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ABSTRACT
A new perspective on dealing with the noise sensitive prob-

lem of repetitive control algorithms is given in the paper. It is
firstly shown that, in continuous-time domain, what the conven-
tional repetitive learning algorithm does is equivalent to adapting
all the values of the periodic uncertainties over one period. Such
an endeavor means very high bandwidth of the learning algo-
rithm as an infinite number of parameters need to be adapted,
which puts a great demand on microprocessor memory in imple-
menting the algorithms. At the same time, such a formulation
also makes the algorithm very sensitive to noise as it treats the
values of the periodic uncertainties over the same period totally
independent from each other, just like a random noise. Based
on this new perspective on the noise sensitive problem of repeti-
tive algorithm, a simple remedy is provided for the recently pro-
posed adaptive robust repetitive control (ARRC) design by rec-
ognizing the physical dependence of the values of the periodic
uncertainties over the same period and using certain known ba-
sis functions to capture these physical dependence. By doing so,
only the amplitudes of these known basis functions need to be
adapted on-line. The net results are that, not only the number of
the parameters to be adapted is reduced drastically, but also the
noise sensitive problem of the conventional learning algorithm is
overcome. The precision motion control of a linear motor drive
system is used as an application example. The comparative ex-
perimental results demonstrate that, with the new adaptive robust
repetitive control design, not only the noise sensitive problem of
repetitive learning is completely eliminated, but also a much im-
proved tracking performance is achieved due to the built-in ex-
trapolation capability of the basis functions used.

�THE WORK IS SUPPORTED IN PART BY THE NATIONAL SCIENCE
FOUNDATION UNDER THE CAREER GRANT CMS-9734345 AND IN
PART BY A GRANT FROM THE PURDUE RESEARCH FOUNDATION.

1 Introduction
When the dynamic model of a nonlinear system is known

precisely, many model-based control theories and design meth-
ods can be used to develop nonlinear controllers (Krstic et al.,
1995) for trajectory tracking. However, due to the model uncer-
tainties, it is difficult to derive the exact description of the system.
Recently, there have been many studies in the topic of “repeti-
tive control” for controlling of mechanical systems in an iterative
manner during repetitive operations (Hara et al., 1988; Tomizuka
et al., 1989; Sadegh et al., 1990; Horowitz, 1993). Repetitive
control schemes are easy to implement and do not require exact
knowledge of the dynamic model. This control concept arises
from the recognition that many tracking systems, such as hard
disk drives, rotation machine tools, or robots, have to deal with
periodic reference and/or disturbance signals. The basic idea of
repetitive control is to improve the tracking performance from
one cycle to the next by adjusting the input based on the error
signals between the desired motion and the actual motion of the
system from the previous cycles. With consecutive iterations, the
system is expected to eventually learn the task, and execute the
motion without any error. The repetitive control is similar to the
iterative learning (Horowitz, 1993; Arimoto et al., 1984; Bondi
et al., 1988; Moore et al., 1992) scenario, where the desired tra-
jectory is given in a finite time interval and the same initial setting
is required at every learning trial.

Due to the difficulty of stability analysis, repetitive control
has been primarily applied to linear systems (Hara et al., 1988;
Tomizuka et al., 1989) or linearizable nonlinear systems. The
first rigorous stability analysis of a nonlinear repetitive controller
was presented in (Sadegh et al., 1990). However, the proposed
control law could not handle model uncertainties such as exoge-
nous disturbances which might not be periodic. Realizing this,
the authors added a projection mapping in the “learning” algo-
rithm in order to guarantee the boundedness of the repetitive es-

1 Copyright  2001 by ASME



timate. Although thisad hocmethod was very important and
useful from an implementation point of view, it was not well
justified theoretically. Recently, Xuet al. proposed a robust
learning control scheme (Xu et al., 2000) by combining the de-
sign methods of variable structure control with iterative learning
control straightforwardly. However, the transient performance of
this controller was unknown. The actual system may have large
tracking errors during the initial transient period or have a slug-
gish response. The control law also involved switching in order
to achieve asymptotic tracking, which introduces control chatter-
ing. Although chattering can be avoided by using some smooth
techniques (Slotine and Li, 1991), the convergence of the track-
ing errors to zero was no longer possible, even when the system
is subjected to repeatable uncertainties only. Furthermore, the
learning algorithm may still go unbounded under certain circum-
stances.

