3, at least locally around the desired trajectory to be tracked. In this

paper, the second approach is used since it not only reduces the on-line computation time signi�cantly,

but also facilitates the gain tuning process in implementation.

IV.4 Comparative Experimental Results

Three controllers are tested for comparison:

ARC1 (with time varying inertia compensation) : the controller proposed in this paper with

the simpli�cation in IV.3. For simplicity, in the experiments, only two parameters, �1 and �2,

are adapted; the �rst parameter represents the e�ect of external inertia load and the second

parameter represents the e�ect of the nominal value of the lumped modeling error. Since the

valve dynamics is neglected in the design and its bandwidth is not so high (around 10Hz), not so

large feedback gains are used to avoid instability; the control gains used are kp = k2s = k3s = 19.

The scaling factors of sc3 = 2:8085 � 106 and sc4 = 0:08588 are used. Adaptation rates are set

at � = diagf0:01; 0:15g.

ARC2 (with constant inertial compensation) : the controller that is synthesized in [16] with

the assumption that the mass driven by the cylinder is constant. Scaling factors are the same

as in ARC1. The control gains used are kp = k2s = k3s = 19. Adaptation rates are set at

� = diagf0:01; 0:08g.

Motion Controller : the state-of-the-art industrial motion controller (Parker's PMC6270ANI 2-

axis motion controller) that we bought from Parker Hanni�an company along with the Parker's

cylinders and valves used for the experiments. The controller is essentially a PID controller with

velocity and acceleration feedforward compensation. Controller gains are obtained by strictly

following the gain tuning process stated in the "Servo Tuner User Guide" coming with the motion

controller [21]. The tuned gains are SGP = 20; SGI = 0:5; SGV = 22; SGV F = 100; SGAF =

0:02, which represent the P-gain, I-gain, D-gain, the gain for velocity feedforward compensation,

the gain for acceleration feedforward compensation respectively.

The three controllers are �rst tested for a point-to-point motion trajectory shown in Fig.6, which

has a maximum velocity of vmax = 0:1m=sec and a maximum acceleration of amax = 0:2m=sec2. The

tracking errors are shown in Fig.7. As seen, the proposed ARC1 and ARC2 have a better performance

than the Motion Controller in term of both transient and �nal tracking errors. Both ARC controllers

reduce the �nal tracking error almost down to the measurement noise level. However, since ARC1

employs time varying inertia compensation which captures the nonlinear e�ect of the swing motion,

ARC1 achieves a better tracking performance than ARC2; the tracking error of ARC1 is almost within

the position measurement noise level all the time while ARC2 still has small transient error at the

beginning of travel where the e�ective mass driven by the cylinder varies signi�cantly with the change

of swing angle as shown in Fig. 2.

18



To test the performance robustness of the proposed algorithms to parameter variations, a 45kg load

is added at the end of the robot arm, which is equivalent to a swing inertia of J1 = 144kgm2. The

tracking errors of all three controllers are shown in Fig.8. As seen, due to the fact that the adaptation

algorithm of the controller ARC1 is able to pick up the change of the swing inertia, a better transient

tracking performance is achieved in comparison to the constant inertia compensation controller ARC2.

Again, both ARC1 and ARC2 exhibit better performance than Motion Controller.

The system is then run for a fast point to point trajectory shown in Fig.6, which has a maximum

velocity of vmax = 0:3m=sec and a maximum acceleration of amax = 1:5m=sec2. The tracking errors

of all three controllers are shown in Fig.9. As seen, the Motion Controller cannot handle such an

aggressive movement well and a large tracking error around 15mm exhibits during the constant high-

speed movement. In contrast, the tracking error of the proposed ARC1 during the entire run is kept

within 3mm. Furthermore, the tracking error goes back to the measurement noise level of 1mm very

quickly after the short large acceleration and deceleration periods. The transient pressures and the

control input of ARC1 are shown in Fig. 10 and Fig.11 respectively, which are regular. Again, the

proposed ARC1 performs better than ARC2.

