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ABSTRACT
Compared to conventional robot manipulators driven by

electrical motors, hydraulic robot arms have richer nonlinear
dynamics and stronger couplings among various joints (or hy-
draulic cylinders). This paper focuses on the physical model
based coordinated adaptive robust control (ARC) strategies that
explicitly take into account the strong coupling among various
hydraulic cylinders (or joints). In our recent studies, two such
methods were proposed to avoid the need of acceleration feed-
back in doing ARC backstepping designs. The first method uses
an observer to recover the state needed for the ARC backstepping
design. The second method utilizes the property that the adjoint
matrix and the determinant of the inertial matrix can be linearly
parametrized by certain suitably selected parameters and employ
certain over-parametrizing techniques. Theoretically, both the
resulting ARC controllers guarantee a prescribed output tracking
transient performance and final tracking accuracy while achiev-
ing asymptotic output tracking in the presence of parametric un-
certainties only. This paper focuses on the comparative studies of
these two methods under various practical constraints. Extensive
simulation results which are based on a three degree-of-freedom
(DOF) hydraulic robot arm are presented to illustrate the advan-
tages and drawbacks of each method.

1 Introduction
Robotic manipulators driven by electro-hydraulic cylinders

have been widely used in the industry for the tasks such as ma-
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terial handling and earth moving. These kinds of tasks typically
require that the end-effectors of the manipulators follow certain
prescribed desired trajectories in the working space precisely. In
order to meet the increasing requirement of productivity and per-
formance of modern industry, the development of high speed and
high accuracy trajectory tracking controllers for robot manipula-
tors is of practical importance.

Compared to the the conventional robotic manipulator
driven by electrical motors, the controller design for the robotic
manipulator driven by hydraulic actuators is more difficult both
theoretically and experimentally due to the following several rea-
sons. First of all, unlike the electrical motors, the hydraulic
cylinders are linear actuators and complicated mechanical mech-
anisms are needed to drive revolute joints. Such a configuration
results in additional nonlinearites and stronger couplings among
the dynamics of various joints. Second, in addition to the coupled
MIMO nonlinear dynamics of the rigid robot arm, the dynam-
ics of the hydraulic actuators must be considered in the control
of a hydraulic arm, which substantially increases the controller
design difficulties. It is well known that a robot arm including
actuator dynamics (Yuan, 1995) has a ”relative degree” more
than three. Synthesizing a controller for such a system usually
requires joint acceleration feedback for a complete state feed-
back, which may not be a practical solution. Furthermore, the
single-rod hydraulic actuator studied here has a much more com-
plicated dynamics than electrical motors. The dynamics of a hy-
draulic cylinder is highly nonlinear (Merritt, 1967) and may be
subjected to non-smooth and discontinuous nonlinearities due to
directional change of valve opening and frictions. The dynamic
equations describing the pressure changes in the two chambers of
a single-rod hydraulic actuator cannot be combined into a single
load pressure equation, which not only increases the dimension
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of the system to be dealt with but also brings in the stability issue
of the added internal dynamics. Finally, a hydraulic arm nor-
mally experiences large extent of model uncertainties including
the large changes in load seen by the system in industrial use,
the large variations in the hydraulic parameters (e.g., bulk mod-
ulus), leakages, the external disturbances, and frictions. Partly
due to these difficulties, so far, the model-based robust control of
a hydraulic arm has not been well studied and fewer results are
available. In (d’ANdrea Novel et al., 1994), the singular pertur-
bation was used to synthesize a controller for a 6 axis hydrauli-
cally actuated robot. In (Medanic et al., 1997), a variable struc-
ture controller was developed to control a Caterpillar 325 exca-
vator without considering parametric uncertainties and uncertain
nonlinearities associated with the system simultaneously. Theo-
retically, none of above schemes could address all the difficulties
mentioned above well.