In (Xu and Yao, 2001), the idea of adaptive robust control
(ARC) (Yao, 1997; Yao and Tomizuka, 1996; Yao and Tomizuka,
1997; Yao and Tomizuka, 2001) was integrated with repeti-
tive control techniques to construct performance oriented control
laws for a class of nonlinear systems in the presence of model
uncertainties for repetitive operations. Like the robust learning
control design in (Xu et al., 2000), we use the repetitive con-
trol technique to learn and eliminate the periodic uncertainties
as much as possible while employing robust feedback to handle
the non-periodic uncertainties. However, our approach is more
than just simply putting these two schemes together. Specifically,
based on the available bounds on the repeatable uncertainties,
the widely used discontinuous projection mapping is utilized to
modify the learning algorithm, which guarantees that the repeti-
tive estimates belong to a known bounded region all the time no
matter if the system is subject to non-repeatable disturbances or
not. As a result, the possible destabilizing effect of the on-line
learning in the presence of non-repeatable model uncertainties is
avoided, and certain simple robust feedback can be synthesized
to attenuate the effect of both repeatable and non-repeatable un-
certain nonlinearities effectively for a guaranteed output track-
ing transient and final tracking accuracy in general. In addition,
in the presence of periodic uncertain nonlinearities only, asymp-
totic output tracking is achieved without using any discontinuous
feedback terms.

Generally speaking, repetitive controllers suffer from one
major drawback – the repetitive learning algorithm is very sen-
sitive to noise (Tomizuka et al., 1989). For the internal model
principle based linear repetitive control algorithms, an effective
modification which enhances the stability of repetitive control
systems in the presence of noise is to use the so-called Q fil-
ters in the repetitive learning algorithm (Tomizuka et al., 1989).
In this paper, we approach this problem from an adaptive ro-
bust control (ARC) view point (Yao, 1997; Yao and Tomizuka,
1996; Yao and Tomizuka, 1997; Yao and Tomizuka, 2001). It
is firstly shown that, in continuous time domain, what the repet-
itive learning algorithm (Xu and Yao, 2001) does is equivalent
to adapting an infinite number of parameters. Such an endeavor
not only causes very high bandwidth of the learning algorithm,

which may need huge memory in implementation to store the
values to be adapted, but also makes the algorithm very sensitive
to noise as it treats the values of the periodic uncertainties over
the same period totally independent from each other, just like a
random noise. Based on this observation, a simple remedy to
the problem is to recognize the physical dependence of the val-
ues of the periodic uncertainties over the same period and use
certain known basis functions to capture these physical depen-
dence. By doing so, only the amplitudes of these known basis
functions need to be adapted on-line to learn the actual periodic
uncertainties. The net results are that, not only the number of the
parameters to be adapted is reduced drastically, which has less
demand on the microprocessor memory needed in implemen-
tation, but also the noise sensitive problem of the conventional
learning algorithm is overcome as the dependence of the values
of the known basis function naturally smooths out the effect of
random noises on the on-line adaption of the unknown amplitude
associated with the basis function.

To verify the effectiveness of the proposed new adaptive ro-
bust repetitive control (ARRC) design strategy, the precision mo-
tion control of a linear motor drive system is used as a case study.
Extensive comparative experimental results demonstrate that, not
only the noise problem is indeed eliminated in implementation,
but also a much improved tracking performance is obtained due
to the extrapolation capability of known basis functions used. In
all existing repetitive control algorithms, the tracking error can
only be reduced over different periods, but not within the same
period. It is experimentally shown that the proposed ARRC is
also able to reduce the tracking error over the same period and
has a faster convergence of learning.

2 Discontinuous Projection Based Adaptive Robust
Repetitive Control (ARRC)
In this section, the recently proposed discontinuous projec-

tion based adaptive robust repetitive control (Xu and Yao, 2001)
is reviewed in order to introduce the new perspective on the noise
sensitive problem of repetitive learning. For simplicity, a first-
order nonlinear system in the following form is considered

ẋ= ϕ(x)+u+d(x; t) (1)

wherex2 IR is the state of the system,u2 IR is the control input,
ϕ 2 IR represents an unknown nonlinear function andd(x; t) rep-
resents the lumped modelling error and exogenous disturbances.
The control objective is to synthesize a bounded control inputu
such thatx tracks a desired trajectoryxd(t) as closely as possible.
To achieve this objective, we make the following reasonable and
practical assumption:

Assumption 2.1. The unknown functionsϕ(x) and d(x; t) are
bounded by some known functions, i.e.,

ϕ(x) 2 Ωϕ
∆
= f ϕ : ϕmin(x)� ϕ(x)� ϕmax(x)g; (2)

d(x; t) 2 Ωd
∆
= f d : jd(x; t)j � dmax(x; t)g; (3)
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whereϕmin(x), ϕmax(x) and dmax(x; t) are known.

