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ABSTRACT
This paper presented multi-objective optimization of ti

tracking control for non-collocated flexible beam. The desire
trajectory is specified at the tip displacement of the flexible stru
ture, which undergoes translation base motion actuated by a
ear motor. The system model is first formulated from mod
truncation approach for the flexible structure representing a s
gle Cartesian robot manipulator. The linear system model of t
flexible structure always has structural uncertainties. Robust s
bility and robust performance on tip tracking can be express
asH2/H∞ norm constraints, which are converted into the Linea
Matrix Inequality (LMI). The multi-objective controller design is
solved by the convex minimization. In order to reduce the co
servatism generated when the same Lyapunov matrix is selec
the Lyapunov matrix is scaled for different norm constraint
Simulation results have demonstrated favorable tip tracking
the proposed robust controller.

1 INTRODUCTION
Robot manipulator is widely used to help the monotonou

tedious jobs in the industrial practice and space applications. T
conventional rigid manipulator are built to be rigid with high
stiffness in order to be easily controlled. Those robot manip
lators are shown to be inefficient in terms of high power co
sumption, low motion speed, high actuator capacity, and lo
payload ratio [3, 13, 14]. In order to improve the efficiency b
∗Address all correspondence to this author.
1

p
d
c-
lin-
al
in-
he
ta-
ed
r

n-
ted,
s.
of

s,
he

u-
n-
w
y

reducing the weight and increasing the speed of the robot manip-
ulator, it is widely accepted that the lightweight structure may
provide a solution especially in the space robotic systems. How-
ever, reducing the weight or increasing the speed will lead to the
onset of the low frequency oscillation that can limit their time
response and accuracy [14]. These flexible modes need to be
taken into account in the control design in order to preserve the
quality and the accuracy of the flexible structure’s operation. The
lightweight structure or flexible structure will lead to the high de-
gree of elastic motion especially in the high speed operation of
the structure. In addition, the dynamical models for multi-link
flexible structure are coupled and nonlinear, which will make it
much more difficult to model, identify, and control the multi-link
flexible structure.

It is much difficult, if not impossible, to derive the high accu-
racy dynamical model for the flexible manipulator for the control
purpose. The control objective for a high performance flexible
structure is to track the desired smooth trajectory of motion at
the tip or the joint. The trajectory at the joint is assumed that the
manipulator is rigid enough and the effect of the flexible modes
is negligible. It is more reasonable to design the tip trajectory
for the tip tracking problems provided that the link deflection is
within the limited deflection.

Advances in the control of the flexible structure is neces-
sary to reduce the power consumption and increase the speed in
order to satisfy the increasingly stringent demand in the indus-
trial practice. Motion control of the flexible structure has been
investigated by many researchers. A variety of control schemes
Copyright c© 2005 by ASME
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have been successfully proposed to deal with the motion co
trol problems. Among these control approaches, one finds li
ear control algorithms such as linear quadratic regulator (LQR
command shaping, adaptive learning, and pole placement. Tho
algorithms generally address the problems of collocated flexib
systems in that the sensor and the actuator are placed at the s
location. However, in order to address the exact tip tracking co
trol, a non-collocated system usually arises, whose dynamics a
normally of non-minimum phase systems. When coupled wit
the loop transfer recovery (LTR), the linear quadratic Gaussia
(LQG) could improve the performance with the non-minimum
phase systems [19].

The nonlinear control methods such as the computed torq
have also been proposed, but mainly for rigid manipulators.
order to deal with the unmodelled uncertainty, some robust co
trol approaches such asH∞ and variable structure control (VSC)
have received much attention in the last decades [1,3].

In [1, 3, 19], only oneH∞ or H2 objective is specified. In
practice, however, different specifications may impose on th
closed-loop system of the flexible structure. In this scenario, th
control problem is a multi-objective control problem, in which
controllers have to be designed to satisfy several different pra
tical requirements. It is hard to solve the general multi-objectiv
control problem with the available computing tool today. In this
paper, we will confine ourselves onH2/H∞ problems, which can
be formulated using linear matrix inequality (LMI) and solved
using the interior point methods.