To further illustrate the e�ectiveness of the time-varying inertia compensation, the experiment is run

for tracking a 1
4Hz sinusoidal desired trajectory (0:08sin(�t=2)) with 45kg load for 16sec. The errors

of ARC1 and ARC2 are shown in the Fig.12. Again, since ARC1 uses time-varying inertia compensation

and adapts the constant unknown payload instead, it achieves a better tracking performance than

ARC2. All these results illustrate the e�ectiveness of the proposed time-varying inertia compensation

ARC algorithm.

The transient pressures of ARC1 when tracking the above sinusoidal trajectory are shown in Fig.

13. As seen, all signals are bounded and within their physical limits, which agrees with the theoretical

prediction stated in Theorem 2. Also, the two internal pressures converge to certain periodic trajectories,

which agrees with the prediction in Remark 3; the reference trajectory x1d(t) is periodic and, as such,

the resulting steady state equilibrium pressure trajectories should be periodic.

V. Conclusions

In this paper, a discontinuous projection based ARC controller is constructed for the precision motion

control of single-rod hydraulic actuators with time-varying unknown inertia loads. The controller takes

into account the particular nonlinearities associated with the time-varying inertia load and the hydraulic

dynamics, and allows parametric uncertainties such as variations of robot payload and various hydraulic

parameters as well as uncertain nonlinearities coming from external disturbances, uncompensated friction

forces, etc. Zero output tracking error dynamics when tracking a large class of time-varying trajectories

is proved to be globally uniformly asymptotically stable, which is the �rst theoretical result available on

the subject. Extensive comparative experiments have been conducted on the swing motion control of

a hydraulic robot arm. Experimental results veri�ed the e�ectiveness and the high-performance nature

of the proposed ARC algorithm; in comparison to a state-of-the-art industrial motion controller, the

proposed ARC algorithm achieves more than a magnitude reduction of tracking errors. Furthermore,
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during the constant velocity portion of the motion, the ARC controller reduces the tracking errors almost

down to the measurement resolution level.

The paper also serves as an illustrating example on how to incorporate the particular nonlinearity of

a physical system into the proposed nonlinear ARC framework for an improved performance (e.g. the

nonlinear transformation between the constant swing inertia and the time-varying e�ective mass of the

swing hydraulic cylinder in this paper).
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Appendix A

Proof of Lemma 1:

Noting (22) and (30)

_V3 = w2z2(
�1

�m0(x1)
�2s2 � ~�T�2 + ~d)� w2

�1 �m0max

�1min �m0(x1)
(k2 + k2s1)z

2
2

+w3z3(�3�3s2 � ~�T�3 � @�2
@x2

~d)� w3
�3

�3min
(k3 + k3s1)z

2
3 � w3z3(

@�2
@�̂

)
_̂
�

(44)

If k2s1 and k3s1 satisfy the conditions in the lemma, by completion of square and noting (34),

j w3z3
@�2
@�̂

_̂
� j�j w3z3 jj @�2@�

�
P3

j=2wjzj�j j
�j w2z2 j k��2k j w3z3 j k@�2

@�̂
k+ j w3z3 j k@�2

@�̂
k j w3z3 j k��3k

� 1
2w

2
2z

2
2k��2k2 + w2

3z
2
3(k@�2@�̂

k2 + 1
2k��3k2)

� w2k2s1z
2
2 + w3k3s1z

2
3

(45)

Thus, noting the condition i of (20) and (31) respectively, (44) becomes

_V3 � �P3
j=2(wjkjz

2
j + wj"j) � ��V V3 + "V (46)

which leads to (35) 2

Appendix B

Proof of Theorem 1:

From Lemma 2, V3(0) = 0. From Lemma 1, (38) is true and thus z = [z1; z2; z3]
T is bounded.