In the above and throughout the paper, the following notations
are used:�min for the minimum value of�, �max for the maximum
value of�, and the operation� for two vectors is performed in
terms of the corresponding elements of the vectors. ˆ� denotes the
estimate of�.

In practice, many tracking systems have to deal with repet-
itive tasks, for example, robots are often required to execute the
same motion over and over again. Therefore, for these appli-
cations, it is assumed that the desired trajectory signalxd(t) is
periodic. Namely,

xd(t�T) = xd(t); (4)

where T is the period. An immediate consequence of equa-
tion (4) is that the unknown functionϕ(xd(t)) is also periodic.
For simplicity, denoteϕ(xd(t)), ϕmin(xd(t)) and ϕmax(xd(t))
as ϕd(t), ϕmin(t) and ϕmax(t), respectively. Then, we have
ϕd(t�T) = ϕd(t).

Let ϕ̂d denote the estimate ofϕd andϕ̃d the estimation er-

ror (i.e., ϕ̃d
∆
= ϕ̂d � ϕd). Under Assumption 2.1, the idea of

discontinuous projection based ARC design (Yao, 1997) can be
borrowed to solve the tracking control problem for (1). Specifi-
cally, with the initial estimate satisfying the physical constraints
(2), i.e.,ϕmin(τ) � ϕ̂d(τ) � ϕmax(τ), 8τ 2 [�T;0], the following
repetitive “learning” algorithm is applied to update the estimate
ϕ̂d(t)

ϕ̂d(t) = Projϕ̂(ϕ̂d(t�T)+Γz); (5)

whereΓ is the adaptation rate which is a positive scalar in this
case,z= x� xd represents the tracking error, and the projection
mapping Proĵϕ(�) is defined by

Projϕ̂(�) =

8<
:

ϕmax(t) if �> ϕmax(t)
ϕmin(t) if �< ϕmin(t)
� if ϕmin(t)� � � ϕmax(t)

(6)

Using similar arguments as in (Yao and Tomizuka, 1996; Sas-
try and Bodson, 1989), it can be shown that the above type of
repetitive learning algorithm has the following properties

P1 ϕ̂d 2 Ωϕ = fϕ̂ : ϕmin(t)� ϕ̂d(t)� ϕmax(t)g (7)

P2 ϕ̃d(t)
n

Γ�1�Projϕ̂
�
ϕ̂d(t�T)+Γz

�
�ϕ̂d(t�T)

�
�z
o
� 0 (8)

The structure of (1) motivates us to design the adaptive ro-
bust repetitive control law as follows:

u= ua+us; ua =�ϕ̂d(t)+ ẋd; (9)

whereua is an adjustable model compensation need for achieving
perfect tracking, andus is a robust control law to be specified
later. Substituting (9) into (1), and then simplifying the resulting
expression, the resulting error dynamics is

ż=�ϕ̃d(t)+∆ϕ+us+d(x; t); (10)

where∆ϕ = ϕ(x)�ϕd(t). From mean-value theorem, it is as-
sumed that the following inequality is satisfied:

j∆ϕj= jϕ(x)�ϕ(xd)j � ρϕ(x; t)jzj; (11)

whereρϕ is a known function. The robust control lawus consists
of two terms given by:

us = us1+us2; us1 =�ks1z; (12)

whereus1 is used to stabilize the nominal system withks1 being
any nonlinear gain satisfying

ks1 � k+ρϕ(x; t); (13)

in whichk is a positive constant.us2 is a robust feedback used to
attenuate the effect of model uncertainties, which is required to
satisfy the following two constraints

i z[�ϕ̃d(t)+d(x; t)+us2]� ε
ii zus2 � 0

(14)

whereε is a positive design parameter which can be arbitrarily
small.

Theorem 2.1. If the “learning” algorithm is chosen as (5),
then the adaptive robust repetitive control law (9) guarantees
that
A. In general, all signals are bounded and the tracking error is
bounded above by

jzj2 � exp(�2kt)jz(0)j2+
ε
k
[1�exp(�2kt)]; (15)

i.e., the tracking error exponentially decays to a ball. The expo-
nential converging rate2k and the size of the final tracking error

(jz(∞)j �
q

ε
k) can be freely adjusted by the controller parame-

tersε and k in a known form.
B. If after a finite time t0, the non-periodic uncertain nonlineari-
ties disappear (i.e., d(x; t) = 0, 8t � t0), then, in addition to result
A, zero final output tracking error is also achieved, i.e, z�! 0
as t�! ∞. 4
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Proof: Substituting (12) into (10) yields