Linear matrix inequality (LMI) has gained wide acceptance
in control and optimization communities due to its elegant for
mulation and the availability of the efficient solvers [5,8,11,16]
The robust stability likeH∞ or performance requirement likeH2

can be formulated as the linear matrix inequalities. The LM
can be solved efficiently by the available software packages [8
In addition, the multi-objective control problem can be formu
lated as combination of LMI. In the dynamical output feedbac
control, these formulated LMIs are nonlinear with the controlle
parameters. It is much difficult to solve this kind of non-convex
optimization problem right now. One possible way to recover th
convexity is to require that the Lyapunov matrices should be th
same [10, 11, 16]. The solution is indeed a suboptimal solutio
In order to reduce the conservatism, one may scale the Lyapun
matrices to reduce the effect of the above artificial constraint.

The rest of the paper details the application of the mult
objective optimization to the tip tracking control of the flexible
structure. We first derived the dynamical model from modal trun
cation approach. Then the control problem for tip tracking i
formulated through the linear matrix inequalities. The controlle
is solved as a multi-objective optimization problem. Finally, the
simulation results are given to demonstrate the effectiveness a
advantages of the proposed approaches and the results are s
marized.
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Figure 1. SCHEMATIC DIAGRAM OF THE FLEXIBLE MANIPULATOR.

2 DYNAMICAL MODEL
The virtual experimentation is designed to simulate the flex-

ible structure with base translational motion. The schematic of
the flexible structure is shown in Figure1,which represents a sin-
gle Cartesian robot manipulator. The structure includes one ac-
tuator and one position sensor at the base and the displacemen
sensor at the tip. In addition, the payload is attached on the tip to
simulate the industrial application. The flexible beam is lightly
damped.

The structure with uniform flexible cantilever beam under-
goes translation base motion actuated by a linear motor. In lit-
erature, the flexible manipulator with rotational joint has been
investigated in modeling, identification, and control. This con-
figuration is different in that it is actuated by the translational
force rather than the angular torque. For simplicity, the gravity is
ignored when deriving the dynamical model for the system. It is
also assumed that the deflection of the cantilever beam is small.

There have several approaches to obtain the nominal model
of the above flexible structure like the Hamiltonian and energy
equation method, the modal analysis method, and the finite im-
pulse response method. Of course, different approaches will have
different fidelity to apply in different situations. In this paper, the
truncated mode method with clamped-mass boundary condition
is adopted to derive the nominal model.

In Figure 1, the coordinatesOXY represents the inertial
frame, and the coordinatesoxy is the local reference frame fixed
with the base actuator. The base actuator position is denoted
by y(t), and the control forceu(t) is applied at the base. The
other system parameters used throughout the section are:M, the
mass of base; L, the length of the beam;m, the tip mass payload;
EI, the uniform flexural rigidity;w(x, t), the elastic deflection of
beam measured from the undeformed position atx; p(x, t), the
position of the beam atx in theY direction.

Based on the small deflection assumption, the position of
beam atx in Figure 1 can be approximated byp(x, t) = y(t) +
w(x, t).

Following the procedure in [21], the total kinetic energy and
Copyright c© 2005 by ASME



the total potential energy are

Ek =
1
2

Mẏ2(t)+
1
2

ρ
Z L

0
ṗ2(x, t)dx+

1
2

mṗ2(L, t)

Ep =
1
2

EI
Z L

0
[p′′(x, t)]2dx

where dot and prime represent the derivative with respect to th
time and spacex respectively, andρ is the linear mass density
of the flexible beam. The corresponding governing equation o
the flexible beam can then be derived by the extended Hamilton
principle:

ρẅ(x, t)+EIw′′′′(x, t) =−ρÿ(t) (1)

The boundary conditions for solving (1) are obtained as follows
At the base, noting that the beam is clamped onto the baseM, we
have

w(0, t) = 0
w′(0, t) = 0

u(t)−Mÿ(t) = EIw′′′(0, t)
(2)

At the tip, the massm is free to move. Thus

w′′(L, t) = 0
EIw′′′(L, t) = m(ẅ(L, t)+ ÿ(t)) (3)