Furthermore, from (38), the tracking error z1(t) is within a ball whose size can be made arbitrarily small

by increasing k and/or decreasing " in a known form. From (36) and (37), the trajectory planning error,

ed(t) = x1d(t)�xLd(t), can be guaranteed to possess any good transient behavior by suitably choosing

the Hurwitz polynomial Gd(s) = s3 + �1s
2 + : : : + �3 without being a�ected by k and ". Therefore,

any good transient performance of the output tracking error ey = z1(t) + ed(t) can be guaranteed by

the choice of k and " in a known form. This proves A of Theorem 1.

In the presence of parametric uncertainties only, i.e., ~d = 0, noting (34), (45), and conditions ii of

(20) and (31) respectively, from (44), we have

_V3 � �P3
j=2[wjzj�

T
j
~� + wjkjz

2
j ] = �P3

j=2wjkjz
2
j � �T ~� (47)

De�ne a new p.s.d. function V� as

V� = V3 +
1
2
~�T��1~� (48)

Noting P2 of (12), from (47) and (11), the derivative of V� is

_V� � �P3
j=2wjkjz

2
j � ~�T � + ~�T��1

_̂
� � �P3

j=2wjkjz
2
j

(49)

22



Therefore, z 2 L2
2. It is also easy to check that _z1 is bounded. So, z1 �! 0 as t �! 1 by the

Barbalat's lemma, which leads to B of Theorem 1. 2

Appendix C

Proof of Theorem 2:

A . When tracking the reference trajectory x1d(t) perfectly, the actual position and velocity would

be x1 = x1d and x2 = _x1 = _x1d respectively. Thus, the second equation of (8) becomes:

�x1d =
�1

�m0(x1d)
(PL � �b _x1d � �Ffc( _x1d))� Pq(x1d) _x

2
1d +

�2
m0(x1d)

(50)

where the assumption that ~d = 0 has been used. The desired load pressure PLd for perfect

tracking can thus be solved from (50), which is given by the �rst equation of (39).

In the absence of leakage ows, from (8) and (25), we have

_PL = _x3 � �Ac _x4 = �3
�� �A1(h1(x1) + �A2

ch2(x1))x2 +QL

�
(51)

The desired load ow QLd for perfect tracking can then be solved from (51) with x1 = x1d,

x2 = _x1d, and PL = PLd, which is given by the second equation of (39).

If xe(t) and ue(t) are bounded equilibrium state and control input trajectories having x1d(t) as

the output, then, xe(t) and ue(t) satisfy (8) with x1e = x1d(t). Using the same arguments for

PLd and QLd, it is easy to verify that the �rst three equations of (40) are true. Furthermore,

ue(t) satis�es (25) with QL = QLd, which leads to the last equation of (40). Substituting ue

given by (40) into the last two equations of (8), we obtain the di�erential equations that x3e(t)

and x4e(t) have to satisfy, which are given by (41).

B . For zero output tracking error dynamics, z1 = x1 � x1d = 0;8t. Thus, following the same

arguments as in A in the above, the state x and the control input u for the zero output tracking

error dynamics satisfy conditions like (40) and (41), i.e., x1 = x1d; x2 = _x1d; x3 � �Acx4 =

PLd(t); u = 1
h1dg3z+ �Ach2dg4z

QLd(t), and

_x3 =
h1dg3z _PLd+�3 _x1dh1dh2d �A2( �Acg3z�g4z)

h1dg3z+ �Ach2dg4z

_x4 =
�h2dg4z _PLd+�3 _x1dh1dh2d �A1( �Acg3z�g4z)

h1dg3z+ �Ach2dg4z

(52)

where g3z = g3(x3; sign(QLd(t)) and g4z(t) = g4(x4; sign(QLd(t))). Thus, x1 = x1e; x2 = x2e,

x3 � �Acx4 = x3e � �Acx4e, and all we have to prove is to show that x3 and x4 governed by (52)

globally uniformly asymptotically converge to the bounded x3e(t) and x4e(t) in (41). For this

purpose, let ~x3 = x3 � x3e and ~x4 = x4 � x4e be the pressure perturbations from the equilibrium

trajectories. From (41) and (52), through direct substitutions and manipulations, we have