In (Yao et al., 2000; Bu and Yao, 1999), the ARC approach
proposed by Yao and Tomizuka in (Yao and Tomizuka, 1994;
Yao and Tomizuka, 1997; Yao and Tomizuka, 2001; Yao, 1997)
was generalized to provide a rigorous theoretical framework for
the high performance robust motion control of a one DOF single-
rod hydraulic actuator by taking into account the particular non-
linearities and model uncertainties of the electro-hydraulic servo-
systems. The stability of zero output tracking error dynamics of
single-rod hydraulic actuator was also addressed in (Yao et al.,
2000; Bu and Yao, 1999). In (Bu and Yao, 2000), a phys-
ical model based ARC controller, which explicitly takes into
account the strong coupling among various hydraulic cylinders
(or joints), is proposed for a 3 DOF hydraulic robot arm. An
observer which is motivated by the design in (Yuan, 1995) is
proposed to avoid the need of acceleration feedback for ARC
backstepping design. In (Bu and Yao, 2001), an overparametriz-
ing method, which is motivated by the design in (Bridges et al.,
1993), is proposed to avoid the need of acceleration feedback for
ARC backstepping design.

This paper will continue the work done in (Bu and Yao,
2000; Bu and Yao, 2001) and will focus on the comparative stud-
ies of these two method under various practical implementation
constraints such as the measurement noises. Extensive compar-
ative simulation results will be presented to illustrate the advan-
tages and drawbacks of each method.

2 Problem Formulation and Dynamic Models

The system under consideration is depicted in Fig.1, which
represents a 3 DOF robot arm driven by three single-rod hy-
draulic cylinders. To make the results general, let us consider a n
DOF robot arm driven by n hydraulic cylinders. The joint angles
are represented byq = [q1;q2; : : : ;qn]

T . x = [x1;x2; : : : ;xn]
T

is the displacement vector of the hydraulic cylinders, which is
uniquely related to the joint angleq, i.e., x1(q1), x2(q2) and so
on. The goal is to have joint anglesq track any feasible desired
motion trajectories as closely as possible for precision maneuver
of the inertia load of the hydraulic robot arm. The rigid-body
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Figure 1. A Hydraulic Robot Arm

dynamics of the hydraulic arm can be described by:

M(q)q̈+C(q; q̇)q̇+G(q) = ∂x
∂q(A1P1�A2P2)+T(t;q; q̇) (1)

where P1 = [P11;P12; � � � ;P1n]
T and P1i (i = 1;2; � � � ;n) is

the forward chamber pressures for theith cylinder. P2 =
[P21;P22; � � � ;P2n]

T and P2i (i = 1;2; � � � ;n) is the return chamber
pressure of theith cylinder. A1 = diag[A11;A12; � � � ;A1n] and
A2 = diag[A21;A22; � � � ;A2n] are the ram areas of the two cham-
bers of the driving cylinders andT(t;q; q̇) 2 Rn represents the
lumped disturbance torque including external disturbances and
terms like the friction torque.

Let mL be the unknown payload mounted at the end of the
nth arm, which is treated as a point mass for simplicity. Then,
the inertial matrixM(q), coriolis termsC(q; q̇) and gravity terms
G(q) in (1) can be linearly parametrized with respect to the un-
known massmL as

M(q) = Mc(q)+ML(q)mL;G(q) = Gc(q)+GL(q)mL

C(q; q̇) =Cc(q; q̇)+CL(q; q̇)mL
(2)

where Mc(q), ML(q), Cc(q; q̇), CL(q; q̇), Gc(q), GL(q) are
known nonlinear functions ofq andq̇. One of the properties of
the inertia matrixM(q) is that its inverse can be written as:

M�1(q) = M̄(q)=jM(q)j (3)

wherejM(q)j represents the determinant ofM(q), M̄(q) repre-
sents the adjoint matrix ofM(q). Furthermore, bothM̄(q) and
jM(q)j can be written as

jM(q)j= I = Ic+∑n
i=1 Isimi

L M̄(q) = M̄c+∑n�1
i=1 M̄imi

L (4)

whereIc, Isi, M̄c andM̄i are of the known functions of joint posi-
tion q andI is a scalar.
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Assuming no cylinder leakages, the actuator (or the cylin-
der) dynamics can be written as (Merritt, 1967),

V1(x)
βe

Ṗ1 =�A1ẋ+Q1 =�A1
∂x
∂qq̇+Q1

V2(x)
βe

Ṗ2 = A2ẋ�Q2 = A2
∂x
∂qq̇�Q2

(5)

where V1(x) = Vh1 + A1diag[x] 2 Rn�n and V2(x) = Vh2 �
A2diag[x] are the diagonal total control volume matrices of the
two chambers of hydraulic cylinders respectively, which include
the hose volume between the two chambers and the valves,Vh1=
diag[Vh11;Vh12; � � � ;Vh1n] and Vh2 = diag[Vh21;Vh22; � � � ;Vh2n] are
the control volumes of the two chambers whenx= 0, diag[x] =
diag[x1;x2; � � � ;xn] , βe 2 R is the effective bulk modulus,
Q1 = [Q11;Q12; � � � ;Q1n]

T is the vector of the supplied flow rates
to the forward chambers of the driving cylinders, andQ2 =
[Q21;Q22; � � � ;Q2n]

T is the vector of the return flow rates from
the return chambers of the cylinders.