The dynamical model of flexible structure is described by
the partial ordinary equation in (1). This will increase the dif-
ficulty to obtain the solution since the solution is affected by
the boundary conditions in addition to the commonly encoun
tered initial condition in the ordinary differential equation. In
the above case, the boundary conditions are non-homogeneo
which makes it much difficult to obtain the solution. In the fol-
lowing, the truncated mode approach will be used to obtain th
set of ordinary differential equations that well approximate the
above partial differential equation to simplify the analysis and
control designs. For this purpose, let us first find the eigenfunc
tions of the elastic motionw(x, t) of the beam when the base is
assumed to be clamped, i.e.,y(t) = 0. With a clamped base, the
corresponding partial differential equation in (1) is

ρẅ(x, t)+EIw′′′′(x, t) = 0 (4)

with the boundary conditions atx = 0 simplified to

w(0, t) = 0
w′(0, t) = 0

(5)
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andx = L

w′′(L, t) = 0
EIw′′′(L, t) = mẅ(L, t) (6)

The equation (4) with the boundary condition in (5) and
(6) are of the homogeneous form. The separation of variables
method can be used to find the infinite number of the eigen-
functions (or mode function ) of the flexible beam,ϕ j(x), j =
1,2, . . . ,n, . . .. With the normalization, the eigenfunctions satisfy
the following orthogonal properties.

R L
0 ρϕi(x)ϕ j(x)dx+mϕi(L)ϕ j(L) = δi, j

EI
R L

0 ϕ′′i (x)ϕ′′j (x)dx = ω2
i δi, j

(7)

whereδi, j is the Kronecker Delta,i, j = 1,2, . . . ,n, . . ., andωi =
( EI

ρL4 )1/2β2
i is the natural frequency, in whichβi is theith roots of

the following characteristic equation

1+cos(β)cosh(β)+
m
ρL

(cos(β)sinh(β)−sin(β)cosh(β)) = 0

In addition, it is noted from the boundary condition atx = L that

EI
Z L

0
ϕi(x)ϕ′′′′j (x)dx= ω2

i δi, j +EIϕi(L)ϕ′′′j (L) (8)

Assuming that only the firstn modes have to be considered and
all higher modes can be neglected, the elastic deflection of the
beam with the non-homogeneous PDE in (1) and the boundary
conditions (2) and (3) can be approximated by

w(x, t) =
n

∑
j=1

ϕ j(x)q j(t) (9)

Substituting (9) into the boundary condition in (3):

EI
n

∑
j=1

ϕ′′′j (L)q j(t) = m
n

∑
j=1

ϕ j(L)q̈ j(t)+mÿ(t)

And substituting (9) into (1):

ρÿ(t)+ρ
n

∑
j=1

ϕ j(x)q̈ j(t)+EI
n

∑
j=1

ϕ′′′′j (x)q j(t) = 0 (10)
Copyright c© 2005 by ASME



Multiply both sides byϕi(x), i = 1,2, . . . ,n and integrate from0
to L

ρ
R L

0 ϕi(x)dxÿ(t)+ρ∑n
j=1
R L

0 ϕi(x)ϕ j(x)dxq̈ j(t)
+EI ∑n

j=1
R L

0 ϕi(x)ϕ′′′′j (x)dxqj(t) = 0
(11)

Noticing (8), the last term in above equation becomes

EI ∑n
j=1
R L

0 ϕi(x)ϕ′′′′j (x)dxqj(t)
= ∑n

j=1 ω2
i δi, jq j(t)+∑n

j=1 ϕi(L)EIϕ′′′j (L)q j(t)
= ω2

i qi(t)+m∑n
j=1 ϕi(L)ϕ j(L)q̈ j(t))

+mϕi(L)ÿ(t)

(12)

With the orthogonal properties in (7), substituting (12) into (11):

(ρ
Z L

0
ϕi(x)dx+mϕi(L))ÿ(t)+ q̈i(t)+ω2

i qi(t) = 0 (13)

And integrate the governing equation (1) from0 to L with the
boundary condition (3), the boundary condition (2) will be

u(t)−Mÿ(t) = ρ
Z L

0
(ÿ(t)+ ẅ(x, t))dx+m(ÿ(t)+ ẅ(L, t)) (14)

And substituting (9) into the (14):

(M +m+ρL)ÿ(t)+
n

∑
j=1

(ρ
Z L

0
ϕ j(x)dx+mϕ j(L))q̈ j(t) = u(t)