ż+ks1z=�ϕ̃d(t)+∆ϕ+d(x; t)+us2: (16)

Noting (11) and (13), the derivative of a positive semi-definite
(p.s.d.) functionVs =

1
2z2 is given by

V̇s � �ks1z2+ j∆ϕjjzj+z[�ϕ̃d(t)+d(x; t)+us2]
� �kz2+z[�ϕ̃d(t)+d(x; t)+us2]:

(17)

Thus from condition i of (14) we have

V̇s��kz2+ ε =�2kVs+ ε; (18)

which leads to (15) and thus proves result A of Theorem 2.1.
Now consider the situation in B of Theorem 2.1, i.e.,d(x; t) = 0,
8t � t0. Choose a positive definite (p.d.) functionVa as

Va =Vs+
1
2

Γ�1
Z t

t�T
ϕ̃2

d(τ)dτ: (19)

From (17), condition ii of (14) andϕd(t�T) = ϕd(t), it follows
that

V̇a��kz2�zϕ̃d(t)+Γ�1[ϕ̂d(t)� ϕ̂d(t�T)]ϕ̃d(t)

�1
2Γ�1

�
ϕ̂d(t)� ϕ̂d(t�T)

�2
:

(20)

Then, noting (5) and (8), Eqn. (20) becomes

V̇a��kz2�zϕ̃d(t)+Γ�1
�
Projϕ̂(ϕ̂d(t�T)+Γz)�ϕ̂d(t�T)

�
ϕ̃d(t)

=�kz2+ϕ̃d(t)
n

Γ�1
�
Projϕ̂(ϕ̂d(t�T)+Γz)� ϕ̂d(t�T)

�
�z
o

��kz2:
(21)

This shows thatz2 L2
T

L∞. It is easy to check that ˙z2 L∞. So,
z(t) is uniformly continuous. By Barbalat’s lemma,z�! 0 as
t �! ∞. 2

3 Adaptive Robust Repetitive Control (ARC) Revis-
ited
Generally speaking, repetitive controllers suffer from one

major drawback – the repetitive learning algorithm is very sensi-
tive to noise. Theoretically, we have shown in the previous sec-
tion that zero final output tracking error can be achieved in the
absence ofd(x; t). However, this is just an ideal case which does
not exist in practice. Since the signals of every feedback system
are contaminated by measurement noise, the best the repetitive
controller can do is to reduce the tracking error from cycle to cy-
cle until it reaches the noise level. During the subsequent cycle,
the tracking error is actually dominated by noise, which is totally

random in a point-to-point sense. But the repetitive learning term
still keeps attempting to reduce the tracking error to zero. This
attempt to ”learn” noise and cancel it can easily drive the system
to some undesirable states if not unstable (e.g., severe degree
of control input chattering), which has been well documented in
the literature and verified in the direct digital implementation of
the discontinuous projection based ARRC presented in the pre-
vious section (Xu and Yao, 2001). For internal model principle
based linear repetitive control algorithms, an effective modifica-
tion which enhances the stability of repetitive control systems is
to use the so-called Q filters in the repetitive learning algorithm
(Tomizuka et al., 1989). However, thisad hocmethod is not well
justified theoretically and the convergence of the tracking errors
to zero is no longer possible, just like thead hocmodification
method we used in implementing the discontinuous projection
based ARRC in (Xu and Yao, 2001) where slower sampling rate
was intentionally used for repetitive learning part for a less de-
gree of control input chattering.

In the following, we will first show that, from the traditional
adaptive robust control (ARC) (Yao, 1997; Yao and Tomizuka,
1996; Yao and Tomizuka, 1997; Yao and Tomizuka, 2001) view
point, the adaptive robust repetitive control (ARRC) presented
in the previous section is essentially the same as the traditional
ARC design (Yao, 1997) with all values of the periodic uncer-
tainties over one period being adapted. The analysis will pro-
vide a conceptual link between the various repetitive learning
(Hara et al., 1988; Tomizuka et al., 1989; Sadegh et al., 1990;
Horowitz, 1993) controls and the traditional adaptive control
(Sastry and Bodson, 1989), and will help us better understanding
the cause and solution to the noise sensitive of repetitive control
designs. For this purpose, rewritten equation (1) as

ẋ= ϕd(t)+u+∆ϕ+d: (22)

Let the unknown parameter set to beθ(τ);τ 2 [0;T) and define
θ(τ) asθ(τ) = ϕd(τ); 8τ 2 [0;T). Sinceϕd(t) is periodic with a
period ofT, it can be written as

ϕd(t) =
Z T�

0�
δ
�
mod(t�ν;T)