Let xv = [xv1;xv2; � � � ;xvn] denotes the spool displacements of
the valves in the hydraulic loops. Define the square roots of the
pressure drops across the two ports of the first control valve as:

g31(P11;sign(xv1)) =

�p
Ps�P11 for xv1 � 0p
P11�Pr xv1 < 0

g41(P21;sign(xv1)) =

�p
P21�Pr for xv1 � 0p
Ps�P21 xv1 < 0

(6)

where Ps is the supply pressure of the pump, andPr is the tank
reference pressure. Similarly, letg3i and g4i be the square roots
of the pressure drops for theith hydraulic loop. For simplicity of
notation, define the diagonal square root matrices of the pressure
drops as:

g3(P1;sign(xv)) = diag[g31(P11;sign(xv1)); : : : ;g3n(P1n;sign(xvn))]
g4(P2;sign(xv)) = diag[g41(P21;sign(xv1)); : : : ;g4n(P2n;sign(xvn))]

(7)
Then, Q1 and Q2 in (5) are related to the spool displacements
of the valvesxv by (Merritt, 1967),

Q1 = kq1g3(P1;sign(xv))xv ;Q2 = kq2g4(P2;sign(xv))xv (8)

where kq1 = diag[kq11; : : : ;kq1n] and kq2 = diag[kq21; : : : ;kq2n]
are theconstantflow gain coefficients matrices of the forward
and return loops respectively.

Given the desired motion trajectory qd(t), the objective is
to synthesize a control input u= xv such that the output y=
q tracks qd(t) as closely as possible in spite of various model
uncertainties.

3 Adaptive Robust Controller Designs
3.1 Design Model and Issues to be Addressed

In this paper, for simplicity, we consider the parametric un-
certainties due to the unknown payloadmL, and the nominal

value of the lumped disturbanceT, Tn only. Other paramet-
ric ucnertainties can be dealt with in the same way if necessary.
In order to use parameter adaptation to reduce parametric un-
certainties and improve performance, it is necessary to linearly
parametrize the system dynamics equation in terms of a set of
unknown parameters. To achieve this, define the unknown pa-
rameter set asθ = [θ1;θT

2 ]
T where θ1 = mL and θ2 = Tn. The

system dynamic equations can thus be linearly parametrized in
terms of θ as

M(q)q̈+C(q; q̇)q̇+G(q) = ∂x
∂q(A1P1�A2P2)

+θ2+ T̃(t;q; q̇); T̃ = T(t;q; q̇)�Tn

Ṗ1 = βeV
�1
1 (q)

h
�A1

∂x
∂qq̇+Q1(u;g3(P1;sign(u))

i
Ṗ2 = βeV

�1
2 (q)

h
A2

∂x
∂qq̇�Q2(u;g4(P2;sign(u))

i (9)

Since the extent of the parametric uncertainties and uncertain
nonlinearities are normally known, the following practical as-
sumption is made. Parametric uncertainties and uncertain non-
linearities satisfy

θ 2 Ωθ
∆
= fθ : θmin < θ < θmaxg

jT̃(t;q; q̇)j � δT(q; q̇; t)
(10)

where θmin = [θ1min;θ2min]
T , θmax=[θ1max;θ2max]

T , and
δT(t;q; q̇) are known.

At this stage, it can be seen that the main difficulties in con-
trolling (9) are: (i) The system dynamics are highly nonlinear
and coupled, due to either the nonlinear robot dynamics or the
dependence of the effective driving torque on joint angle (terms
like ∂x(q)

∂q ) and the nonlinearities in the hydraulic dynamics; (ii)
The system has large extent of parametric uncertainties due to
the large variations of inertial loadmL; (iii) The system may
have large extent of lumped uncertain nonlinearitiesT̃ includ-
ing external disturbances and unmodeled friction forces; (iv) The
added nonlinear hydraulic dynamics are more complex than the
electrical motor dynamics; (v) The model uncertainties are mis-
matched, i.e. both parametric uncertainties and uncertain nonlin-
earities appear in the dynamic equations which are not directly
related to the control inputu= xv.