(15)
The nominal model of the flexible structure can be obtained by
rearranging (13), (15) in the matrix form, which includes the
rigid mode and the firstn flexible modes

(
Mrr Mr f

MT
r f M f f

)(
q̈r

q̈f

)
+

(
0 0
0 K f f

)(
qr

qf

)
=

(
u
0

)
(16)

where

qr(t) = q0(t) = y(t)
qf (t) = [q1(t) . . .qn(t)]T

Mrr = M +m+ρL
[Mr f ] j = ρ

R L
0 ϕ j(x)dx+mϕ j(L)

[M f f ]i j = δi, j

[K f f ]i j = ω2
i δi, j

When the damping is included in the physical system, the system
becomes

Mq̈+Cq̇+Kq =
(

u
0

)
(17)
4

 

Figure 2. CONTROL SYNTHESIS BLOCK DIAGRAM.

where

(
Mrr Mr f

MT
r f M f f

)
, C =

(
0 0
0 Cf f

)
, K =

(
0 0
0 K f f

)
are the

mass matrix, damping matrix, and stiffness matrix respectively,
andCf f = diag([2ξ1ω1, . . . ,2ξnωn]), whereξi ¿ 1 is the damp-
ing ratio.

3 CONTROL PROBLEM FORMULATION
The closed-loop configuration in the tip tracking control is

shown in Figure 2. The transfer functionPnom represents the
nominal linear time-invariant model of the flexible structure.K
is the linear time-invariant controller.Ws,Wu,WT are frequency
weighting function, andWr is the shaping filter that transforms
the disturbance inputwin to the desired trajectoryr. Thee,u,y,n
are the error signal, control input, measurable output, and sensor
noise, respectively.

It is well known that theH∞ performance is convenient for
the robustness with parameter uncertainty and unmodelled dy-
namics, and meeting the frequency domain requirements such as
bandwidth, low frequency gain, or roll off [10]. The control de-
sign problem in the flexible structure may be well casted into the
H∞ framework of the control optimization problem, as follows.

The nominal model from the modal analysis approach have
numerous lightly damped flexible modes. As the high frequency
modes are truncated, the nominal dynamical model always has
some unmodelled uncertainties. It is desirable to make the
closed-loop system robust stable with the unmodelled uncertain-
ties. We consider the closed-loop configuration in the tip tracking
control shown in Figure 2.

When the robust stability is concerned, the modeling error is
represented by the frequency weightingWT multiplying ∆, where
‖∆‖∞ ≤ 1. The frequency weightingWT(s) can be obtained from
experiment [16] or physical requirement [15] to account for the
unmodelled dynamics . It is well known [4] that closed-loop
system is robust stable iff

‖WT
PnomK

1+PnomK
‖∞ ≤ 1 (18)

Besides the robust stability requirement, it is always desir-
Copyright c© 2005 by ASME



able to maximize the disturbance rejection in the control band-
width while keeping the control effort within certain limits. This
can be done conveniently in theH∞ framework by minimizing
theH∞ norm from input disturbancewin to error signalzs.

min(‖WrWs
1

1+PnomK
‖∞) (19)

while keeping theH∞ norm from the input disturbancewin to the
weighted control effortzu within certain limits. For example,

‖WuWr
K

1+PnomK
‖∞ ≤ 1 (20)

In addition, the effect of the sensor noisen on the measure-
ment output needs to be minimized, since the sensor is never ab
solutely accurate or noise-free. This requirement can be handled
by theH2 design, which is useful to handle stochastic aspects in-
cluding the measurement noise. In theH2 framework, the sensor
noisen is a realization of a unit variance white noise process.
And theH2 norm minimization problem is to minimizeH2 norm
from the sensor noisen to the outputzs.

min(‖Ws
1

1+PnomK
‖2) (21)

If there exist some linear controllerK, it will guarantee that the
average RMS power ofzs is minimized.

Different practical requirements will need different control
designs. One approach such asH2 control design can only satisfy
H2 norm requirement. There is no guarantee thatH∞ requirement
can be met. If different norm constraints need to be satisfied
at the same time, it is a multi-objective optimization problem.
In the multi-objective control design, the controller will need to
satisfy the performance index including theH2 norm andH∞ re-
quirement. It means that the controllerK is designed to minimize
H∞ norm in (18), (19) andH2 norm in(21) . Before we solve the
problem, the problem is transformed into state space form by lin-
ear fractional transformation (LFT) .