_~x4 =
�3h1dh2d(g3zg4e�g3eg4z)QLd

(h1dg3z+ �Ach2dg4z)(h1dg3e+ �Ach2g4e)
(53)
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Let us �rst consider the periods when QLd(t) > 0. During these periods,

g3z =
p

�Ps � x3; g4z = kqc
p
x4 � �Pr

g3e =
p

�Ps � x3e; g4e = kqc
p
x4e � �Pr

(54)

Noting the fact that PLd = x3 � �Acx4 = x3e � �Acx4e, from (54), we have

g3zg4e � g3eg4z =
g2
3zg

2

4e�g23eg24z
g3zg4e+g3eg4z

= �k2qc(
�Ps� �Ac

�Pr�PLd)
g3zg4e+g3eg4z

~x4 (55)

Substituting (55) into (53), we have

_~x4 = ��1(x3; x4; x3e; x4e; t)QLd~x4 (56)

where

�1 =
�3k

2
qch1dh2d( �Ps� �Ac

�Pr�PLd)
(g3zg4e+g3eg4z)(h1dg3z+ �Ach2dg4z)(h1dg3e+ �Ach2dg4e)

(57)

If PLd(t) is within the physical limit, i.e., �( �Ac
�Ps� �Pr) < PLd(t) < �Ps� �Ac

�Pr, then all terms in

the right hand side of (57) are positive functions 2. Thus, �1 is a positive function and is uniformly

bounded below by a positive number, i.e., there exists a constant c1 > 0 such that �1 > c1.

Using the same technique, it is easy to prove that during the periods when QLd(t) < 0,

_~x4 = �2(x3; x4; x3e; x4e; t)QLd~x4 = ��2jQLdj~x4 (58)

where

�2 =
�3k

2
qch1dh2d( �Ac

�Ps� �Pr+PLd)

(g3zg4e+g3eg4z)(h1dg3z+ �Ach2dg4z)(h1dg3e+ �Ach2dg4e)
(59)

and there exist a positive constant c2 > 0 such that �2 > c2.

Overall, from (56) and (58), the derivative of ~x4 satis�es

_~x4 < �c0 j QLd j ~x4 (60)

where c0 = minfc1; c2g. From (60), we have

~x4(t) < ~x4(0)exp
�
�c0

R t
0 j QLd(�) j d�

�
(61)

It is thus obvious that, if the persistently exciting condition (42) is satis�ed, ~x4 globally uniformly

asymptotically converges to zero. This proves B of the Theorem. 2

2h1d = h1(x1d) and h2d = h2(x1d) represent the e�ect of the control volumes of the two chambers, which are
positive for any operation. g3 and g4 represent the ow gains due to the square roots of the pressure drops, which
are positive also
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Figure 6: Point to point motion trajectory
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Figure 7: Tracking Errors in point to point motion without load

25



0 0.5 1 1.5 2 2.5 3 3.5 4

−5

0

5
x 10

−3

Motion Controller

0 0.5 1 1.5 2 2.5 3 3.5 4

−5

0

5
x 10

−3

ARC(with constant inertial compensation)

0 0.5 1 1.5 2 2.5 3 3.5 4

−5

0

5
x 10

−3

ARC(with time varying inertial compensation)

Time(sec)

E
rr

or
(m

)

Figure 8: Tracking Errors in point to point motion with load
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Figure 9: Tracking Errors in fast point to point motion without load
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Figure 10: Pressures in fast point to point motion without load
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Figure 11: Control input in fast point to point motion without load
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Figure 12: Tracking Errors in sine wave motion with load
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Figure 13: Pressures in sine wave motion with load
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