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Abstract

This paper studies high performance robust motion control
of linear motors that have a negligible electrical dynamics.
A discontinuous projection based adaptive robust controller
(ARC) is constructed. Since only output signal is available
for measurement, an observer is designed to provide expo-
nentially convergent estimates of the unmeasurable states.
This observer has an extended filter structure so that on-
line parameter adaptation can be utilized to reduce the ef-
fect of the possible large nominal disturbance. Estimation
errors that come from initial state estimates and uncompen-
sated disturbances are effectively dealt with via certain ro-
bust feedback at each step of the ARC backstepping de-
sign. Theoretically the resulting controller achieves a guar-
anteed transient performance and a prescribed final tracking
accuracy. In the presence of parametric uncertainties only,
asymptotic output tracking is also achieved. This scheme
is implemented on an epoxy core linear motor. Extensive
experimental results are presented to illustrate the effective-
ness and the achievable control performance of the proposed
scheme.

1 Introduction

Modern mechanical systems, such as machine tools, semi-
conductor manufacturing equipment, and automatic inspec-
tion machines, often require high-speed, high-accuracy lin-
ear motions. These linear motions are usually realized us-
ing rotary motors with mechanical transmission mechanisms
such as reduction gears and lead screw. Such mechani-
cal transmissions not only significantly reduce linear motion
speed and dynamic response, but also introduce backlash,
large frictional and inertial loads, and structural flexibility.
Backlash and structural flexibility physically limit the accu-
racy that any control system can achieve. As an alternative,
direct drive linear motors, which eliminate the use of me-
chanical transmissions, show promise for widespread use in
high performance positioning systems.

1The work is supported in part by the National Science Foundation under
the CAREER grant CMS-9734345 and in part by a grant from the Purdue
Research Foundation.

Direct drive linear motor systems gain high-speed, high-
accuracy potential by eliminating mechanical transmissions.
However, they also lose the advantage of using mechanical
transmissions – gear reduction reduces the effect of model
uncertainties such as parameter variations (e.g., uncertain
payloads) and external disturbance (e.g., cutting forces in
machining). Furthermore, certain types of linear motors
(e.g., iron core linear motors) are subjected to significant
force ripple [1]. These uncertain nonlinearitis are directly
transmitted to the load and have significant effects on the
motion of the load. Thus, in order for a linear motor system
to be able to function and to deliver its high performance
potential, a controller which can achieve the required high
accuracy in spite of various parametric uncertainties and un-
certain nonlinear effects, has to be employed.

A great deal of effort has been devoted to solving the diffi-
culties in controlling linear motors [1]-[5]. Alter and Tsao
[2] proposed anH∞ controller to increase the dynamic stiff-
ness for linear motor driven machine tool axes. In [3], a
disturbance compensation method based on disturbance ob-
server (DOB) [6] was proposed to make the linear motor
system robust to model uncertainties. To reduce the non-
linear effect of force ripple, in [1], feedforward compensa-
tion terms, which are based on an off-line experimentally
identified model, were added to a position controller. In [4],
a neural-network-based learning feedforward controller was
proposed to reduce the effect of reproducible disturbances.
In [5], under the assumption that the full state of the sys-
tem is measured, the idea of adaptive robust control (ARC)
[7, 8] was generalized to provide a theoretic framework for
the high performance motion control of linear motors. In [9],
the proposed ARC algorithm [5] was applied on an epoxy
core linear motor. To reduce the effect of measurement noise,
a desired compensation ARC algorithm in which the regres-
sor is calculated by reference trajectory information was also
presented and implemented.

In this paper, an output feedback ARC scheme [10] is con-
structed for linear motors subjected to both parametric un-
certainties and bounded disturbances. Since only output sig-
nal is available for measurement, a Kreisselmeier observer



[11] is first designed to provide exponentially convergent es-
timates of the unmeasurable states. This observer has an
extended filter structure so that on-line parameter adapta-
tion can be utilized to reduce the effect of the possible large
nominal disturbance, which is very important from the view
point of application [12]. The destabilizing effect of estima-
tion errors is effectively dealt with using robust feedback at
each step of the design procedure. Theoretically the result-
ing controller achieves a guaranteed transient performance
and a prescribed final tracking accuracy. In the presence of
parametric uncertainties only, asymptotic output tracking is
also achieved. Finally, the proposed scheme, as well as a PID
controller, are implemented on an epoxy core linear motor.
Comparative experimental results are presented to justify the
validity of the ARC algorithm.