�
θ(ν) dν (23)

whereδ(�) is the delta function and mod(�) is the modulus func-
tion (i.e., letN be the largest integer such thatNT � t � τ <
(N+1)T. Then mod(t� τ;T) = t� τ�NT). Eq. (23) indicates
that the unknown periodic functionϕd(t) is a linear combination
of an infinite number of unknown parametersθ(τ); τ 2 [0;T)
with impulse functionδ

�
mod(t� τ;T)

�
as basis functions. Thus

it can be dealt with by adaptingθ(τ); τ 2 [0;T) if the previous
ARC design techniques (Yao, 1997; Yao and Xu, 1999) are to be
used. By doing so, the resulting ARC control law would be (Yao,
1997)

u = ua+us; (24)

ua =�
Z T�

0�
δ
�
mod(t�ν;T)

�
θ̂(ν; t) dν+ ẋd; (25)
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where the robust control termus is the same as before,θ̂(τ; t)
represents the estimate ofθ(τ) at the timet with the parameter
adaptation law given by

∂θ̂(τ; t)
∂t

= Pro jθ̂(τ; t)

�
Γδ
�
mod(t� τ;T)

�
z(t)

	
: (26)

wherePro jθ̂(τ; t) is the parameter projection mapping defined in
(Yao, 1997).

To see the equivalence of the parameter adaptation law (26)
and the repetitive learning law (5),8τ 2 [0;T), integrate (26) as
follows (for simplicity, the projection mappings in (26) and (5)
are dropped in the following derivations, as the case with these
projection mappings can be worked out similarly although the
process is very tedious and complicated):

θ̂(τ;τ+) = θ̂(τ;τ�)+
R τ+

τ� Γδ
�
mod(ν� τ;T)

�
)z(ν) dν

= θ̂(τ;τ�)+Γz(τ)
θ̂(τ;t) = θ̂(τ;τ+)+

R t
τ+ Γδ

�
mod(ν� τ;T)

�
)z(ν) dν

= θ̂(τ;τ+); 8t 2 (τ;τ+T)
...

θ̂(τ;(τ+kT)+) = θ̂(τ;(τ+kT)�)

+
R (τ+kT)+

(τ+kT)� Γδ
�
mod(ν� τ;T)

�
)z(ν) dν

= θ̂(τ;(τ+kT)�)+Γz(τ+kT)
θ̂(τ;t) = θ̂(τ;(τ+kT)+);

+
R t
(τ+kT)+ Γδ

�
mod(ν� τ;T)

�
)z(ν) dν

= θ̂(τ;(τ+kT)+); 8t 2 (τ+kT;τ+(k+1)T)
...

(27)
Eq. (27) indicates that the estimate ofθ(τ) or ϕd(τ) remains

constant during a single periodT and is only updated at the time
instancet = τ+NT by:

θ̂(τ;(τ+NT)+) = θ̂
�
τ;(τ+NT)�

�
+Γz(τ+NT)

= θ̂
�
τ;(τ+(N�1)T)+

�
+Γz(τ+NT)

(28)

which is the same as the previous repetitive learning algorithm
(5) (without projection mapping) given by:

ϕ̂d(t) = ϕ̂d(t�T)+Γz(t); 8t; (29)

when one treatŝϕd(t) as ϕ̂d(t) = θ̂(τ;(τ + NT)+) whereτ =
mod(t;T) andN= floor(t;T) (i.e.,t = τ+NT andN is the largest
integer such thatNT� t < (N+1)T). With these notations, (25)
becomes

ua = �θ̂
�
mod(t;T); t

�
+ ẋd

= �ϕ̂d(t)+ ẋd
(30)

which is the same as (9).
From the above analysis on the conceptual link between the

repetitive learning law (5) and the traditional parameter estima-
tion law (26), the following important observation can be made.

Namely, the values of the periodic uncertaintyϕd in one period
(i.e.,ϕd(τ); τ 2 [0;T)) are treated totally independent from each
other as each valueθ(τ) = ϕd(τ) is updated by a parameter adap-
tation law having the form of (26). Such an endeavor not only
puts a great demand on the microprocessor memory needed to
implement the algorithm, as theoretically an infinite number of
parameters need to be updated in each cycle, but also makes
the algorithm very sensitive to random noise in implementation,
which can be thought due to the vulnerability of the impulse type
basis functions (or regressors) in (26) to the random noises. Such
an observation also motivates us to look for the following natural
addressing strategy. Namely, instead of treating the values of the
periodic uncertaintyϕd in one period totally independent from
each other, suitable basis functionsΦ = [φ1; : : : ;φn; : : :]

