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This paper studies the high performance robust motion control of electro-hydraulic servo-systems driven by double-rod
hydraulic actuators. The dynamics of hydraulic systems are highly non-linear and the system may be subjected to non-
smooth and discontinuous non-linearities due to directional change of valve opening, friction and valve overlap. Aside
from the non-linear nature of hydraulic dynamics, hydraulic servosystems also have large extent of model uncertainties.
To address these challenging issues, the recently proposed adaptive robust control (ARC) is applied and a discontinuous
projection based ARC controller is constructed. The resulting controller is able to take into account the eŒect of the
parameter variations of the inertia load and the cylinder hydraulic parameters as well as the uncertain non-linearities such
as the uncompensated friction forces and external disturbances. Non-diŒerentiability of the inherent non-linearities
associated with hydraulic dynamics is carefully examined and addressing strategies are provided. Compared with pre-
viously proposed ARC controller, the controller in the paper has a more robust parameter adaptation process and may
be more suitable for implementation. Finally, the controller guarantees a prescribed transient performance and ® nal
tracking accuracy in the presence of both parametric uncertainties and uncertain non-linearities while achieving asymp-
totic tracking in the presence of parametric uncertainties.

1. Introduction

Hydraulic systems have been used in industry in a

wide number of applications by virtue of their small size-

to-power ratios and the ability to apply very large forces

and torques; examples like electro-hydraulic positioning

systems (FitzSimons and Palazzolo 1996) and active sus-

pension control (Alleyne and Hedrick 1995, Alleyne

1996). However, hydraulic systems also have a number

of characteristics which complicate the development of

high performance closed-loop controllers, and advanced

control techniques have not been developed to address

those issues. This leads to the urgent need for advancing

hydraulics technologies by combining the high power of

hydraulic actuation with the versatility of electronic con-

trol (Yao et al. 1998).

The dynamics of hydraulic systems are highly non-

linear (Merritt 1967). Furthermore, the system may be

subjected to non-smooth and discontinuous non-

linearities due to control input saturation, directional

change of valve opening, friction, and valve overlap.

Aside from the non-linear nature of hydraulic dynamics

which demands the use of non-linear control, hydraulic

servosystems also have large extent of model uncertain-

ties. The uncertainties can be classi® ed into two

categories: parametric uncertainties and uncertain non-

linearities. Examples of parametric uncertainties include

the large changes in load seen by the system in industrial

use and the large variations in the hydraulic parameters

(e.g. bulk modulus) due to the change of temperature

and component wear (Whatton 1989). Other general

uncertainties, such as the external disturbances, leakage,

and friction, cannot be modelled exactly and the non-

linear functions that describe them are not known.

These kinds of uncertainties are called uncertain non-

linearities. These model uncertainties may cause the con-

trolled system, designed on the nominal model, to be

unstable or have a much degraded performance. Non-

linear robust control techniques, which can deliver high

performance in spite of both parametric uncertainties

and uncertain non-linearities, are essential for

successful operations of high-performance hydraulic

systems.

In the past, much of the work in the control of

hydraulic systems uses linear control theory (Tsao and

Tomizuka 1994, Jeronymo and Muto 1996, Bobrow and

Lum 1996, FitzSimons and Palazzolo 1996, Plummes

and Vaughan 1996) and feedback linearization tech-

niques (Re and Isidori 1995, Vossoughi and Donath

1995, Schl and Bobrow 1999). Alleyne and Hedrick

(1995) applied the non-linear adaptive control to the

force control of an active suspension driven by a

double-rod cylinder. They demonstrated that non-linear

control schemes can achieve a much better performance

than conventional linear controllers. They considered

the parametric uncertainties of the cylinder only. The

results are also extended to the trajectory tracking in

Alleyne (1998).

It is noted that none of the above adaptive electro-

hydraulic algorithms address the eŒect of the unavoid-

able uncertain non-linearities well and the transient per-

formance of these algorithms is normally unknown.

Recently, an adaptive robust control (ARC) approach

has been proposed in (Yao and Tomizuka 1994, 1997,

1999, Yao 1997) for high performance robust control of
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uncertain non-linear systems in the presence of both

parametric uncertainties and uncertain non-linearities.