To address the challenges mentioned above, following gen-
eral strategies have been adopted in the controller designs in (Bu
and Yao, 2000; Bu and Yao, 2001). Firstly, the nonlinear phys-
ical model based analysis and synthesis has been employed to
deal with the nonlinearities and coupling of the system dynam-
ics. Secondly, the ARC approach (Yao and Tomizuka, 1994;
Yao, 1997) has been used to handle the effect of both parametric
uncertainties and uncertain nonlinearities; fast robust feedback
was used to attenuate the effect of various model uncertainties as
much as possible while parameter adaptation was introduced to
reduce model uncertainties for high performance. Thirdly, back-
stepping design via ARC Lyapunov function has been used to
overcome the design difficulties caused by the unmatched model
uncertainties. To avoid the need for joint acceleration by back-
stepping design, two methods have been presented in (Bu and
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Yao, 2000; Bu and Yao, 2001) respectively, which are briefly
reviewed in the following for later’s comparative studies.

3.2 Controller Design
The design parallels the recursive backstepping design pro-

cedure via ARC Lyapunov functions in (Yao, 1997; Yao et al.,
2000) as follows.

Step 1
The first step in both methods (Bu and Yao, 2000; Bu and

Yao, 2001) is the same as follows. Define a switching-function-
like quantity as z2 = ż1 + k1z1= q̇� q̇r , where ˙qr = q̇d� k1z1,
z1 = q�qd(t), in whichqd(t) is the reference trajectory andk1

is a positive feedback gain. The design in this step is to makez2

as small as possible with a guaranteed transient performance.
Define the load pressure asPL =A1P1�A2P2. If we treat PL

as the virtual control input, a virtual control lawPLd for PL can
be synthesized such thatz2 is as small as possible with a guar-
anteed transient performance. The control functionPLd consists
of two parts given by

PLd(q; q̇; θ̂1; θ̂2; t) = PLda+PLds

PLda = ( ∂x
∂q)

�1[M̂q̈r +Ĉ(q̇;q)q̇r + Ĝ(q)� θ̂2�K2(t)z2]

(11)
whereK2(t) is a positive feedback gain matrix and

M̂(q) = Mc+MLθ̂1 Ĉ(q̇;q) =Cc+CLθ̂1

Ĝ(q) = Gc+GLθ̂1
(12)

PLds can be chosen to satisfy:

condition i zT
2 [

∂x
∂qPLds�φ2θ̃+ T̃]� ε2

condition ii zT
2

∂x
∂qPLds� 0

(13)

whereφ2 = [�MLq̈r �CL(q̇;q)q̇r �GL(q); In�n], and ε2 is a de-
sign parameter which can be arbitrarily small. The adaptive func-
tion τ2 is given by τ2 = φ2z2

Step 2
In this step, an actual control law is synthesized so that

z3 = PL �PLd converges to zero or a small value with a guar-
anteed transient performance and accuracy. If we were to use
the backstepping design strategy via ARC Lyapunov function as
in (Yao et al., 2000; Yao, 1997), the resulting ARC law would
require the feedback of the joint acceleration ¨q since q̈ is
needed in computingˆ̇PLd, the calculable part of the derivative
of the desired virtual control functionPLd, for adaptive model
compensation. In order to avoid the need for joint acceleration
feedback, two methods were presented in (Bu and Yao, 2000; Bu
and Yao, 2001) respectively; one is observer based and the other
is over-parametrization based as outlined in the following:

Observer based Design
Define the observer errors as:

eo1 = q�y; ẏr = ẏ�ko1eo1

eo2 = q̇� ẏr ; ÿr = ÿ�ko1(q̇� ẏ)
(14)

where y and ẏ are the estimates ofq and q̇ respectively. The
following nonlinear observer was proposed :

M̄(q)ÿr +C̄(q; q̇)ẏr + Ḡ(q) = ∂x
∂qPL

+(Ko2+Ko2s)eo2+Tos+ θ̄2
(15)

where M̄(q) = Mc +MLθ̄1, C̄(q; q̇) = Cc +CLθ̄1 and Ḡ(q) =
Gc+GLθ̄1, in which θ̄ = [θ̄1, θ̄2]

T is a new set of parameter esti-
mate for θ and is used in the construction of the above observer
only. Ko2 is any positive definite gain matrix, andKo2s is a
nonlinear positive definite gain matrix to be specified later.Tos

is a robust observer error feedback term which is specified later
for a guaranteed transient performance.

