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Abstract

High performance robust motion and force tracking control of robot manipulators in contact with compliant
surfaces is considered in this paper. The robot parameters and the stiffness of the contact surface may not be
known. The system may also be subjected to uncertain nonlinearities coming from the joint friction of the robot,
external disturbances, the contact surface friction model, and the unknown time-varying equilibrium position
of the contact surface. An adaptive robust motion and force tracking controller is proposed, which needs
measurements of position, velocity and interaction force only. The controller achieves a guaranteed transient
performance and final tracking accuracy, a desirable feature for applications and for maintaining contact. In
addition, the controller achieves asymptotic motion and force tracking without resorting to high-gain feedback

when the system is subjected to parametric uncertainties.

Adaptive Control, Robust Control, Motion and Force Control, Robot Manipulator, Nonlinear Control

“Part of the paper was presented at the 1996 ASME WAM Symposium on Nonlinear Dynamics and Control



I. Introduction

Applications such as contour following, grinding, deburring, as well as assembly related tasks involve the end-
effector of a robot in contact with its environment. To execute these tasks successfully (e.g., avoiding tool
or workpiece damage), it is necessary to control both motion of the robot and the contact force between the
end-effector and the environment. Depending on the type of contact environment, different objectives and
approaches have been proposed, such as impedance control [1, 2], constrained motion control [3, 4, 5, 6, 7], and
hybrid position/force control [8, 9]. In constrained motion control [3, 4, 5, 6, 7], contact surfaces are assumed
to be rigid, which is justified for very stiff surfaces when the deformation of the surface is negligibly small and
the motion along normal direction of the contact surface is well damped to be neglected for control purpose. In
contrast, this paper focuses on tasks in which the end-effector contacts with a compliant surface [10, 9] where the
deformation of the surface has noticeable effect on contact force and/or the motion along the normal direction
of the surface is not well damped and has to be considered in the controller design stage.

Practically, parameters of the system such as gravitational load and the stiffness of the contact surface vary
from a task to another, and, hence, may not be precisely known in advance. The system may also be subjected
to uncertain nonlinearities coming from the joint friction of the robot, the friction and the unknown equilibrium
position of the contact surface, etc. These uncertainties make it difficult to solve the motion and force tracking
control problem. Unavailability of the time derivative of contact force further complicates the problem. Although
there are a number of papers dealing with the constrained motion control [3, 4, 5, 6, 7], only a few papers
[10, 9, 11] were published to address the motion and force tracking control of robot manipulators in contact
with compliant surfaces. Yao, et al. [9] developed a variable structure adaptive (VSA) method. The resulting
VSA control law was discontinuous and chattering was a problem. Subsequently, Yao and Tomizuka developed a
robust adaptive motion and force control algorithm in [11] to solve the chattering problem. However, transient
performance and final tracking accuracy were not guaranteed, and the effect of time-varying equilibrium position
and that of time-varying stiffness of the contact surface were not considered.

Recently, Yao and Tomizuka proposed a new approach, adaptive robust control (ARC) [12, 13, 14, 15], for
high performance robust control of uncertain nonlinear systems in the presence of both parametric uncertainties
and uncertain nonlinearities. The approach effectively combines the design techniques of adaptive control (AC)
and those of deterministic robust control (DRC) (e.g., sliding mode control [16], SMC) and improves performance
by preserving the advantages of both AC and DRC. Specifically, through proper controller structure as in DRC
[17], the proposed ARC achieves a guaranteed performance in terms of both the transient error and the final
tracking accuracy in the presence of both parametric uncertainties and uncertain nonlinearities. This result
overcomes the drawbacks of poor transient and poor robustness to uncertain nonlinearities of adaptive control

(AC) [18, 19, 20, 21], and makes the approach attractive from the view point of applications. Through parameter



adaptation as in adaptive control, the proposed ARC achieves asymptotic tracking in the presence of parametric
uncertainties without resorting to a discontinuous control law [16] or an infinite gain in the feedback loop [22],
which implies that the system is free of control chattering. In other words, the approach eliminates the effect of
parametric uncertainties and, thus, achieves a better tracking performance than DRC. The design is conceptually
simple and amenable to implementation. Comparative experimental results for trajectory tracking control of robot
manipulators [13, 23] have shown the advantages of the proposed ARC and the improvement of performance.
A general framework of the proposed ARC is formulated in terms of adaptive robust control (ARC) Lyapunov
functions [15, 23]. Through the backstepping design, ARC Lyapunov functions have been successfully constructed
for a large class of multi-input multi-output (MIMO) nonlinear systems transformable to semi-strict feedback forms
[15, 23].