The paper is organized as follows. Problem formulation and
dynamic models are presented in section 2. The proposed
ARC controller is shown in section 3. Experimental set-up
and comparative experimental results are presented in sec-
tion 4, and conclusions are drawn in section 5.

2 Problem Formulation and Dynamic Models

The linear motor considered here is a current-controlled
three-phase motor driving a linear positioning stage sup-
ported by recirculating bearings. To fulfill the high perfor-
mance requirements, the model is obtained to include most
nonlinear effects like friction and ripple forces. In the deriva-
tion of the model, the current dynamics is neglected in com-
parison to the mechanical dynamics due to the much faster
electric response. The mathematical model of the system can
be described by the following equations:

Mq̈ = u�F(q; q̇);
F(q; q̇) = Ff +Fr �Fd;

(1)

whereq(t), q̇(t), q̈(t) represent the position, velocity and ac-
celeration of the inertia load, respectively,M is the normal-
ized1 mass of the inertia load plus the coil assembly,u is the
input voltage to the motor,F is the normalized lumped effect
of uncertain nonlinearities such as frictionFf , ripple forceFr

and external disturbanceFd (e.g. cutting force in machining).
While there have been many friction models proposed [13],
a simple and often adequate approach is to regard friction
force as a static nonlinear function of the velocity:

Ff (q̇) = Bq̇+Ffn(q̇); (2)

whereB is an equivalent viscous friction coefficient, andFfn
is the nonlinear friction term which can be modeled as [13]

Ffn(q̇) =�[ fc+( fs� fc)e�jq̇=q̇sj
ξ
]sgn(q̇); (3)

wherefs is the level of static friction,fc is the minimum level
of Coulomb friction, andq̇s andξ are empirical parameters
used to describe the Stribeck effect. Substituting (2) into (1)
yields

Mq̈= u�Bq̇�Ffn(q̇)+∆; (4)

where∆ ∆
= (Fd�Fr) represents the lumped disturbance.

1Normalized with respect to the unit input voltage.

Let qr (t) be the reference motion trajectory, which is as-
sumed to be known, bounded with bounded derivatives up
to the second order. The control objective is to synthesize a
control inputu such that the outputq(t) tracksqr(t) as closely
as possible in spite of various model uncertainties.

3 Adaptive Robust Control of Linear Motor Systems

3.1 Friction Compensation
A simple but effective method for overcoming problems due
to friction is to introduce a cancellation term for the friction
force. Since the nonlinearityFfn depends on the velocitẏq
which is not measurable, the friction compensation scheme
developed in [14] can not be applied directly to achieve our
objective. In order to bypass this difficulty, in the following,
we will useF̂f n(q̇d), the “estimated friction force” which de-
pends on the desired velocity trajectoryq̇d, to approximate
Ffn(q̇), and the approximation error̃Ffn = F̂f n(q̇d)� Ffn(q̇)
will be treated as disturbance. In other words, the control
inputu(t), becomes

u(t) = u�(t)+ F̂f n(q̇d) (5)

whereu� is the output of an adaptive robust controller yet to
be designed. Substituting (5) into (4), one obtains

Mq̈= u�(t)�Bq̇+d; (6)

whered
∆
= ∆+ F̃f n.

In general, the system is subject to parametric uncertain-
ties due to the variations ofM, B, and the nominal value of
the lumped disturbanced, dn. Define a vector of unknown
parametersθ = [θ1;θ2;θ3]

T , in which θ1 = 1
M , θ2 = B

M , and
θ3 = dn

M . A state space realization of the plant (6), which is
linearly parameterized in terms ofθ, is thus given by

ẋ1 = x2�θ2x1;
ẋ2 = θ1u�+θ3+ d̃;
y = x1;

(7)

wherex= [x1;x2]
T represents the state of the system,y is the

output, andd̃ = (d�dn)=M.