Linear fractional transformation forms the basis of the multi-
objective control design. Figure 3 shows the standard multi-
objective synthesis framework. The structural perturbation or
uncertainties∆ is not included, as the robust stability problem
will be implicitly solved via enforcing the robust stability perfor-
mance requirement 18 in the following controller design. It is
claimed [3] that any linear interconnections of inputs, outputs,
commands, perturbations, and controller can be rearranged to
match the diagrams in Figure 3. It is easy to transform the system
into the state space form with software package [8]. Consider the
closed-loop system in Figure 3, in which the generalized plantP
5
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Figure 3. MULTIOBJECTIVE H2/H∞ SYNTHESIS .

is causal and linearly connected,K is the linear controller. In the
multi-objectiveH2/H∞ synthesis configuration, the plantP is a
state space system:

P :





ẋ = Ax+B1w+Bu
z1 = C1x+D1w+E1u
z2 = C2x+D2w+E2u
y = Cx+Fw

(22)

wherex∈ℜnp is the plant state including the state from nominal
plantPnomand weighting functionWr ,Ws,WT ,Wu. Andz1∈ℜnz1 ,
z2 ∈ ℜnz2 are the objective signals related to the robust stability
and performance requirements of the control system,y∈ ℜny is
measurement output,w∈ ℜnw is the exogenous input including
the input disturbancewin, output disturbancewout and the sen-
sor noisen, andu∈ ℜnu is the control input. It is assumed that
the dimensions are compatible in all of the above matrices. It
should be noted that the frequency dependent weightingWT has
been included into the above formulation. In the above specific
configuration, the performance output is defined as

z1 =




zs

zu

zT


 , z2 =

(
zs

zu

)
(23)

In the control design, the objective is to design the output feed-
back controllerK to satisfy the robust stability and performance
requirement, subject to the constraint that the closed-loop system
is internally stable.

K :

{
ξ̇ = Akξ+Bky
u = Ckξ+Dky

(24)

whereξ ∈ ℜnc is the controller state,u∈ ℜnu, is the control in-
put, that satisfies the closed-loop system specification. Then the
closed-loop system satisfies our intent of theH∞ robust stability
from w to z1 and theH2 performance fromw to z2.
Copyright c© 2005 by ASME



4 MULTI-OBJECTIVE OPTIMIZATION PROBLEM
To begin with, we review theH2 andH∞ design problem in

the state space form. In theH2 design, the optimization problem
is

min(γ2) (25)

whereγ2 = ‖Tw→z2‖2

Similarly, theH∞ design problem is

min(γ1) (26)

whereγ1 = ‖Tw→z1‖∞
The so-called multi-objectiveH2/H∞ control problems is

concerned in this paper. The goal is to design a controllerK
such that theH∞ norm fromw→ z1 andH2 norm fromw→ z2

satisfy the following constraints

{ ‖Tw→z1‖∞ ≤ γ1

‖Tw→z2‖2 ≤ γ2
(27)

As a typical control application of flexible structure, one
may optimize theH2 performance requirement while the con-
troller satisfy the robust stability constraint. that is

min(γ2) (28)

whereγ2 = ‖Tw→z2‖2, with the constraint that

‖Tw→z1‖∞ ≤ 1

If there exists solution for the controller in the above formu-
lation, theH∞ norm may be close to 1. If theH∞ norm is too
close to 1, the system may be unstable when implementing t
controller. In order to determine the trade-off betweenH2 and
H∞ norm requirements, we reformulate the above functional as

min(α1γ2
1 +α2γ2

2) (29)

such that

‖Tw→z2‖2 ≤ γ2 and‖Tw→z1‖∞ ≤ γ1

whereα1 ≥ 0,α2 ≥ 0 are given and satisfyα1 + α2 = 1. The
problem becomes the well known multi-objective optimization
problem. The constraint inα1 andα2 is for the normalization
purpose. For differentα1 andα2, one can determineα1 andα2

through the Pareto optimal controllers [2, 9]. For simplicity, in
this paper it is assumed thatα1 andα2 are given.
6

he

5 OUTPUT FEEDBACK USING LMI
With the nominal model of the structure and the specifi-

cation of the closed-loop system, it is possible to follow the
LMI synthesis and analysis technique to design dynamical out-
put feedback controller to satisfy the robust stability and per-
formance requirement under the multi-objective optimization
framework.