In this paper, it will be shown that the robot equation for the motion and force tracking control in contact with
compliant surfaces with unknown time-varying stiffness and time-varying equilibrium position can be converted
into a form similar to the semi-strict feedback form in [15] with a "relative degree” two. The synthesis technique
is thus qualitatively different from existing robust motion and force control algorithms [5, 6, 7, 12, 13, 4] where

the design is essentially for a "relative degree” one system. The ARC design technique [15] is applied with
consideration of the particular structure and properties of the robot. Instead of the smooth projection used in
the previous ARC design [15, 23], a simple continuous projection is also developed to solve the conflicts between
the adaptive control design and robust control design. The resulting controller achieves a guaranteed transient
performance and final tracking accuracy for both motion and force tracking. This property is vital for avoiding

loss of contact. Asymptotic motion and force tracking is also achieved in the presence of parametric uncertainties

only. Only measurements of position, velocity and interaction force are needed.

IT. Problem Formulation and Model

In a Cartesian coordinate system, let x € R™ denote the vector of the position/orientation of the robot end-
effector and F' € R" the vector of interaction forces/moments on the environment exerted by the robot at the

end-effector. Suppose that the undeformed environment is described by a set of m hypersurfaces [9]
Oz, t) = Do(t)  B(z,t) = [p1(x,1),...,¢m(z,1)]] m<n (1)

which are mutually independent for any t. ®.(t) = [¢e1,...,dem|’ represents the equilibrium position of
the undeformed environment and is unknown. Suppose that there exists a set of (n — m) scalar functions

{th1(z,t), ..., Yn_m(z,t)} such that {¢;(z,t);4;(x,t)} are mutually independent for any ¢. The task space is



defined as [9]
P T T = @), (s D] € R

(2)
rp = [1(2,), ..o hnm (2, 1)]T € R

In defining the task space (2), the directions of curvilinear coordinates r¢ are aligned with the normal directions
(assumed to be outer normal directions) of the undeformed surfaces. Therefore, force tracking control is required
along 7t coordinates. The rest curvilinear coordinates r, represent the motion of the end-effector along the contact
surfaces, in which motion control is needed. Along the normal directions of contact surfaces, the environment is
assumed to be represented by an elastic model with an unknown time-varying symmetric positive definite (s.p.d.)

stiffness matrix K, (t), i.e.,

fa=Ke()(rp—rpe(t)) or  rp=Ki(t)fnt+rpe, fu<0 (3)

where f, € R™ is the vector of normal contact force components, 77.(t) = ®.(t) represents the unknown
equilibrium position, and K (t) = K ' is an unknown s.p.d. compliance matrix. Since the contact surfaces are
unilateral, f, <0 !. It is assumed that the end-effector is initially in contact with the surfaces, and that f,, <0
is never violated after the control torque is applied, i.e., contact is never lost. If the exact force tracking control
can be achieved and the transient response of force tracking can be guaranteed, which will be the case of the
proposed controller, the assumption that f, < 0 can be justified since the desired force trajectory must satisfy

the condition that f,; < 0.

By using the same technique as in [9], the robot dynamic equation in the task space can be obtained as [23]
M(r,t, )i + C(r,7,t, B)i + G(r,t, B) + Dy(r,7,t, 8) + f + Fyr = uy (4)

where M, C, and G represent the inertia matrix, the Coriolis and centrifugal force, and the gravitational force
respectively, Dy is due to the time-varying nature of the transformation (2), f represents the vector of unknown
nonlinear functions due to external disturbances and joint friction, etc, F;. is the interaction force, 8 € R'5 is the

vector of a suitably selected set of robot parameters, and u, is the control input. F, can be written as

F. = LT(M,T,f,t)fn—{—ET(T,?'",t)fn (5)

where L, f,, represents the modeled interaction force including surface friction force, and L, f,, represents the

!The operation < for vectors is defined in terms of their corresponding elements



modeling error. L, can be linearly parametrized in terms of the unknown friction coefficients u € RFe e,

Ly (pyry 7 0) fr = fu(rs 7 fos ) + Yu(r, 7, fu, t)p (6)

where f, and Y}, are known 2. The following properties can be obtained for (4) by using the same techniques as

in [24].