If the parameter variatioñθo=θ�θ̄ is within certain limit
such that kθ̃o1MLqM̄�1(q)k < 1, then, a robust feedback func-
tion Tos(q; q̇; θ̄;y; ẏ; t) can be determined to satisfy following con-
ditions (Bu and Yao, 2000):

condition i eT
o2[�(I � θ̃o1MLM̄�1)Tos+φT

o θ̃o+ T̃]� εo

condition ii �eT
o2(I � θ̃o1MLM̄�1)Tos� 0

(16)

whereφo =[ML(q)M̄�1( ∂x
∂qPL+(Ko2+Ko2s)eo2+θ̄2�C̄(q; q̇)ẏr�Ḡ(q))

+CL(q; q̇)ẏr+GL(q);�I3�3;0]T and εo is a positive design pa-
rameter. The adaptation law for parameter estimates in observer
is given by

˙̄θ = Pro jθ̄(Γoτo); τo = φT
o eo2 (17)

From (15), ¨yr can be computed by:

ÿr = M̄�1(q)[ ∂x
∂qPL +(Ko2+Ko2s)eo2+Tos

+θ̄2�C̄(q; q̇)ẏr � Ḡ(q)]
(18)

and can be used in the design of the control lawu.
Note that ˙yr and ÿr are the estimates of the joint velocity

and acceleration respectively. By using the velocity estimate ˙yr

to replace the joint velocity ˙q in the virtual control lawPLd, we
obtain the estimate of thePLd as P̂Ld = PLd(q; ẏr ; θ̂1; θ̂2; t) .

The following is to synthesize a control inputu such that
ẑ3 = PL� P̂Ld converges to zero or a small value with a guaran-
teed transient performance. From (9),

˙̂z3 = ṖL� ˙̂PLd = θ3[�(A2
1V
�1
1 +A2

2V
�1
2 ) ∂x

∂qq̇

+(A1V
�1
1 Q1+A2V

�1
2 Q2)]� ˙̂PLd

(19)

wherėP̂Ld=
∂P̂Ld
∂q q̇+ ∂P̂Ld

∂ẏr
ÿr+

∂P̂Ld
∂t + ∂P̂Ld

∂θ̂
˙̂θ. Define the load flow

QL as

QL = A1V
�1
1 Q1+A2V

�1
2 Q2 = [A1V

�1
1 kq1g3(P1;sign(u))

+A2V
�1
2 kq2g4(P2;sign(u))]u

(20)
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then this step is to synthesize a control functionQLd for QL such
that PL tracks the desired control function̂PLd with a guaranteed
transient performance. The control functionQLd consists of two
parts given by

QLd(q; q̇; ẏr ; ÿr ;P1;P2; θ̂; t) = QLda+QLds

QLda =� 1
θ̂3

QLde

QLds= QLds1+QLds2; QLds1 =� 1
θ3min

K3ẑ3

(21)

where K3 is a constant positive definite control gain matrix,
QLde=

∂x
∂qz2�θ̂3(A2

1V
�1
1 +A2

2V
�1
2 ) ∂x

∂qq̇� ˙̂PLd, and QLds2 is a ro-
bust control function satisfying the following two conditions

condition i ẑT
3

�
θ3QLds2+φT

3 θ̃
�� ε3

condition ii ẑT
3 QLds2 � 0

(22)

where φ3 =[0;0;�QLa+(A2
1V
�1
1 +A2

2V
�1
2 ) ∂x

∂qq̇]T and ε3 is a pos-
itive design parameter.

Once the control functionQLd for QL is synthesized as
given by (21), the actual control inputu can be backed out from
the continuous one-to-one nonlinear load flow mapping (20) as
follows. Noting that the elements of the diagonal matricesg3,
g4, V1, andV2 are all positive functions,ui should have the same
sign asQLdi. Thus

u= [A1V
�1
1 kq1g3(P1;sign(QLd))

+A2V
�1
2 kq2g4(P2;sign(QLd))]

�1QLd
(23)

The parameter estimation law is given by

˙̂θ = Pro jθ̂(Γ(τ2+φ3ẑ3)) (24)

where the projection mapping used here is defined as in (Sas-
try and Bodson, 1989; Goodwin and Mayne, 1989; Yao and
Tomizuka, 1994) andΓ is the diagonal adaptation gain matrix.