Linear matrix inequality (LMI) has been accepted as the
powerful computation tool for the control and optimization prob-
lem recently [5,10]. Most known control problems with analytic
solution such as ARE can be transferred into LMI [5]. The well
formulated LMI is a convex problem and can be solved with
polynomial-time worst case complexity [5, 11]. In the control
community, it is regarded as a practical solution by transferring
the control design problems into LMI if analytical solutions do
not exist or are too difficult to find. In the scenario that analyt-
ical solutions exist, the LMI solution can be used to verify the
analytical solution by numerical computation.

In the LMI analysis problem with the output feedback con-
troller K , the closed-loop system in state space form is





ẋc = Acxc +Bcw
z1 = C1cxc +D1cw
z2 = C2cxc +D2cw

(30)

wherexc ∈ℜnp+nc is the closed-loop state.
In the following, the feasibility condition for theH2 andH∞

are given in [5,7,8,11,16]. The results can also be easily derived
by computingdV

dt < 0 whereV(x) = xTP−1x andP> 0 for ∀x,w.
For example, the systeṁx= Ax is stable iff there existsP> 0

such thatATP+PA< 0 is valid for∀x. In the LMI framework, it
means that we want to find the feasibility solution ofATP+PA<
0 with P = PT > 0.

To begin with our derivation on theH2 and H∞ synthesis
condition, two lemmas are reviewed [5] [8].

Lemma 1. The closed loop normH2 fromw→ z2 is less thanγ2

if there exists positive symmetricP2 andQ such that the following
LMI are feasible.





(
AcP2 +P2AT

c Bc

BT
c −I

)
< 0

(
Q C2cP2

P2CT
2c P2

)
> 0

Trace(Q) < γ2
2

D2c = 0

(31)

Lemma 2. The closed loop normH∞ from w→ z1 is less than
γ1 if there exists positive symmetricP∞ such that the following
Copyright c© 2005 by ASME



LMI are feasible.




AcP∞ +P∞AT
c Bc P∞CT

1c
BT

c −I DT
1c

C1cP∞ D1c −γ2
1I


 < 0 (32)

If trying to solve the general multi-objective problems in
(29) and to derive the synthesis inequalities, there would hav
some trouble since the controller parameters nonlinearly depend
on the closed loop Lyapunov matrices [10, 11, 16]. In (31) and
(32) , two matricesP2 ,P∞ in synthesis conditions are involved.
The feasibility problem for the multi-objective optimization is
nonlinear and non-convex in general. Therefore, it would be
difficult, if not impossible, to solve numerically by convex op-
timization approach like LMI techniques. In order to recover
the convexity to make the computation tractable, one possibl
approach is to add additional artificial constraint that these two
Lyapunov matrices are equal, which means that a single Lya
punov functionV(x) = xTP−1x whereP≥ 0 is chosen. i.e.,

P = P2 = P∞ ≥ 0 (33)

The approach in (33) to solve the multi-objective optimiza-
tion problem has been widely used in the state feedback and th
output feedback. The problem is easy to solve by the availabl
software package like LMI toolbox [8].

Remark 1. From the optimization point of view, the controller
would indeed be a suboptimal one since the artificial constraint
in (33) is added. Hence, this approach would certainly generate
some conservatism. How to justify the conservatism is an ope
issue up to date [10,11].

Remark 2. It should be noted that the optimal values ofγ1

and γ2 are the upper bound of theH∞ and H2 norm, respec-
tively. After implementing the controller from the above ap-
proach, the norms ofH2 andH∞ should be analyzed and directly
computed with different Lyapunov matrix without any conser-
vatism [10,11].