Property 1 For the finite workspace §, in which all kinematic transformations are well defined, M (r,t,[3) is an
s.p.d. matrix with kl.I,, < M(r,t,8) < k'I,,, where k!. and k!! are some positive constants and I,, represents an

n X n identity matrix. $
Property 2 The matrix M(r, t,B8) —2C(r,7,t,0B) is a skew-symmetric matrix. &

Property 3 M(r,t,3),C(r,7,t,B),G(r,t, (), and D (r,7,t,3) can be linearly parametrized in terms of [3, i.e.,

Mz, + Cz + G+ Dy = fa(r, 7, 2p, 29, t) + Ya(r, 7, 2p, 20, 1) B (7)

where z, and z, are any reference values, and fg and Yg are known. &

Denote the set of independent unknown parameters of Ky as 6(t) € RFo. Because of the symmetry of Ky,

ko < %m(m +1). Then, for any vector e, since Ky is linear w.r.t. , we can write

Ky(t)e = fo(e) + Yy(e)0(2) (8)

where fy and Yy are known. We make the following reasonable assumptions on the parametric uncertainties and

the modeling error.

Assumption 1 B€ Qs 2 {B: Buin < B < Bmax } and 0(t) €y 2 {0 Opin < 0 < Opas }, where Q5 and

Qg are known sets. %

Assumption 2 The modeling error is bounded by some known functions and the derivatives of ®.(t) and 6(t)

are bounded, i.e.,
||f(r,¢,t)+fjr(r’73,t)fn|| Sér(ﬁhfnat) (9)
1Dt < de, IO < b

where 0, is a known function and d, and dgy are known. &

Note that when ®, and @ are unknown but constant as studied in [11], <i>e =0, 0 = 0, and the last two

equations of (9) are trivially satisfied.

%a function is called known if it is a known function with respect to (w.r.t.) their variables



Suppose that 7,4(t) € R"™™ is given as the desired motion trajectory in the unconstrained subspace and
frna(t) € R™ is the desired force trajectory in the constrained subspace. The objective is to design a control law
and some parameter adaptation laws under Assumptions 1 and 2 such that the motion and force tracking errors,

epa = Tp(t) —pa(t) € R"™™ and ef, = fn(t) — fna(t) € R™, are as small as possible.

ITI. ARC Motion and Force Control

In this section, the ARC design technique [15] is applied to solve the above robust motion and force tracking

control problem.
3.1. Semi-strict Feedback Form

Define state variables as

— [T T T _ _
T =[zi, i), 11 = fn, T12=Tp (10)

Noting (3), (4) and (5), the system can be represented by

:ijl = Bl$2 + DlAl
:tZ = M_I(T‘,t,ﬁ)[—C(’)", $2,taﬁ)$2 - G(Tataﬁ) - Dt(’ra $27t7/6)
—Ly(py 7, 2, t) 21,1 + Up + Ag]

where

K. 0 .
B, = ; D, =1, 0]
0 In—m (12)

Ay =K (t)(r; — ®) — KD, (1), Ay = —f(r,z9,t) — Ly(r,z2,t)z1

The first equation of (11) has parametric uncertainties in By and uncertain nonlinearities in A;. These uncertain-
ties are mismatched uncertainties since the control input u, appears in the second equation. The appearance of
mismatched uncertainties makes the controller design complicated. Since r and 7 are measurable, we may treat
r in the second equation of (11) as a known quantity?. Then, noting Assumptions 1 and 2, and Properties 1
and 3, (11) is similar to the semi-strict feedback form in [15] with a "relative degree” of two. Thus, in principle,
we may be able to apply the general results in [15] to obtain an ARC controller. However, in order to take into
account of the special structure of the robot dynamics, we proceed the design in the following way. The design

parallels the recursive backstepping design procedure in [15]. An ARC Lyapunov function is first constructed for

30Otherwise, we have to write 7 as a function of z;. The relationship r(z:) is unknown because of the unknown stiffness and
the unknown equilibrium. Then, terms like M (r(z1),¢,3) cannot be linearly parametrized.



the first equation of (11). Then, using the backstepping design, an ARC Lyapunov function is found for the
whole system.

The first equation of (11) is actually made of two decoupled equations, i.e., the force equation
fn=Keway + A (13)

and the motion equation

’f"p = 152,2 (14)

Thus, in the following, ARC Lyapunov functions will be constructed for the force and motion equations sepa-
rately. Furthermore, instead of tracking rp4(t) and f,,4(t) directly, the controller is designed to track the filtered
desired motion and force trajectories, 7,,(t) and f,.(t), each created by a second-order stable system. Such
a procedure enables us to choose the initial conditions, 7,(0), 75 (0), fur-(0), and fn,(0), freely to guarantee
transient performance as in [14]. In practice, whenever the system tracking error experiences a sudden jump
due to some discontinuous perturbations, such a desired trajectory initialization can be adopted to minimize the
transient response as done in [25] for eliminating reaching transient by suitably choosing initial conditions. In the

following, let e, =1, — ) and ey = f, — fn, be the motion and force tracking errors respectively.