T should
be introduced to capture physical dependence of these values and
only the unknown amplitudes associated with these basis func-
tions need to be adapted on-line. For example, sinceϕd(t) is a
periodic function with a known periodT, it can be represented
by a Fourier series

ϕd(t) =
A0

2
+

∞

∑
n=1

(Ancosnωt +Bnsinnωt); (31)

whereω = 2π=T. Consider that the mechanical system is physi-
cally equivalent to a low-pass filter with finite bandwidth.ϕd(t)
is dominated by only finite frequency components. It can be ap-
proximated well by a Fourier series with finite terms in practice

ϕd(t) =
A0

2
+

m

∑
n=1

(Ancosnωt +Bnsinnωt); m< ∞ : (32)

Thus, with the following finite number of basis functions

Φ = [1; cosωt; sinωt; � � � ; cosmωt; sinmωt]T : (33)

the unknown periodic functionϕd(t) can be put into a linear com-
bination of these known basis function as

ϕd(t) = ΦTθ (34)

whereθ = [A0=2; A1; B1; � � � ; Am; Bm]
T represent the unknown

Fourier coefficients. With such a formulation, only finite num-
ber of unknown amplitudesθ need to be adapted on-line and the
the smooth basis functionsΦ will make the resulting learning
algorithm less sensitiveness to random noise.

Remark 3.1. In practice, we normally have more information
about the nature of the unknown periodic functionϕd(t). For
example, almost all mechanical systems are subject to Coulomb
friction which can be described by Af sgn(v), where v represents
the velocity. Thus we knowϕd(t) has a componentsgn(v) al-
though its amplitude Af is unknown. Similarly, for any mechani-
cal systems, the inertia and damping effects may have to be con-
sidered for any precision motion control, which have the form of
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mv̇d and bv respectively, where m and b are the unknown inertia
and damping coefficient. In such a case,sgn(v), the desired ac-
celerationv̇d, and v can be chosen as some of the basis functions
to achieve an effective characterization ofϕd(t), i.e., let

Φ = [sgn(v); v̇d; v; 1; cosωt; sinωt; � � � ; cosmωt; sinmωt]T :
(35)

With the linear parametrization (34), equation (1) can be
rewritten as

ẋ = ΦT θ+∆ϕ+u+d(x; t); (36)

Similar to Assumption 2.1, the following reasonable assumption
can be made:

Assumption 3.1. The unknown parametersθ lie in a known
bounded regionΩθ, i.e.,

θ 2 Ωθ
∆
= f θ : θmin � θ � θmaxg; (37)

whereθmin andθmax are known.

Under Assumption 3.1, the discontinuous projection based
ARC design (Yao, 1997) can be utilized to solve the tracking
control problem for (36) as follows. Similar to (9), the adaptive
robust control law is given by:

u = ua+us;

ua = �ΦT θ̂+ ẋd;
us = us1+us2; us1 =�ks1z;

(38)

whereθ̂ is the estimate ofθ, ks1 satisfies (13), andus2 is a robust
control law to be specified later. The parameter estimateθ̂ is
updated through the following parameter adaptation mechanism

˙̂θ = Proĵθ(ΓΦz); (39)

where Proĵθ(�) = [Proĵθ1
(�1); � � � ;Proĵθm

(�m)]
T , and �i repre-

sents the i-th component of�. Γ is a positive diagonal matrix
in this case. The definition of the projection mapping Projθ̂i

(�) is
similar to (6)

Proĵθi
(�i) =

8<
:

0 if θ̂i = θi max and �i > 0
0 if θ̂i = θi min and �i < 0
�i otherwise

(40)

Substituting (38) into (36), the resulting error dynamics is

ż+ks1z=�ΦT θ̃+∆ϕ+us2+d(x; t); (41)

whereθ̃ = θ̂� θ represents the parameter estimation error. The
robust feedbackus2 is used to attenuate the effect of model un-
certainties, which is required to satisfy the following constraints
similar to (14)

i z[�ΦT θ̃+d(x; t)+us2]� ε
ii zus2 � 0

(42)

Theorem 3.1. If the ARC law (38) and parameter adaptation
law (39) are applied, the same results as stated in Theorem 2.1
are achieved.

Proof: The theorem can be proved in the same way as in (Yao,
1997; Yao and Xu, 1999).

4 Experiment Results
To illustrate the above designs, a two-axis precision posi-

tioning stage is used as a test-bed (Fig.1). The two axes of the
X-Y stage are mounted orthogonally on a horizontal plane with
the Y-axis on top of the X-axis. The position of the stage is mea-
sured by means of two optical linear encoders with the resolution
of 1µm after quadrature. Velocity signal is obtained by averaging
the backward differences of the two consecutive position mea-
surements over several samples.