For simplicity, in the following, the following notations are
used:�i for the i-th component of the vector�, �min for the
minimum value of�, and�max for the maximum value of
�. The operation< for two vectors is performed in terms
of the corresponding elements of the vectors. The following
practical assumption is made:

Assumption 1 The extent of the parametric uncertainties
and uncertain nonlinearities is known, i.e.,

θ 2 Ωθ
∆
= f θ : θmin < θ < θmax g (8)

d̃ 2 Ωd
∆
= f d̃ : jd̃j � δd g (9)

whereθmin = [θ1min; � � � ;θ3min]
T, θmax= [θ1max; � � � ;θ3max]

T and
δd are known. �

3.2 State Estimation
Since only output signal is available for measurement, a non-
linear observer is first built to provide exponentially conver-
gent estimate of the unmeasurable statex2. The design model



(7) can be rewritten as

ẋ = A0x+(k�e1θ2)y+e2θ3+e2θ1u�+e2d̃;
y = x1;

(10)

wheree1 ande2 denote the standard basis vectors inIR2 and

A0=

�
�k1 1
�k2 0

�
; k=

�
k1
k2

�
: (11)

Then, by suitably choosingk, the observer matrixA0 will
be stable. Thus, there exists a symmetric positive definite
(s.p.d.) matrixP such that

PA0+AT
0 P=�I ; P= PT > 0 : (12)

Following the design procedure of [15], we define the fol-
lowing filters

ξ̇2 = A0ξ2+ky;
ξ̇1 = A0ξ1+e1y;
υ̇ = A0υ+e2u�;
ψ̇ = A0ψ+e2:

(13)

Notice that the last equation of (13) is introduced so that pa-
rameter adaptation can be used to reduce the parametric un-
certainties coming fromθ3. The state estimates can thus be
represented by

x̂= ξ2�θ2ξ1+θ1υ+θ3ψ: (14)

Let εx= x� x̂ be the estimation error, from (10), (13) and (14),
it can be verified that the observer error dynamics is given by

ε̇x = A0εx+e2d̃: (15)

The solution of equation (15) can be written asεx = ε+ εu,
whereε is the zero input response satisfyingε̇ = A0ε and

εu =
Z t

0
eA0(t�τ)e2d̃(y;τ)dτ; t � 0 (16)

is the zero state response. Noting Assumption 1 and the fact
that matrixA0 is stable, we have

εu 2Ωε
∆
= fεu : jεu(t)j � δε(t)g; (17)

whereδε(t) is known. In the following controller design,ε
andεu will be treated as disturbances and accounted for using
different robust control functions at each step of the design
to achieve a guaranteed final tracking accuracy.

Remark 1 The ξ and υ variables in (13) can be obtained
from the algebraic [15] expressions

ξ2 = �A2
0η;

ξ1 = A0η;
υ = λ;

(18)

whereη andλ are the states of the following 2-dimensional
filters

η̇ = A0η+e2y;
λ̇ = A0λ+e2u�:

(19)

3.3 Parameter Projection
Let θ̂ denote the estimate ofθ andθ̃ the estimation error (i.e.,
θ̃ = θ̂�θ). In view of (8), the following adaptation law with
discontinuous projection modification can be used:

˙̂θ = Proĵθ(Γτ); (20)

whereΓ > 0 is a diagonal matrix,τ is an adaptation function
to be synthesized later. The projection mappingProĵθ(�) =
[Proĵθ1

(�1); � � � ;Proĵθ3
(�3)]

T is defined in [7, 16] as

Proĵθi
(�i) =

8<
:

0 if θ̂i = θi max and�i > 0
0 if θ̂i = θi min and�i < 0
�i otherwise

(21)

It can be shown [7] that for any adaptation functionτ, the
projection mapping used in (21) guarantees

P1 θ̂ 2Ωθ = fθ̂ : θmin � θ̂� θmaxg
P2 θ̃T(Γ�1Proĵθ(Γτ)� τ)� 0; 8τ (22)

3.4 Controller Design
The design combines the adaptive backstepping design in
[17] with the ARC design procedure in [18]. In the follow-
ing, the unmeasurable state of the system is replaced by its
estimate and the estimation error is dealt with at each step
via robust feedback to achieve a guaranteed robust perfor-
mance. The plant is of relative degree 2, and the design is in
two steps.

Step 1

Define the output tracking error asz1 = y�qd, qd is the de-
sired trajectory to be tracked byy. From (7), the derivative
of z1 is

ż1 = x2�θ2y� q̇d: (23)

Sincex2 is not measurable, it is replaced by its expression
from (14)

x2 = ξ2;2+θ1υ2�θ2ξ1;2+θ3ψ2+ εx2; (24)

whereεx2 = ε2+εu2 is the estimation error ofx2. Substituting
(24) into (23), one obtains

ż1 = ξ2;2+θ1υ2�θ2(ξ1;2+y)+θ3ψ2� q̇d + ∆̄1; (25)

where∆̄1
∆
= ε2+ εu2. If the filter stateυ2 were the actual con-

trol input, one can synthesize for it a virtual control lawα1
which consists of two terms given by

α1 = α1a+α1s;

α1a = � 1
θ̂1
fξ2;2� θ̂2(ξ1;2+y)+ θ̂3ψ2� q̇dg:

(26)

Let z2 = υ2�α1 denote the input discrepancy. Substituting
(26) into (25) and simplifying the resulting expression, one
obtains

ż1 = θ1(z2+α1s)� θ̃T φ1+ ∆̄1; (27)

whereφ1
∆
= [α1a;�(ξ1;2+y);ψ2]

T .