3.2. Notations and Smooth Projection

Let @ denote the estimate of o (e.g., § for 0) and e; the i-th component of e. For any unknown parameter
vector e lying in a known bounded region Qe={e: e,,;, < e < ®,.., } (e.g., 2y), a simple smooth projection
map 7 can be defined for e and satisfies the following properties: (a). Ve € Q,, n(e) = o; (b). Ve,
w(8) € Qe={0,: opin —ce < 01 < 041 + o} Where €4 i a known vector of positive numbers that can be
arbitrarily small; (c). m;(8;) is a nondecreasing function of ;; and (d). The derivatives of the projection are
bounded up to a sufficiently high-order. See [14] for further details. For convenience, define o, as &, = 7(s)

and the projected estimation error as &, = o, — e,

3.3. Force ARC Lyapunov Function

In this subsection, a force control function uy will be constructed for 231 such that force tracking control will
be achieved with a guaranteed transient performance if w21 = uy. This is achieved by constructing an ARC
Lyapunov function V; as follows.

Recent one-dimensional force experimental results [26] have shown that integral force feedback control has
some advantages since it has a stronger robustness to the measurement time delay and can remove steady state

force tracking error. For this reason, we introduce the integral of force tracking error, Iy = I7(0) + f[f er(v)dv,



in the design. Also, since K, is an s.p.d. matrix, it will be easier to design a control law based on the estimate

Ofo:K_

e

are
If = €ef :fn_fnr(t)
Kffn =21 + Al Al = K;lf(e(’r'f — (I)e) — (i)e

Define a switching-function-like vector £ as
§r=er+ Dy
where Dy is an s.p.d. matrix. By choosing the initial value of Iy as I;(0) = Dy 'e;(0), we have
£7(0) =ef(0) + D11 (0) =0

From (16), we note
. . A .
éhf:fn_6 6:fm"_-Dlef
Choose a positive semi-definite (p.s.d.) function V; as
Vi = qwssf Kty
where wy > 0 is any weighting factor.

Lemma 1 Let the control law for x21 be

U’f(eagfaéﬂ'at) :ufa(eagfaéﬂ') +ufs(6a€faé7rat)
where

Use = Kpe — Dobs = fole) + Yy(€)0r — Dot

and uy, is any vector of differentiable functions satisfying the following two conditions

i g, <0
ii. £7(Ay + K&+ Yp(e)br) + £ ups < 5

1 instead of the estimate of K. Considering these factors, from (13), equations for Iy and the force

(15)

(17)

(18)

(19)

(20)

(21)

(22)

in which ey > 0 is a design parameter, D> > 0, and GAW is the projection of 6 defined in subsection 3.2. Then, we

have



a. In general,
Vf |Uf < —)\Vfo +wyey (23)

2Amin (Dz)
Supt{/\maz (Kf)(t)}

where Avf = , and Vf |uf denote Vf under the condition that x5 = uy.

b. In addition, when Al =0 and Ke =0,

vy luy < —wpéf Doky + TfTéw (24)

where
T = wagT(e)ff (25)
&

Remark 1 Lemma 1 shows that Vy is an ARC Lyapunov function [15] for (15) with the control function given
by (20) and the adaptation function given by (25).

Proof: Noting (8), (15), and (18), the derivative of V is

Vi =wptf (Kp&p + $K5&p) = wpl] (Kpfn — Kpe + $K )

" : (26)
= wslf w21 + A1 — fole) — Yo(e)0 + 5K éf]
If To,1 = uf, then,
Vi luy = —wp€F Dol +wit T [Ar + $K & p + Yo(€)br + up] (27)
which leads to (23) by noting ii of (22).
When A} = 0 and K, =0, Kf = 0 and (27) leads to (24) by noting i of (22). 0

3.4. Motion ARC Lyapunov Function

As above, in this subsection, a motion control function u, will be constructed for x5 > such that motion tracking
control will be achieved with a guaranteed transient performance if 229 = u,. Since the position equation (14)
has no modeling uncertainties, we can use the technique in designing dynamic sliding mode in [12] to obtain a

stabilizing control for it. Namely, let a switching-function-like vector be

fp = ép + Yp, fp € R—m) (28)



where y, is the output of a n,-th order dynamic compensator given by

Zp = Apzp + Bpep, zp € R™ (20)
Yp = Cpzp + Dpey, yp € R
(Ap, By, Cp, Dy) is required to be controllable and observable. Transfer function from &, to e, is
ep = Gg ()6 (30)
where
Ge,(5) = sl +Ge(s), Ge(s) = Cp(sly, — Ap)7'B, + D, (31)