Figure 1. Experimental Setup

Experiment results are obtained for the Y-axis whose sim-
plified dynamics is given by

ẋ1 = x2;
Mẋ2 = u�Bx2�Ff n(x2)�FEM(x1;x2)+d(x; t);

y = x1;
(43)

wherex= [x1; x2]
T represents the position and velocity of the in-

ertia load,M is the unknown inertia of the payload plus the coil
assembly,B is the unknown damping constant,u is the control
voltage,Ff n is the nonlinear friction force,FEM represents the
electro-magnetic force such as cogging force and ripple force,
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andd(x; t) represents the lumped disturbances consisting of mod-
elling errors and external disturbances.

The controller design proposed in Section 3 can be gener-
alized to solve the tracking control problem of the linear motor.
Define a switching-surface-like tracking error metric as

ξ = ė1+ l1e1 = x2�x2eq; x2eq
∆
= ẏd� l1e1; (44)

whereyd is a periodic desired trajectory,e1 = y�yd, andl1 is a
positive design parameter. Differentiating (44) and substituting
the expression given by (43), one obtains

Mξ̇ = u+ϕ+d(x; t); (45)

whereϕ ∆
= �Mẋ2eq�Bx2�Ff n(x2)�FEM(x1;x2). Adding and

subtracting the desired compensation termϕd(t) = �Mÿd �
Bẏd�Ff n(ẏd)�FEM(yd; ẏd) on the right-hand side of (45) yields

Mξ̇ = u+ϕd(t)+∆ϕ+d(x; t) (46)

where∆ϕ = ϕ�ϕd. As shown in (Sadegh et al., 1990),∆ϕ can
be bounded by

j∆ϕj � γ1je1j+ γ2e2
1+ γ3jξj+ γ4jξjje1j; (47)

whereγ1;γ2;γ3, andγ4 are positive bounding constants that de-
pend on the desired trajectory and the physical properties of the
linear motor.

It is clear that (46) is in a similar form as (22). As such, the
adaptive robust repetitive controls proposed in sections 2 and 3
can be applied when repetitive tasks are performed. For example,
when the periodic desired compensation termϕd(t) is approxi-
mated by (34), (46) becomes

Mξ̇ = u+ΦTθ+∆ϕ+d(x; t); (48)

As such, similar to (Yao and Xu, 1999; Xu and Yao, 2000), the
adaptive robust control law is given by:

u = ua+us

ua =�ΦT θ̂;
us = us1+us2;

us1 =�kξ�kee1�kae2
1ξ; us2 =� 1

4εh2ξ;

(49)

whereh is any bounding function satisfyingh� kθmax�θmink �
kΦk+ dmax(x; t), and the controller parametersk, ke andka are
positive scalars satisfying the following conditions:

k�
1
2

γ1+ γ3+
1
4

γ4; kel1 �
1
2

γ1+
1
4

γ2; ka � γ2+ γ4: (50)

The associated learning algorithm is˙̂θ = Proĵθ(ΓΦξ). In the ex-
periments, the design parameters of the adaptive robust controller
are chosen as:

l1 = 400; k= 25; ke = 25; ka = 25; ε = 500; dmax= 1;
θmax= [2; 2; 2; 0:15]T ; θmin =�[2; 2; 2; 0]T ;
θ̂(0) = [0; 0; 0; 0:1]T ; Γ = 1000�diag[1; 1; 1; 0];
Φ = [1;cosωt;sinωt;sgn(ẋ2)]

T :

(51)

This controller is referred to as the adaptive robust controller
(ARC) in the following.

Similarly, the adaptive robust repetitive control scheme pro-
posed in Section 2 can be applied. The control law has the same
form as (49) except to replaceua by ua = �ϕ̂d(t) and update
ϕ̂d(t) by ϕ̂d(t) = Projϕ(ϕ̂d(t�T)+Γξ). In the experiments, the
design parameters are chosen as:

l1 = 200; k= 20; ke = 20; ka = 20; ε = 1; Γ = 50;
ϕmax= 2; ϕmin =�2; dmax= 1; ϕ̂d(0) = 0;

(52)

This controller is referred to as the adaptive robust repetitive con-
troller (ARRC) in the following.