In [17], it needs to incorporate thetuning functionsin the
construction of control functions. Here, due to the use of
discontinuous projection (21), the adaptation law (20) is dis-
continuous and thuscannotbe used in the control law design



at each step since backstepping design requires that the con-
trol function synthesized at each step be sufficiently smooth
in order to obtain its partial derivatives. In the following,
it will be shown that this design difficulty can be overcome
by strengthening the robust control law design. The robust
control functionα1s consists of three terms given by

α1s = α1s1+α1s2+α1s3; α1s1 =�
1

θ1min
k1sz1; (28)

whereα1s2 andα1s3 are robust control functions designed in
the following andk1s is any nonlinear feedback gain satisfy-
ing

k1s� g1+kCφ1Γφ1k
2; g1 > 0; (29)

in which Cφ1 is a positive definite constant diagonal matrix
to be specified later. Substituting (28) into (27) yields

ż1 = θ1z2�
θ1

θ1min
k1sz1+θ1(α1s2+α1s3)� θ̃T φ1+ ∆̄1: (30)

Define a positive semi-definite (p.s.d.) functionV1 as

V1 =
1
2

w1z2
1; (31)

where w1 > 0 is a weighting factor. From (30), its time
derivative satisfies

V̇1 � θ1w1z1z2�w1k1sz2
1+w1z1(θ1α1s2� θ̃Tφ1)

+w1z1(θ1α1s3+ ∆̄1):
(32)

From Assumption 1,

kθ̃Tφ1k � kθMkkφ1k; (33)

whereθM = θmax�θmin. Thuskθ̃Tφ1k is bounded by a known
function, which ensures that there exists a robust control
functionα1s2 satisfying the following conditions [19]

condition i z1fθ1α1s2� θ̃Tφ1g � ε11
condition ii z1α1s2 � 0

(34)

whereε11 is a positive design parameter which can be arbi-
trarily small. Essentially, condition i of (34) shows thatα1s2

is synthesized to dominate the model uncertainties coming
from parametric uncertainties̃θ with the level of control ac-
curacy being measured by the design parameterε11, and con-
dition ii is to make sure thatα1s2 is dissipating in nature so
that it does not interfere with the functionality of the adaptive
control partα1a.

Similarly, from Assumption 1, (25) and (17), it follows that

j∆̄1j � δ̄1(t)
∆
= jε2j+δε2(t): (35)

Note thatδ̄1 is an unknown but bounded function. In prin-
ciple, the same strategy as in (34) can be used to design a
robust control functionα1s3 to handle the effect of̄∆1. How-
ever, since the bound of̄∆1 is unknown, the level of control
accuracy cannot be pre-specified and thus results in a robust
control functionα1s3 [20] which satisfies more relaxed con-
ditions than (34)

condition i z1(θ1α1s3+ ∆̄1)� ε12 δ̄2
1

condition ii z1α1s3 � 0
(36)

with the level of attenuationε12 being a design parameter
which can be arbitrarily small.

Remark 2 One smooth example ofα1s2 satisfying (34) can
be found in the following way. Leth1 be any smooth bound-
ing function satisfying

h1 � kθMk
2kφ1k

2: (37)

Then,α1s2 can be chosen as [8, 18]

α1s2 =�
h1

4θ1min ε11
z1: (38)

An example ofα1s3 satisfying (36) is given by [20]

α1s3 =�
1

4θ1min ε12
z1: (39)

Other smooth or continuous examples of the needed robust
control functions satisfying conditions (34) and (36) can be
worked out in the same way as in [8, 18, 20]. }

Step 2

¿From (26) and (28), the derivative ofα1 is given by

α̇1 = α̇1c+ α̇1u;

α̇1c = ∂α1
∂y (ξ2;2+ θ̂Tω)+ ∂α1

∂η η̇+ ∂α1
∂ψ2

ψ̇2+
∂α1
∂t ;

α̇1u = ∂α1
∂y (�θ̃Tω+ ∆̄1)+

∂α1

∂θ̂
˙̂θ;