Thus, by suitably choosing the dynamic compensator transfer function G.(s), the transfer function Ggpl(s) can

be arbitrarily assigned as long as Ggpl(s) has a relative degree of one. The state space realization of Ggpl(s) has

T T

the state z¢, = [2,,, ep]T and the following representation

:‘Efp = A&pxgp + Bﬁpgp yﬁp = Cfpxgp

4, B, 0

Agp = ng — (32)
—-C, —D, Iy

Cgp =[0 In_pn]

In state space, the result equivalent to the transfer function Ggpl(s) being arbitrarily assigned can be stated as

follows: the following Lyapunov equation has an s.p.d. solution P, for any s.p.d. matrix (),

AL Pe, + Pe, Ag, = —Qs

P

(33)

Amin . . . .
Furthermore, Ay, 2 )\7((?{’@ can be arbitrarily large value by assigning the poles of A¢, to the far left plane to
max D

obtain any exponentially fast converging rate.

Lemma 2 Let the control law for x5 be

up = Tpr(t) — yp (34)

Then, the positive definite (p.d.) function defined by

Vp = 37, P, e, (35)



is a Lyapunov function or an ARC Lyapunov function for the motion subsystem, i.e.,

Vo b, < =20, Vy (36)
Proof: If 259 = uy, from (28), we have
&p =222 — (Fpr +4p) =0 (37)
Noting (32) and (33), (36) is obvious. O

3.5. Backstepping Design via ARC Lyapunov Function

In the previous subsections, we have shown that if 25 takes the feedback law ui4 = [u?, ug]T given by (20)
and (34), we can achieve motion and force tracking as demonstrated in Lemmas 1 and 2. So the backstepping
design in this section is to design an ARC law for the second equation of (11) so that its output x5 tracks its
desired value uq4 with the transient performance we want. This process can be completed by making the following

p.s.d. function an ARC Lyapunov function:

V=V +V,+ 22l M(r,t,8)2 (38)
where zo = 9 —u1q = 7 —u14 is the tracking error for the second equation. Noting that é = fnr +D1fm= —len

and f = fn — ¢, by differentiating (20), we can write
f

U’f = Y1(e,£f,9_7(r1),t) + YQ( gfaoﬂ'at)fn an (9 P9( ff,é,t)) (39)
where Py is a bounded function w.r.t. 6 which will be specified later. Y7 and Y5 are calculable and given by

o o o o
Y, = uf (fnr + lenr) 62; €+ Ufp + uf )
Vo= -+

Noting (13), 114 can be decomposed into the following terms

Y, duy .
Uig = 2y + (Kefp+ A1)+ | 99 | (60— Py) (41)
0 0
where
I 7é71' )
= (e,&y ) (42)
Up



zy is calculable based on the measurements of position, velocity, and force only. Noting that M is linear w.r.t.
B, there exists known Yj3(r, e,ff,éﬁ,f'f,t) and Yy(r, e,ff,éﬂ,f“f,t) such that
Yao(e, &1, 0r,t) Ko
M(rt,8) S IR, (43)
0
where ¥ represents a set of suitably selected unknown constants whose elements are the products of the elements
of 5 and K,. In view of Assumption 1, 9 € Qy, where Qy is a known bounded set and is denoted by Qy = {¢ :

Umin <9 < Umaz }. So we can define d, = 7r19(7§), the projection of J, in the same way as in subsection 3.2.

Lemma 3 Let the control law for u, be

Up = Upq + Urs
Uprq = fﬂ(’f’, 'f'a Uld, Zv) t) + Yﬂ(’f’, If.a Uld, Zv, t)Bﬂ' + fu(’f', If.a fna t)
1Y, (ry 7, fry )i + Va3 + Vi —ul — K, 29 (44)
) wrly
Y T
Bﬁppfprp

where K, > 0 and u,s is any vector of continuous functions satisfying the following two conditions

i 23 <0
cre o (45)
i. 23 [YgBr + Yyjin + YoUr + No] + 23 ups < e,
in which €, > 0 is a design parameter and
- Yo
Ny =—M A1+ Ay (46)
0
Then, the following results can be obtained:
a. In general,
Vo<WV +e+ 250 - Py (47)
where \y = min{AVf, AV, 2}‘%,,([(‘)} and e =wyes +¢,.
b. In addition, if A; =0, ¢ = 1,2, then,
Vo<WV 4700 + 25(0 - Py) (48)

where

11



TeTZ[T}Tv Zng, ZngM Zgyﬁ]