In summary, the multi-objective optimization problem with
artificial constraintP2 = P∞ in (33) is

min(α1γ2
1 +α2γ2

2) (34)

with

‖Tw → z1‖∞ ≤ γ1

‖Tw → z2‖2 ≤ γ2

α1 ≥ 0 andα2 ≥ 0
α1 +α2 = 1
7
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In order to solve the multi-objective optimization problem,
the H2 and H∞ norm constraint (32,31) should be transformed
such that the new LMI will depend on the controller parame-
ters explicitly and linearly. These ideas has been found recently
by applying a series of congruence transformation and nonlinear
transformation [8,10,11].

Following the same idea [8, 11], one can prove that through
these following transformations, the originalH2 andH∞ in (31)
and (32) , which depend non-linearly on the Lyapunov matrixP

and

(
Ak Bk

Ck Dk

)
are transformed into new LMIs that are affine to

the new variables ofR,S,Ak,Bk,Ck,Dk only.

(
P,

(
Ak Bk

Ck Dk

))
→ v =

(
R, S,

(
K L
M N

))
(35)

P→ P(v) :=
(

R I
I S

)
(36)

(
AcP Bc(v)
C1cP D1c(v)

)
→

(
A(v) B(v)
C1(v) D1(v)

)
(37)

(
AcP Bc(v)
C2cP D2c(v)

)
→

(
A(v) B(v)
C2(v) D2(v)

)
(38)

where

(
A(v) B(v)
C1(v) D1(v)

)
=




AR+BM A+BNC B1 +BNF
K SA+LC SB1 +LF

C1R+E1M C1 +E1NC D1 +E1NF




(
A(v) B(v)
C2(v) D2(v)

)
=




AR+BM A+BNC B1 +BNF
K SA+LC SB1 +LF

C2R+E2M C2 +E2NC D2 +E2NF




It is easy to derive the correspondingH2 andH∞ synthesis
condition by substituting the synthesis condition in (31) and (32)
dependent on controllerK and Lyapunov matrixP with the new
variablesR,S,K,L,M,N dependent on the new variablev with
the above transformation [5, 8, 11]. After the new variablev is
known, one can find the controller parameters through inverse
transformation [11]

(
Ak Bk

Ck Dk

)
=

(
U SB
0 I

)−1(
K−SAR L

M N

)(
VT 0
CR N

)
(39)

whereU,V are nonsingular matrix withSR+UVT = I
In the above approach, the Lyapunov matrices ofP2 andP∞

are artificially set to be equal in (33) in order to make the prob-
lems solvable, which certainly leads to some conservatism. In
order to reduce the conservatism, one possible approach is to
Copyright c© 2005 by ASME



Table 1. System specification of the flexible structure

Properties Symbol Value

Young Modulus E 71.7×109N/m2

Thickness h 2.3mm

Width b 39.8mm

Length L 300mm

Linear density ρ 0.2563Kg/m

Base Mass M 2.7Kg

Payload at the tip m 0 till 0.5kg

scale the Lyapunov matrix in the multi-objective problem suc
thatP = P2 = αP∞ > 0 whereα > 0 [11,16].

In theH∞ synthesis condition , one can multiply both side
by α. Then theH∞ constraint (32) becomes




Ac(αP∞)+(αP∞)AT
c αBc (αP∞)CT

1c
αBT

c −αI αDT
1c

C1c(αP∞) αD1c −αγ2
1I


 < 0 (40)

Apply a congruence transformation through multiplying th
above linear matrix inequality by1α on second row and second
column, theH∞ synthesis condition becomes by noting thatP2 =
αP∞




AcP2 +P2AT
c Bc P2CT

1c
BT

c − 1
α I DT

1c
C1cP2 D1c −αγ2

1I


 < 0 (41)

Then the optimal valueγ1 andγ2 can be computed for dif-
ferentα by following the same congruence transformation as b
fore. For any givenα, these valuesγ1 andγ2 are the upper bound
on the actual optimal value [11]. Since the optimization proble
is a single degree freedom of the multi-objective optimizatio
problem, it is possible to perform linear search to find the be
bound while the convexity of the problem is preserved [11,16]

6 SIMULATION
The multi-objective optimization approach is applied to th

flexible structure in Figure 1. The geometric and material pro
erties given in Table 1 are used to do the simulation. The nomin
model is derived from mode-truncation approach with one rig
mode and two flexible modes. And the desired tip trajectory is
set-point value ofp(L, t) = 1m.
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Figure 4. MULTI-OBJECTIVE TRADEOFF CURVE.
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Figure 5. CONTROL FORCE u(t).