(40)

whereωT = [υ2;�(ξ1;2+y);ψ2]. In (40), by replacinġη andψ̇
in terms of their expressions in (19) and (13) respectively,α̇1c
is calculable and can be used in the design of control func-
tions, butα̇1u cannot due to various uncertainties. Therefore,
α̇1u has to be dealt with via robust feedback in this step of
design. From (13) and (40), the derivative ofz2 = υ2�α1 can
be expressed as

ż2 = u��k2υ1� α̇1c� α̇1u: (41)

Consider an augmented p.s.d. functionV2 given by

V2 =V1+
1
2

w2z2
2; w2 > 0: (42)

From (32) and (41), it follows that

V̇2 � θ1w1z1z2+V̇1 jα1 +w2z2ż2
= V̇1 jα1 +w2z2f

w1
w2

θ1z1+u��k2υ1� α̇1c� α̇1ug;
(43)

whereV̇1 jα1 is a shorthand notation foṙV1 whenυ2 = α1 (or
z2 = 0). Similar to (26), the actual ARC controlu� consists
of two parts given by

u� = u�a+u�s;
u�a = �w1

w2
θ̂1z1+k2υ1+ α̇1c;

u�s = u�s1+u�s2+u�s3; u�s1 =�k2sz2;

(44)

wherek2s � g2+k ∂α1

∂θ̂
Cθ2k

2+kCφ2Γφ2k
2, andg2 > 0 is a con-

stant;Cθ2 andCφ2 are positive definite constant diagonal ma-
trices;u�s2 andu�s3 are robust control functions to be chosen
later. Substituting (44) and (40) into (43) and using similar
techniques as in (27), one obtains

V̇2 � V̇1 jα1 �w2k2sz2
2+w2z2(u�s2� θ̃T φ2)

+w2z2(u�s3+ ∆̄2)�w2z2
∂α1

∂θ̂
˙̂θ;

(45)



in which
φ2 = e�1

w1
w2

z1�
∂α1
∂y ω;

∆̄2 = � ∂α1
∂y ∆̄1;

(46)

wheree�1 denotes the first basis vector inIR3. Noting (35),
one hasj∆̄2j � j ∂α1

∂y jδ̄1. Similar to (34) and (36), the robust
control functionsu�s2 andu�s3 are chosen to satisfy

condition i z2(u�s2� θ̃Tφ2)� ε21
condition ii z2u�s j � 0; j = 2;3
condition iii z2(u�s3+ ∆̄2)� ε22 δ̄2

1

(47)

whereε21 andε22 are positive design parameters which can
be arbitrarily small. As in Remark 2, examples ofu�s2 andu�s3
satisfying (47) are given by

u�s2 = � h2
4ε21

z2;

u�s3 = � 1
4ε22

( ∂α1
∂y )2z2;

(48)

in which h2 is any smooth bounding function satisfying

h2 � kθMk
2kφ2k

2: (49)

From (32) and (45), it follows that the derivative ofV2 satis-
fies the following inequality

V̇2��∑2
j=1 wjkjsz2

j +w1z1fθ1α1s2� θ̃Tφ1g+w1z1fθ1α1s3+

∆̄1g+w2z2fu�s2� θ̃Tφ2g+w2z2fu�s3+ ∆̄2g�w2
∂α1

∂θ̂
˙̂θz2:

(50)

Theorem 1 Let the parameter estimates be updated by the
adaptation law (20) in whichτ is chosen as

τ =
2

∑
j=1

wjφ j zj : (51)

If the controller parametersCθ2 andCφk, k = 1;2, are chosen
such thatc2

φkr �
wk
2

w2
c2

θ2r
, wherecθ2r and cφkr are the r-th ele-

ments ofCθ2 andCφk respectively. Then, the control law (44)
guarantees that

A. In general, the control input and all internal signals are
bounded. Furthermore,V2 is bounded above by

V2(t)� exp(�λvt)V2(0)+
ε̄21+ ε̄22kδ̄1k

2
∞

λv
[1�exp(�λvt)] (52)

whereλv = 2minfg1;g2g, ε̄21 = ∑2
j=1 wjε j1, ε̄22 = ∑2

j=1 wj ε j2,
andkδ̄1k∞ stands for the infinity norm of̄δ1.

B. If after a finite timet0, d̃ = 0, i.e., in the presence of
parametric uncertainties only, then, in addition to result A,
asymptotic output tracking (or zero final tracking error) is
also achieved. 4

Proof: The proof of the Theorem is given in the Appendix.