Overparametrizing Design
In the above, an observer based method is presented to avoid

the need for joint acceleration feedback. In the following, a dif-
ferent method proposed in (Bu and Yao, 2001) is shown, which
utilizes the linearly parametrization property of the inertia matrix
in (4).

Multiply both side of first equation of (9) byjMjM�1 = M̄
we will have

jMjq̈+ M̄C(q̇;q)q̇+ M̄G= M̄ ∂x
∂qPL + M̄θ2+ M̄T̃ (25)

Define

Ct(q̇;q) = M̄C(q̇;q) Gt(q) = M̄G
dn = M̄θ2 d̃ = M̄T̃

(26)

Thus (25) could be expressed by

I q̈+Ctq̇+Gt = M̄ ∂x
∂qPL +dn+ d̃ (27)

whereI is a scalar. Similar to (2),Ct , Gt and dn can be expressed
by

Ct(q̇;q) =Ctc+∑n
i=1Ctiθi

1 Gt(q) = Gtc+∑n
i=1Gtiθi

1
dn = M̄cθ2+∑n�1

i=1 M̄iθi
1θ2

(28)

whereCtc andGtc are of the known nonlinear functions ofq and
q̇.

From (28), redefine the unknown parameters as:

[β1;β2; � � � ;βn;βT
n+1;βT

n+2; � � � ;βT
2n]

= [θ1;θ2
1; � � � ;θn

1;θ
T
2 ;θ1θT

2 ; � � � ;θn�1
1 θT

2 ]
(29)

From (9), the derivative ofz3 is given by

ż3 = ṖL� ṖLd

ṖL = βe[�(A2
1V
�1
1 +A2

2V
�1
2 ) ∂x

∂qq̇+(A1V
�1
1 Q1+A2V

�1
2 Q2)]

ṖLd = ∂PLd
∂q q̇+ ∂PLd

∂q̇ q̈+ ∂PLd
∂θ̂

˙̂θ+ ∂PLd
∂t

(30)
andI ṖLd can be expressed by

I ṖLd = dI ṖLd +
gI ṖLd (31)

where

dI ṖLd = ∂PLd
∂q Î q̇+ ∂PLd

∂q̇ (�Ĉt q̇� Ĝt + ˆ̄M ∂x
∂qPL + d̂n)

+ ∂PLd
∂θ̂ Î ˙̂θ+ ∂PLd

∂t ÎgI ṖLd = ( ∂PLd
∂q q̇+ ∂PLd

∂θ̂
˙̂θ+ ∂PLd

∂t )(�∑n
i=1 Isiβ̃i)

+ ∂PLd
∂q̇ [∑n

i=1(Cti q̇+Gti)β̃i �∑n�1
i=1 M̄i

∂x
∂qPLβ̃i � M̄cβ̃n+1

�∑n
i=2M̄i�1β̃n+i + d̃]

Î = Ic+∑n
i=1 Isiβ̂i ; Ĉt =Ctc+∑n

i=1Cti β̂i

Ĝt = Gtc+∑n
i=1Gti β̂i ; d̂n = M̄cβ̂n+1+∑n

i=2M̄i�1β̂n+i
ˆ̄M = M̄c+∑n�1

i=1 M̄i β̂i
(32)dI ṖLd represents the calculable part ofI ṖLd and will be used

in the model compensation part of the ARC control law in this

step, gI ṖLd is the incalculable part ofI ṖLd and will be attenuated
by certain robust feedback. Similar to the observer based design,
the control functionQLd is given by

QLd = QLda+QLds

QLda = (A2
1V
�1
1 +A2

2V
�1
2 ) ∂x

∂qq̇

+ 1
Îβe

(� ∂x
∂qz2+

dI ṖLd� 1
2
ˆ̇Iz3� IcK3z3)

(33)

5 Copyright  2001 by ASME



where ˆ̇I = İc +∑n
i=1 İsiβ̂i and K3 is a positive feedback gain

matrix. QLds could be chosen to satisfy:

condition i zT
3 (IβeQLds�φ3β̃� ∂PLd

∂q̇ d̃)� ε3

condition ii zT
3 IβeQLds� 0

(34)

where ε3 is a positive design parameter andφ3 =
[φ3(1); � � � ;φ3(n�1);φ3n;φ3(n+1);φ3(n+2); � � � ;φ3(2n)].