In theH2 andH∞ control design problem, the weighting se-
lection is very important in the control schematic (2) . For the
non-minimum phase system, the time delay from the actuator
at the base to the tip is taken into account by the all pass fil-
ter (Wf = −0.01s+1

0.01s+1 ). In the tip tracking, the reference model or
the ideal complementary transfer function is specified asTid(s) =

25
s2+10s+25

, which satisfies the settling time and overshoot require-
ment for the step response. SoWr(s) = Wf (s)Tid(s). In theH2 or
H∞ framework, the interesting output ofz1 andz2 should include
the weighted control inputzu to make the optimization problem
well posed. Otherwise, it is like the cheap control strategy with
unbounded control input. For simplicity, the weighting function
for control input is chosen asWu(s) = 0.001. Since the ideal

sensitivity functionSid(s) = 1−Tid(s) = s(s+10)
s2+10s+25

, we choose

the weighting functionWs(s) = Sid(s)−1,i.e.,Ws(s) = s2+10s+25
s(+10) .
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Figure 6. FLEXIBLE BEAM TIP DEFLECTION y(L, t).
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Figure 7. FLEXIBLE BEAM TIP TRAJECTORY p(L, t).

In the control problem setup,Ws(s) need to be strictly sta-

ble. So we chooseWs(s) = 0.09 s2+10s+25
(s+0.01)(s+10) with gain ad-

justment. The weighting functionWT(s) is used to account
for the high frequency unmodelled dynamics beyond the fir
two flexible modes. In our case, the weighting is chosen a
WT(s) = 0.5 s2+60s+864

s2+1200s+6002 . For more information on how to
chooseWT(s),Wu(s),Ws(s) and some robust feedback problem
setup, see [4,17].

After the control problem is formulated, theH2 andH∞ per-
formance are computed. The optimalH2 norm alone isγ2 =
0.286and the optimalH∞ norm alone isγ1 = 0.219. In the multi-
objective optimization problem (34) , the weight factorsα1 = 0.6
andα2 = 0.4 are determined approximately from the Pareto-like
multiobjective tradeoff curve in Figure 4. The curve is derived b
computing theγ1 andγ2 in the multi-objective optimization prob-
9

st
s

y

lem for each combination ofα1 andα2, provided thatP2 = P∞.
After the weighing factorα1 andα2 are given, the output feed-
back control law is designed in the multi-objective optimization
framework. The corresponding optimalγ1 andγ2 are0.241and
0.327, respectively. In order to reduce the conservatism, the best
scaling factorα is linearly searched from 0.1 to 10 with step
equal to 0.1. Of course, some initial guess from the logarithmi-
cal search may help focus on the most possible minimum value
for α. With P2 = αP∞ as additional artificial constraint in the
multi-objective optimization problem (34) , the optimal value is
achieved atα = 0.7 with γ1 = 0.247andγ2 = 0.305. The index
value is reduce from7.76×10−2 to 7.37×10−2.

For the illustration purpose, the flexible tip deflectiony(L, t)
and tip trajectoryp(L, t) are shown in Figure 6 and Figure 7. It
can be seen in Figure 7 that the control law achieves fast and
oscillation free tip tracking performance. In addition, the control
force in Figure 5 are bounded within reasonable range.

7 CONCLUSION
In this paper, the multi-objective optimization has been pro-

posed for the tip tracking control on the flexible structure. The
dynamical model of the structure is obtained through the modal
analysis. The discrepancies between the dynamical model and
the ”real structure” is treated as output disturbance in theH∞
framework. The robust stability and tracking error minimization
from the sensor noise are transferred into theH∞ andH2 norm
constraint respectively. Then the control problem is formulated
as multi-objective optimization problem and solved using LMI
techniques. These LMI are transformed to be affine with new
controller variables by a series of nonlinear transformation and
congruence transformation. In order to reduce the conservatism
generated by forcing all of the Lyapunov matrices to be equal,
additional freedom is sought through scaling the Lyapunov ma-
trix. The design results has demonstrated favorable tip tracking
control from multi-objective optimization approach using LMI.
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