Remark 3 It is seen from (52) that transient tracking error
is affected by the initial valueV2(0). To further reduce tran-
sient tracking error, the idea of filter initialization [8, 17] can
be used to renderV2(0) = 0. }

4 Comparative Experiments

4.1 Experiment Setup
To test the proposed nonlinear ARC strategy and study fun-
damental problems associated with high performance motion
control of linear motor systems, a two-axis positioning stage
is set up as a test-bed. As shown in Figure 1, the test-bed con-
sists of four major components: a precision X-Y stage with
two integrated linear motors, two linear encoders, a servo
controller, and a host PC. The two axes of the X-Y stage are
mounted orthogonally on a horizontal plane with the Y-axis
on top of the X-axis. A particular feature of the set-up is
that the two linear motors are of different type: the X-axis is
driven by an Anorad LCK-S-1 linear motor (iron core) and
the Y-axis is driven by an Anorad LEM-S-3-S linear motor
(epoxy core). The resolution of the encoders is1µm after
quadrature. The velocity signal is obtained by the difference
of two consecutive position measurements. In the experi-
ments, only Y-axis is used.
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Figure 1: Experimental Setup

Standard least-square identification is performed to obtain
the parameters of the Y-axis. The nominal values ofM is
0:027 (V=m=s2), which is equivalent toθ1 = 37. To test the
learning capability of the proposed ARC algorithm, a20lb
load is mounted on the motor in experiments and the identi-
fied values of the parameters are

θ1 = 10; θ2 = 2:73: (53)

The bounds of the parameter variations are chosen as:

θmin = [8:3; 2:4; �50]T ; θmax= [50; 17:5; 50]T : (54)

4.2 Performance Index
As in [21], the following performance indexes will be used
to measure the quality of each control algorithm:

� kekrms = ( 1
T

R T
0 e(t)2dt)1=2, therms valueof the tracking er-

ror, is used to measure theaverage tracking performance,
whereT represents the total running time;
� eM = max

t
fje(t)jg, the maximum absolute value of the track-

ing error, is used to measure thetransient performance;
� eF = max

T�2�t�T
fje(t)jg, the maximum absolute value of the

tracking error during the last2 seconds, is used to measure
thefinal tracking accuracy;
� kukrms= ( 1

T

R T
0 u(t)2dt)1=2, the average control input, is used

to evaluate the amount ofcontrol effort;
� cu =

k∆ukrms

kukrms
, the normalized control variations, is used to

measure thedegree of control chattering, where

k∆ukrms=
q

1
N ∑N

j=1 ju( j∆T)�u(( j�1)∆T)j2 :

is the average of control input increments.



4.3 Comparative Experimental Results
Experiments were performed with the Y-axis. The control
system is implemented using a dSPACE DS1103 controller
board. The controller executes programs at a sampling fre-
quencyfs= 2:5kHz. The following two controllers are com-
pared:

PID: PID Control with Feedforward Compensation – Sup-
pose that the parameters and nonlinear friction term in (4)
are known, the control objective can be achieved with the
following PID control law:

u= Mq̈d(t)+Bq̇(t)+Ffn(q̇)�Kpe�Ki

Z
e dt�Kdė; (55)

wheree
∆
= q� qd. Closing the loop by applying (55) to (4)

easily leads to the closed-loop characteristic equation

s3+ Kd
M s2+

Kp

M s+ Ki
M = 0: (56)

By placing the closed-loop poles at desired locations, the de-
sign parametersKp;Ki andKd can thus be determined. In the
experiments, sinceM andB are unknown parameters, instead
of using (55) the following control law is used

u= M̂(0)q̈d(t)+ B̂(0)q̇(t)+ F̂f n(q̇)�Kpe�Ki

Z
e dt�Kdė; (57)

whereM̂(0) andB̂(0) are the fixed parameter estimates cho-
sen as0.05and0.24, respectively.F̂f n(q̇) is the friction com-
pensation term which depends on the velocityq̇ and is chosen
as 0:2

π arctan(900q̇). By placing all the three closed-loop poles
at �300 whenM = Mmin = 0:02, one obtainsKp = 5:4� 103,
Ki = 5:4�105 andKd = 18.