ée:[éTa BTa ﬂTa II§T]T

Proof: Noting (26), (32), and Property 2, we have

V = Vf |uf —l—wff?(le — U,f) + VZ,, |up —i—(L‘g;ngng((L‘Q,Q — U,p) + Z;(MZQ + CZQ)
=V} lu; +Vp |, +25 [M (82 — i) + C(z2 — u1a) + up)

Substituting the second equation of (11) into (50) and noting (41) and (43), we have

V=V luy +Vp lu, +25 {ur — Mz, — Curq — G — Dy — Ly fry — Y3 — Yy + u,

Oup |,
—M | 9 | (08— Py)+ As}
0

Noting that the only term in V' that contains 0 is uy in 23,

Quy
ov._ _Tar| o0
90 0

Substituting the control law (44) into (51) and noting (6), (7), and (52),

V = Vf |Uf +Vp |Up _ZQKZZQ
+23 [trs + YpBr + Yujin + Yol + Do) + 25(0 — Py)

which leads to (47) because of (23), (36), and (45).

When A; =0, from (15) and (46), A; = 0. Noting (24) and (36),

Vv < =Av; Vi = Ay, Vp — 22K 20 + T}Féw + 25 Ups + 23 Y3 r
+23 Yajix + 23 YoUr + 25(6 — Py)

which leads to (48) because of i of (45).

(50)

(51)

(52)

(54)

|

Remark 2 There are several ways to choose the robust control terms u s and u, to satisfy (22) and (45). Since

uys IS required to be continuous only, it can be any continuous approximation of the discontinuous term —hzﬁ

E2)
llz2l

with an approximation error €,. —h,

12

is normally used in sliding mode control (SMC) where h, is a bounding



function satisfying

h, exists since Bﬂ, 9y, and [iz are bounded by some known constants because of the use of smooth projections.
See [12, 23] for different approximation methods. Similarly, we can choose uy to be a differentiable continuous

approximation of the discontinuous term —h fﬂgﬁ where hy satisfies

hy e, 65, 0my1) > A1 + Yo(€)0r + S K &5 (56)

Lemma 4 [f the initial values of the filtered motion and force trajectories are chosen as

fnr(o) = fn(o)v fm‘(o) = Kfl(o)rf(o)
Tpr(0) = 7p(0), pr(0) = 7,(0)

(57)

then, V(0) = 0 by setting I;(0) = 0 and z(0) = 0. A

Proof: It is obvious that ef(0) = 0, £;(0) = 0,e,(0) =0, y,(0) =0, z¢, =0, and £,(0) = 0. From (20),
tfq(0) = f(ffm(O) and ufs(0) = 0. 22(0) = 0 and V(0) are thus obvious. 0

Let the adaptation law be

0
3= —Ts[ls(B) + Y~
B sllg(B) + Yy 2] (58)
f= _Fu[lu(ﬂ) + Yung]
0 = —Dylg(9) + Y 2]
where ly, Ig, l,,, and [y are any bounded modification functions satisfying the following two conditions
i. lo(8)=0 i e c ()
0 f 50
i SZl.(S) >0 if . .

in which e represents 6, 3, i, or 9. For specific modification functions, see [12, 23]. Some examples suitable for

this application are given in the following remark.

Remark 3 Note that [,(8) = 0 is a trivial solution of (59), which, in general, makes the resulting control law
simple and easy to implement. The reason of introducing l, is to make the parameter adaptation process more
robust since l. functions as a nonlinear damping in the parameter adaptation law (58). In this application, the

adaptation law for B i, and 19 the right hand side of (58), can be discontinuous since the resulting B [, and 9

13



are still continuous and the control law (44) uses B i, and 9 only. Thus, the same as in [12], we can use the
popular discontinuous projection method [27] for lg, 1, and ly. See [12] for the details.