φ3(1) = Is1[βeQLda�βe(A2
1V
�1
1 +A2

2V
�1
2 ) ∂x

∂qq̇� ∂PLd
∂q q̇

� ∂PLd
∂θ̂

˙̂θ� ∂PLd
∂t ]+ ∂PLd

∂q̇ (Ct1q̇+Gt1� M̄1
∂x
∂qPL)+

1
2 İs1z3

φ3(n�1) = Isn�1[βeQLda�βe(A2
1V
�1
1 +A2

2V
�1
2 ) ∂x

∂qq̇

� ∂PLd
∂q q̇� ∂PLd

∂θ̂
˙̂θ� ∂PLd

∂t ]+ ∂PLd
∂q̇ (Ctn�1q̇+Gtn�1

�M̄n�1
∂x
∂qPL)+

1
2 İsn�1z3

φ3n = Isn[βeQLda�βe(A2
1V
�1
1 +A2

2V
�1
2 ) ∂x

∂qq̇

� ∂PLd
∂q q̇� ∂PLd

∂θ̂
˙̂θ� ∂PLd

∂t ]+ ∂PLd
∂q̇ (Ctnq̇+Gtn)+

1
2 İsnz3

φ3(n+1) =� ∂PLd
∂q̇ M̄c φ3(n+2) =� ∂PLd

∂q̇ M̄1 φ3(2n) =� ∂PLd
∂q̇ M̄n�1

(35)
The control inputu can then be back out as shown in (23).

The parameter estimates in the overparametrizing method
are updated by

˙̂θ = Pro jθ̂(Γθτ2)
˙̂β = Pro jβ̂(Γβφ3z3)

(36)

whereΓθ andΓβ are diagonal adaptation gain matrices.

4 Comparative Simulation Results
To study fundamental problems associated with the control

of electro-hydraulic systems, a three-link robot arm driven by
three single-rod hydraulic cylinders shown in Fig.1 has been set
up. The detailed experimental set up can be found in (Yao et al.,
2000). Although some preliminary experimental results have
been obtained in (Bu and Yao, 2000; Bu and Yao, 2001) for the
proposed two methods respectively, to better illustrate the ad-
vantages and the disadvantages of the two methods, comparative
simulations instead of experiments are conducted in the follow-
ing as simulations allow us to consider various scenarios instead
of being limited by the current physical hardware used. For ex-
ample, the valve bandwidth of current experimental system is
quite low and has a significant effect on the achievable control
performance. Only simulation allows us to compare the perfor-
mance robustness of the two methods to other practical factors
such as the measurement noises without considering the effect of
low bandwidth valves.

The simulations are run based on the physical model of
the hydraulic arm shown in Fig.1 except neglecting the valve
dynamics as assumed in the paper. The exact model of the
hydraulic arm is quite messy and can be obtained from the
authors. Parameters of the actual arm used in the simulations

are: m1 =22:98kg, m2 =24:94kg, m3 =19:68kg, l1 =0:3683m,
l2= 0:9906m, and l3 =0:8001m. Hydraulic cylinder parameters
are: A1 =diag[2:0268�10�3;2:0268�10�3;2:0268�10�3]m2,
A2 =diag[1:0688� 10�3;1:0688� 10�3;1:0688� 10�3]m2,
Vh1 =diag[4:9953�10�4;5:2125�10�4;4:8505�10�4]m3, and
Vh2 =diag[9:0676� 10�4;8:7237� 10�4;9:2667� 10�4]m3.
The valve parameters arekq1 =diag[3:5904� 10�8;3:5904�
10�8;3:5904� 10�8] m3

sec
p

PaV
and kq2 =diag[3:7206�

10�8;3:7206� 10�8;3:7206� 10�8] m3

sec
p

PaV
. The supplied

pressure isPs = 6:9 � 106Pa and actual bulk modulus is
βe = 2:7148�108Pa.

The following three controllers are compared:
Independent ARC Controller .

The ARC controllers proposed in (Bu and Yao, 1999; Yao
et al., 2000) are applied to individual joints of the robot with-
out considering the coupling among various joints.

Observer based ARC Controller .
The control gain and gain matrices are chosen ask1 =
200, K2= K3=diag[310;250;240], ko1= 500, and
Ko2= diag[500;1000;1000]. Adaptation gain matrices are
Γ=diag[1;100;120;140] and Γo =diag[100;200;300;400].