ARC: the output feedback ARC law proposed in section
3. All the roots of the observer polynomials are placed at
s = �200 which leads tok1 = 400 and k2 = 4� 104. The
controller parameters are:w1 = 1, g1 = 600, ε11 = ε12 =

5�10�5, Cφ1 = 10�5 �diag[5;0:5;10]; w2 = 0:1, g2 = 850,ε21 =

1�10�3;ε22 = 1, Cφ2 = Cφ1, Cθ2 = 105I3. The adaptation rate
is Γ = 105 �diag[5;3;20]. The estimated friction compensation
termF̂f n(q̇d) is chosen as0:2π arctan(900 ˙qd). The initial param-
eter estimates are chosen as:θ̂(0) = [30; 10; 0]T .

To test the tracking performance of the proposed algorithm,
the following two typical reference trajectories are consid-
ered.

Case 1: Tracking a sinusoidal trajectoryyr = 0:05sin(4t)

Comparative experiments are run for tracking a sinusoidal
trajectory. The desired trajectory is generate by a stable 2nd
order system:

q̈d +β1q̇d +β2qd = q̈r +β1q̇r +β2qr ; (58)

whereβ1 = 100 and β2 = 2500. By choosingqd(0) = y(0)
and setting all remaining filter initial conditions to zero (i.e.,
q̇d(0) = 0, q̈d(0) = 0, λ(0) = 0, η(0) = 0 andψ(0) = 0), one has
V2(0) = 0 for an improved transient performance as explained
in Remark 4. The following test sets are performed:

set 1: To test the nominal tracking performance of the con-
trollers, the motor is run without payload, which is equiva-
lent toθ1 = 37;

set 2: To test the performance robustness of the algorithms
to parameter variations, a20lb payload is mounted on the
motor, which is equivalent toθ1 = 10;

set 3: A large step disturbance (a simulated0.5V electrical
signal) is added at t=2.2s and removed at t=7.2s to test the
performance robustness of each controller to disturbance.

set 1 set 2 set 3
controller PID ARC PID ARC PID ARC
eM (µm) 51.2 14.4 156 113 85.8 55.9
eF (µm) 15.1 6.88 21.2 6.71 16.1 6.30
L2[e] (µm) 2.99 1.88 8.04 4.32 4.35 3.26
L2[u] (V) 0.19 0.20 0.21 0.21 0.40 0.42
L2[∆u] (V) 0.05 0.06 0.06 0.06 0.04 0.08

cu 0.28 0.32 0.28 0.30 0.11 0.19

Table 1

The experimental results in terms of performance indexes are
given in table 1. As seen from the table, in terms of perfor-
mance indexeseM andeF , PID performs poorly for all three
sets, but with a slightly lesser degree of control input chatter-
ing. One may argue that the performance of PID control can
be further improved by increasing the feedback gains. How-
ever, in practice, feedback gains have upper limits because
the bandwidth of every physical system is finite. To verify
this claim, the closed-loop poles of the PID controller are
placed at�320 instead of�300, which is translated into PID
gains ofKp = 6144, Ki = 655360andKd = 19:2. With these
gains, the closed-loop system is found to be unstable in the
experiments. This indicates that the closed-loop bandwidth
that a PID controller can achieve in implementation has been
pushed almost to its limit and not much further performance
improvement can be expected from PID controllers. Thus,
in order to realize the high performance potential of a linear
motor system, a PID controller even with feedforward com-
pensation is not enough.

For Set 1, the tracking errors are given in Figure 2. It shows
that the ARC controller achieves very good nominal track-
ing performance. For Set 2, the tracking errors are given in
Figure 3 (The tracking errors are chopped off). It shows the
ARC controller achieves good tracking performance in spite
of the change of inertia load. The tracking errors for Set 3
are given in Figure 4. As seen from the figures, the added
large disturbance does not affect the performance of ARC
much, except for the spike when the sudden change of the
disturbance occurs. This result illustrates the performance
robustness of the ARC design.

Case 2: High-acceleration/high-speed point-to-point mo-
tion trajectory (without load)

A fast point-to-point desired motion trajectory with high-
acceleration/deceleration, which runs back and forth several
times, is shown in Figure 5. The trajectory has a maxi-



mum velocity ofvmax = 1 m=s and a maximum acceleration
of amax = 12 m=s2. The tracking errors of PID and ARC are
shown in Figure 6. As seen, the proposed ARC has a much
better performance than PID. Furthermore, during the zero
velocity portion of motion, the ARC tracking error is within
�1µm.