For 6, since Py is also used in the control law (44), we have to use the continuous modification function lg.
One simple solution is to use the idea of continuous projection method proposed in [28], which is simplified as
follows. Let Wy > 0 be a weighting matrix such that Qg is contained in the set Qg = {0 : ||[Wy(0 —0,)|| < 1}

for some known 0,,. Yy, define the continuous projection of y as

Yy lf é € Qg
Proj(0,y) =4 y 0 Qy and (0—6,)"Wiy<0
([We (0—0n)12=1)(0—=0n) " Wiy 172 5 j j T2
Y Gy =0 =Wy (0 —6p) 0 &Qy and (0—6,) Wiy >0
(60)
where €g: is any small positive number. Let the adaptation law for 0 be
0 = o9 Proj(0, —;) 0(0) € (61)

~

ie., letting g = ogl and lg = —7f — Proj(f,—7y) in (58). Then, similar to [28], it can be proved that the

adaptation law (61) guarantees that

i 0eQp={p: [Wyp—0,)| <1+ep}, V7

B (62)
ii. 871 >0, V7

~

Since Qgn is a known bounded set, we can restrict the smooth projection () to a class of smooth projections
with the property that 7r(t§) — 0, VO € Qgr. In other words, we actually do not use smooth projection in
implementation in view of i of (62). It is thus easy to verify that (59) is satisfied and the continuous projection

(61) is a valid continuous modification function. &

Theorem 1 When the robot manipulator described by (4) moves on the stiff surfaces (1) with the interaction
force (5), the following results hold if the control law (44) with the adaptation law (58) and the initial values
(57) is applied:

a). In general, the control input is bounded and ey, z,,e¢, and Iy exponentially converge to some balls whose

size can be freely adjusted by controller parameters in a known form. Furthermore, V' is bounded above by
£
V() <551 - emp(—Avt)] (63)
b). When the system does not have uncertain nonlinearities, i.e., ®, and K. are unknown but constant and
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Ay = 0 in (11), in addition to the results in a) of the theorem, asymptotic motion and force tracking

control is achieved, i.e., e, — 0 and e; — 0 when t — co. AN

Proof: In general, from (47), (58), and lemma 4, (63) is true. Since the exponential converging rate Ay
and the bound of the final tracking error, V(o0) < ﬁ can be freely adjusted by the controller parameters ¢y ,
€p, D2, Ay, and K in a known form, a) of the Theorem is true.

Define
Vi, (0e) = & 2 [7° (mi(vi + Oei) — Oei)dv (64)

where «y; > 0. The same as in [29, 14], it can be proved that Vjp, is a p.d. function w.r.t. 6, and

Ve, (6) = 61,11 (65)

emr— e

where T’ = diag{~;}. Thus, we can choose a p.d. function as
Vo=V 4V, (66)

In the absence of uncertain nonlinearities, A; = 0 and € is unknown but constant. From (48), (58), (59), and
(65),
Va < =AvV o+ TeTéeW + éT Fglée

en

o o (67)
< =V = 8T15(0) — AL1s(B) — i 1,(5) — TE15(9) < —AvV
Thus, V € Ly. It is easy to prove that V is uniformly continuous. By using Barbalat’s lemma, V' converges to

zero and thus b of the theorem is true. O

IV. Simulation

A two DOF direct drive SCARA robot in the Cartesian space shown in Fig. 1 is used in the simulation. Dynamic
equation of the robot can be found in [12] where the robot parameter set is 3 = [ p1,p2,p3]’. Actual values of
the robot parameters (with a payload of 10kg) are [} = 0.36m, Iy = 0.24m, B = [5.1023, 0.7502, 1.03685]7,
and d = 0.35m. The exact value of (3 is assumed to be unknown with initial estimate B(O) =[1.8,0.1,0.1]T,
The robot is assumed in contact with a surface S, which rotates around the Z-axis as shown in Fig.1. The
surface S has a stiffness k. = 4000 and a friction coefficient ;1 = 0.3. k. and p are assumed to be unknown with

initial estimates k, = 500 and it = 0. The time-varying undeformed surface S is described by

_psin(p() + ycos(o(t)) = Bo(t),  o(t) = gw _ %ﬂcos(%ﬁt) (68)
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where the distance between S and Z-axis, @, is given by ®.(t) = 0.0025cos(wet) and w, is unknown. Thus, the

task space (2) can be defined as

r=[rp, )", r;=—zsin(p)+ycos(p), r,=xcos(p)+ysin(yp) (69)
The task space dynamic equation (1) can thus be obtained where F, is given by (5) with

1
L, = (70)

psign(fn)sign(rpy)

and L, = 0. f, and Y, can be obtained from (6). Let # = K; € R. Then, f5 and Yj in (8) are 0 and
€ respectively. Y7 and Y3 can be obtained from (40) and fg and Yj can be obtained from (7). Define ¢ as
9 = [K.B1,Kef2, Kef33]7. Y3 and Yy can be formed from (43) where Y3 = 0.