For comparison purpose, a discrete-time repetitive controller
(Tomizuka et al., 1989; Tsao and Tomizuka, 1994; Tomizuka,
1993) which was proposed to solve a set-point regulation prob-
lem is also implemented:

Gr(q
�1) =

q�N(1�1:96q�1+0:9608q�2)Q(q�1)

(0:0151q�1�0:01431q�2)(1�Q(q�1)q�N)
; (53)

whereq is the one step delay shift operator,N = 100, and the Q
filter is chosen asQ(q�1) = (q+2+q�1)=4. This controller is
referred to as the discrete time repetitive controller (DTRC) in
the following.

All the three controllers are implemented using a dSPACE
DS1103 controller board. The controllers execute programs at
a sampling rate offs = 10kHz. For ARRC, to reduce the noise
effect, as discussed at the beginning of section 3, a slower sam-
pling rate of 2:5kHz is used in discretizing repetitive learning law
in implementation.

First we consider a set-point regulation problem when the
linear motor is disturbed by a sinusoidal disturbanced(t) =
0:2sin(ωt)(V) with ω = 200π rad=s. The performance of the
three controllers is shown in Fig.2, Fig.3 and Fig.4, respectively.
It can be seen that the controllers can eliminate the effect of dis-
turbance after several periods. However, the proposed ARC type
repetitive controllers have a better transient performance. The
ARC controller with smooth basis functions has a smaller tran-
sient error and the error converges faster.

The motor is then controlled by the two proposed ARC type
repetitive controllers to track a desired trajectoryyd = 0:05[1�
cos(ωt)] with ω=2π rad=s; the discrete time repetitive controller
did not work well for this case as it was designed for set-point
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regulation only. The tracking errors are shown in Fig.5. It can be
seen that both repetitive ARC controllers achieve a good tracking
performance, but the tracking performance of the repetitive ARC
with smooth basis functions has a much better tracking perfor-
mance, especially during the transient period. The tracking er-
ror is less than 20µm during the transient period and converges
quickly (even much less than one period ofT = 1sec) to the final
tracking error of only 6� 7µm. Since the ARRC uses a point-to-
point learning algorithm, it normally takes several periods to for
the tracking error to converge. As seen from Fig.5, the tracking
error of ARRC converges in two periods (T=1 sec). Compar-
atively, the tracking error of ARC with smooth basis functions
converges in a very short time, which is due to the extrapola-
tion capability of the smooth basis functions, as apposed to the
non-extrapolation of the delta basis functions of point-to-point
ARRC. At the same time, the smooth basis functions has a better
ability in evening out the effect of random noise on the param-
eter estimates. As such, the smooth basis function based ARC
repetitive controller also achieves a better final tracking accuracy
as seen from Fig.5.

To test the performance robustness of the algorithms to
parameter variations, the motor is run with a 9.1kg payload
mounted on it. The tracking errors are given in Fig.6. It shows
that almost the same tracking performance as in no-load situation
is achieved in spite of the change of inertia load.

Finally, to test the performance robustness of the controllers
to disturbance, a step disturbance (a simulated 0.5V electrical
signal) is added at about t= 4s. The transient tracking errors
become large (more than 50µm) when the disturbance occurs
(Fig.7). But the learning algorithm and the parameter adapta-
tion law (Fig.8) are able to capture its effect quickly and generate
corresponding control efforts to compensate for it. As such, the
tracking error converges quickly after a short transient period.

5 Conclusion
In this paper, the noise sensitive problem of our recently pro-

posed adaptive robust repetitive control (ARRC) law has been
carefully re-examined from the traditional parameter adaptation
view point. It is shown that, in continuous-time domain, what
the conventional repetitive learning algorithm does is equivalent
to adapting all the values of the periodic uncertainties over one
period with impulse type functions as basis functions. Such a for-
mulation makes the algorithm very sensitive to noise due to the
vulnerability of impulse type basis functions to random noises.
A simple remedy to this noise sensitive problem is to use smooth
basis functions with unknown amplitudes to approximate the un-
known periodic terms. Such a formulation also helps to capture
the physical dependence of the values of the unknown periodic
term over one period and provides certain extrapolation capabil-
ity that enables the tracking error to converge even during a sin-
gle period. The precision motion control of a linear motor drive
system is used as an application example. The comparative ex-
perimental results demonstrate that, with the new adaptive robust
repetitive control design, not only the noise sensitive problem of

repetitive learning can be easily taken care of, but also a much
improved tracking performance is achieved.
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Figure 2. Set-point regulation: discrete-time repetitive controller
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Figure 3. Set-point regulation: adaptive robust repetitive controller
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Figure 4. Set-point regulation: adaptive robust controller
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Figure 5. Controller tracking errors (without load)
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Figure 6. Controller tracking errors (with load)
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Figure 7. Controller tracking errors (with a step disturbance)
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Figure 8. Parameter estimation (with a step disturbance)
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