5 Conclusions

In this paper, an output feedback ARC scheme based on dis-
continuous projection method has been developed for high
performance robust motion control of linear motors. The
proposed controllers take into account the effect of model
uncertainties coming from the inertia load, friction force,
force ripple and bounded external disturbances. The pro-
posed controller uses on-line parameter adaptation to com-
pensate for the effect of nonlinear disturbances that can be
modeled. The uncompensated disturbances and the estima-
tion errors of unmeasurable states are effectively handled via
certain robust feedback to achieve a robust performance. The
resulting controller achieves a guaranteed transient perfor-
mance and a prescribed final tracking accuracy in the pres-
ence of both parametric uncertainties and bounded distur-
bances. In the presence of parametric uncertainties only,
asymptotic output tracking is achieved without using an in-
finite fast switching control law or an infinite-gain feedback.
Comparative experimental results are obtained for the mo-
tion control of an epoxy core linear motor. Experimental
results illustrate the high performance of the proposed ARC
strategy.
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Appendix

Proof of Theorem 1: From (50), (34), (36) and (47), we
have

V̇2 � ∑2
j=1 wjf�(gj +k

∂α j�1

∂θ̂
Cθ jk

2+kCφ j Γφ jk
2)z2

j + ε j1

+ε j2 δ̄2
1g�w2

∂α1

∂θ̂
˙̂θz2:

(59)

in which the fact that∂α0

∂θ̂
= 0 is used in the above concise

description ofV̇2 via summation. By completion of square

�
∂α1

∂θ̂
˙̂θz2 � k

∂α1

∂θ̂
Cθ2k

2z2
2+

1
4
kC�1

θ2
˙̂θk2: (60)



Noting thatC�1
θ2 andΓ are diagonal matrices, from (20) and

(60), we have

kC�1
θ2

˙̂θk2 = kC�1
θ2 Proĵθ(Γτ)k2 � kC�1

θ2 Γτk2

� 2(∑2
k=1kC

�1
θ2 Γφkk

2w2
kz2

k)
(61)

Thus, if Cθ2 andCφk satisfy the conditions in the theorem,
from (60) and (61), it follows that

�w2
∂α1

∂θ̂
˙̂θz2 � w2k

∂α1

∂θ̂
Cθ2k

2z2
2+

1
2w2∑2

k=1kC
�1
θ2 Γφkk

2w2
kz2

k

� w2k
∂α1

∂θ̂
Cθ2k

2z2
j +∑2

k=1wkkCφkΓφkk
2z2

k

(62)

From (62), (59) becomes

V̇2 � �∑2
j=1 wjgjz2

j +∑2
j=1 wj(ε j1+ ε j2 δ̄2

1)

� �λvV2+ ε̄21+ ε̄22 δ̄2
1

(63)

which leads to (52). Following the standard adaptive control
arguments as in [15], it can be proved that all internal signals
are bounded. A of the theorem is thus proved.

The following is to prove B of the Theorem. In the presence
of parametric uncertainties only (i.e.,d̃ = 0), from (16) and
(25),∆̄1 = ε2. With the robust control functions given by (39)
and (48), it is easy to check thatjz1(θ1α1s3+ ∆̄1)j � ε12ε2

2 and
jz2(u�s3 + ∆̄2)j � ε22ε2

2. Thus, noting (51) and condition ii of
(34), (36) and (47), from (50) and (62), one has

V̇2 � ∑2
j=1(�wj θ̃Tφ j zj �wjgjz2

j +wj ε j2 ε2
2)

= �∑2
j=1 wjgjz2

j � θ̃Tτ+ ε̄22 ε2
2

(64)

Define a new p.d. functionVθ as

Vθ =V2+
1
2

θ̃TΓ�1θ̃+ γεTPε (65)

whereγ � ε̄22. Noting P2 of (22) and the fact thatε̇ = A0ε, from
(65) and (12), the derivative ofVθ is

V̇θ � �∑2
j=1 wjgjz2

j � θ̃Tτ+ ε̄22 ε2
2+ θ̃TΓ�1 ˙̂θ� γkεk2

� �∑2
j=1 wjgjz2

j
(66)

Therefore,z2 L2
2. It is also easy to check that ˙z is bounded. So,z!

0 ast ! ∞ by the Barbalat’s lemma, which leads to B of Theorem
1. 2
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Figure 2: Tracking errors for sinusoidal trajectory without load
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Figure 3: Tracking errors for sinusoidal trajectory with load
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Figure 4: Tracking errors for sinusoidal trajectory with distur-
bance
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Figure 5: High-acceleration/high-speed point-to-point motion tra-
jectory
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Figure 6: Tracking errors for high-acceleration/high-speed point-
to-point motion trajectory