Fast changing desired trajectories are used to test the performance, where r,; = 0.14(1 — cos(2nt)) and
fnd = —40 4+ 20cos(2nt). Each of the filtered desired trajectories r),, and f,, is created on line by a critically
damped second-order system with a corner frequency of 10 and initial conditions determined from (57). An
integrator is used for the dynamic compensator, i.e., 4, = 0,B, = 1,D, = 20,C, = 100. Then the resulting
motion sliding mode is critically damped with a corner frequency of 10. B = [1.0,0.05,0.05]", Bree =
6.0,0.8,1.2]7, i = 0.0002, Omez = 0.004, fimin = 0, fimaz = 0.4,  Imin = [250,12.5,12.5]7
and Y0, = [30000, 4000, GOOO]T are used to define the sets €15, 9, €,, and {1y for allowable parametric
uncertainties. As explained in Remark 3, we use the discontinuous projection for lg, [,,, and Iy, and the continuous
projection (61) for lg. Parameters in (61) are 6, = 0.0021, Wy = 1/0.0019, and ey = 0.05. Robust control

terms uy, and u,, are chosen according to Remark 2, in which a smooth approximation in [14] is used for

Ufs, 1.€., Ufs = —hftanh(%f—gﬁ), and a continuous approximation in [12] (method 2) is used for u,s with
a diagonal feedback gain matrix K, for zo within a boundary layer thickness of hfj—l' The control input is

calculated from (44) with a sampling rate of AT = 2ms. Controller parameters used in the simulation are
Dy =10,Dy = 0.01, wy = 0.5,ey = 16.7, 9(0) = [900,50,50]", K, = diag{200,400}, Qe, = 5000, ¢, = 1500
and K,; = diag{600,600}. Parameters used for adaptation rate are I'y = 0.00001, I'z = diag{4,0.2,0.2},
I'y =0.8, and T'y = diag{20000000, 2000000, 2000000} .

The following three controllers are run for comparison:

ARC: The ARC law as described in the above.

DRC: Same control law as in ARC but without parameter adaptation. In this case, the resulting control law

becomes a deterministic robust control law [15], which can achieve the results stated in a) of Theorem 1.

AC: The control law obtained by letting uss = 0, u,s = 0, m(e) = e, and l4(8) = 0 in ARC, i.e., no robust
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control terms and no projection and modification for parameter adaptation laws. In this case, the resulting

control law becomes an adaptive control law [15], which can achieve the results stated in b) of Theorem 1.

To test nominal performance of each controller, simulations are first run for parametric uncertainties only
(we = 0), i.e., conditions in b) of Theorem 1. The filtered desired force trajectory f,, converges to the desired
force trajectory f,q quickly without overshoot due to the use of trajectory initialization. The filtered desired
motion trajectory 7, is the same as the desired motion trajectory 7,4 in this case since rp,(0) = rpq(0). As
shown in Fig.2 and Fig.3, all three controllers have good motion and force tracking ability, which avoids the
loss of contact. ARC and AC have a better final tracking accuracy than DRC since some of the estimated
parameters approach their true values. ARC also has a better transient response than AC. Control inputs for all
three controllers do not exhibit chattering.

To test performance robustness, simulation are then run in the presence of time-varying ¢.(t) and very large
disturbances, i.e., w, = 67 and f = (—1)"“*4")[30,30]7 in (4). As shown in Fig.4 and Fig.5, ARC still achieves
the best motion and force tracking results. AC has the worst tracking performance and needs a very large
control effort sometimes (Fig.6) since its parameter estimates are unbearably wrong due to the appearance of
disturbances. Again, control inputs of the proposed ARC do not exhibit chattering. All these results illustrate

the advantages of the proposed ARC motion and force controller.

V. Conclusions

In this paper, adaptive robust control is applied to solve the motion and force tracking control of robot manipu-
lators in contact with unknown stiffness environment. The system is subjected to both parametric uncertainties
and uncertain nonlinearities coming from various sources. The guaranteed transient performance of the result-
ing controller alleviates the problem of loss of contact and makes the approach attractive to implementation.
Asymptotic motion and force tracking is obtained in the presence of parametric uncertainties without resorting
to discontinuous control law or infinite feedback gains. Simulation results verify the advantages of the proposed

ARC motion and force controller.
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Figure 1: Configuration of the robot

Figure 2: Motion tracking errors in the presence of parametric uncertainties

Figure 3: Force tracking errors in the presence of parametric uncertainties

Figure 4: Motion tracking errors in the presence of parametric uncertainties and large disturbances

Figure 5: Force tracking errors in the presence of parametric uncertainties and large disturbances

Figure 6: Control inputs in the presence of parametric uncertainties and large disturbances
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