Overparametrizing ARC Method .
The control gain and gain matrices are chosen ask1 = 160,
K2 = diag[160;200;220], K3 = diag[160;200;220]. Adap-
tation gain matrices areΓθ= diag[35, 1�10�6, 1�10�6,
1� 10�6 ] and Γβ= diag[30,2� 10�9, 2� 10�7,1� 10�8,
1�10�7, 1�10�7,1�10�9, 1�10�8, 1�10�8,1�10�10,
1�10�9, 1�10�9].

The desired trajectories for the simulation are chosen to be
typical point-to-point motion as shown in Fig.2. The maximum
velocity of the trajectory isvmax= 0:6rad=s and the maximum
acceleration isamax= 6rad=s2. The simulations are running for
the following scenarios.
Case 1: no load .

In this case, there is no load installed at the end of robot arm.
The tracking results are shown in Fig.3, Fig.4 and Fig.5. As
shown in the figures, compared with the independent ARC
controller, both the coordinated ARC controllers t achieve
an order of tracking error reduction, which demonstrates the
need for explicitly considering the coupling effect among
various joints. It is also seen that the overparametrizing
ARC method achieves a better tracking performance than
the observer based ARC method. Fig.6 shows the control
input for the swing valve, which is regular. The control in-
puts for the other two valves show similar behavior and are
omitted.

Case 2: with load .
In this case, a 30kg external load is added at the end of robot
arm (e.g. mL = θ1 = 30) to test the performance robust-
ness of the two coordinated ARC algorithms to load vari-
ations. The tracking errors are shown in Fig.7, Fig.8, and
Fig.9 respectively. As seen from the figures, both methods
have the same level of tracking errors as in no-load situa-
tions, which verifies the performance robustness of the pro-
posed ARC methods. Again, the overparametrizing method
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achieves a slightly better tracking performance. The control
inputs for the swing joint are shown in Fig.10, which is reg-
ular. The parameter estimations for the external load (not
shown) reveal that the load estimate in the observer based
ARC method converges to its true value while the over-
parametrizing ARC method does not, due to the large num-
ber of parameters adapted in the overparametrizing method.

Case 3: with sensor noise.
To further illustrate the advantages and disadvantages of
both methods, the sensor noises are added in this case. The
tracking results are shown in Fig.11, Fig.12 and Fig.13. As
seen from the swing control inputs shown in Fig.14, the ob-
server based ARC method is more sensitive to the sensor
noise, which results in a poorer tracking performance.

5 Conclusion
In this paper, some comparative studies were carried out

for the two recently proposed coordinated ARC controllers
for robotic manipulators driven by single-rod hydraulic actu-
ators. The first ARC method relies on an ARC observer to
recover the state needed for the ARC backstepping design.
The second method utilizes the property that the adjoint ma-
trix and the determinant of the inertial matrix could be linearly
parametrized by certain suitably selected parameters and em-
ploys overparametrizing techniques. Although the same the-
oretical performance can be achieved by both ARC methods,
comparative simulation results show that, in general, the over-
parametrization method achieves a little better tracking perfor-
mance, although parameter estimates may not converge as well
as those in the observer based method. The biggest advantage of
the overparametrization method is its ability of being less noise
sensitive. Such an advantage will become apparent in implemen-
tation as electro-hydraulic systems normally have quite signifi-
cant amount of measurement noises.
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Figure 2. Desired trajectories for 3 joints
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Figure 3. Tracking error for swing joint without load
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Figure 4. Tracking error for boom joint without load
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Figure 5. Tracking error for stick joint without load
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Figure 6. Control input for swing joint without load
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Figure 7. Tracking error for swing joint with load
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Figure 8. Tracking error for boom joint with load
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Figure 9. Tracking error for stick joint with load
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Figure 10. Control input for swing joint with load
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Figure 11. Tracking error for swing joint with noise
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Figure 12. Tracking error for boom joint with noise
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Figure 13. Tracking error for stick joint with noise

0 2 4 6 8 10 12 14 16 18 20
−6

−4

−2

0

2

4

0 2 4 6 8 10 12 14 16 18 20
−6

−4

−2

0

2

4

Time(sec)

C
on

tr
ol

 In
pu

t(
V

)

Observer Based Coordinated Control 

Coordinated Control By Overparametrizing 

Figure 14. Control input for swing joint with noise
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