The approach eŒectively combines the design techniques

of adaptive control (AC) (Slotine and Li 1988, Krsti et

al. 1992, 1995) and those of deterministic robust control

(DRC) (Corless and Leitmann 1981, Utkin 1992) (e.g.

sliding mode control, SMC) and improves performance
by preserving the advantages of both AC and DRC. In

Yao et al. (1997 b), the ARC approach was generalized

to provide a rigorous theoretic framework for the high

performance robust control of a one DOF electro-
hydraulic servo-system by taking into account the par-

ticular non-linearities and model uncertainties of the

electro-hydraulic servo-systems. A novel strategy was

provided to overcome the di� culty in carrying out the

backstepping design via ARC Lyapunov function (Yao

and Tomizuka 1999) caused by the non-smooth non-
linearities of the hydraulic dynamics.

This paper continues the work done in Yao et al.

(1997 b) and will construct a simpler but more robust

ARC controller for electro-hydraulic servo-system.

Speci® cally, in Yao et al. (1997 b), smooth projections

(Yao and Tomizuka 1997, 1999) were used to solve the
design con¯ icts between adaptive control technique and

robust control technique, which is technical and may not

be convenient for practical implementation. Here,

instead of using the smooth projection (Yao et al.

1997 b), the widely used discontinuous projection
method in adaptive systems (Goodwin and Mayne

1989, Sastry and Bodson 1989) will be used to solve

the con¯ icts between the robust control design and

adaptive control design. As a result, the resulting con-

troller becomes simpler and the parameter adaptation

process is more robust in the presence of uncertain
non-linearities. The discontinuous projection method

has been successfully implemented and tested in the

motion control of robot manipulators (Yao and

Tomizuka 1994) and the motion control of machine

tools (Yao et al. 1997 a), in which the design techniques
for both systems are essentially for non-linear systems

with r̀elative degree’ of one. For non-linear systems with

r̀elative degree’ of more than one, the underlining par-

ameter adaptation laws in the previously proposed ARC

controllers (Yao and Tomizuka 1997, 1999) and the

robust adaptive control designs (Polycarpou and
Ioannou 1993, Freeman et al. 1996) are based on the

tuning function based adaptive backstepping design

(Krstic et al., 1995), which needs to incorporate the

adaptation law in the design of control functions at

each step. As a result, either smooth projections (Yao
and Tomizuka 1997, 1999) or smooth modi® cations of

adaptation law (Freeman et al. 1996, Yao and

Tomizuka 1996) are necessary since the control func-

tions have to be smooth for backstepping design

(Krstic et al. 1995, Lin 1997); either method is technical

and may be hard to implement. Only recently, Yao

(1997) is able to construct simple ARC controllers for

non-linear systems with r̀elative degree’ of more than

one by using a discontinuous projection method.

However, the scheme in Yao (1997) cannot be directly
applied to the control of electro-hydraulic servo systems

studied here since, as will be shown in the paper, para-

metric uncertainties will also appear in the input channel

of each layer (Yao and Tomizuka 1999). Therefore, the

paper not only constructs a practical ARC controller for

electro-hydraulic servo systems but also extends the
theoretical results in Yao (1997). Extensive simulation

results are obtained to illustrate the eŒectiveness of the

proposed method.

2. Problem formulation and dynamic models

The system under consideration is the same as that in

Yao et al. (1997 b), which is depicted in ® gure 1. The

goal is to have the inertia load to track any speci® ed
motion trajectory as closely as possible; examples like

a machine tool axis (Yao et al. 1997 a).

The dynamics of the inertia load can be described by

m �xxL ˆ PLA b _xxL Ffc… _xxL† ‡ ~ff …t; xL; _xxL† …1†

where xL and m represent the displacement and the mass

of the load respectively, PL ˆ P1 P2 is the load press-

ure of the cylinder, A is the ram area of the cylinder, b

represents the combined coe� cient of the modelled
damping and viscous friction forces on the load and

the cylinder rod, Ffc represents the modelled Coulomb

friction force, and ~ff …t; xL; _xxL† represents the external

disturbances as well as terms like the unmodelled fric-

tion forces. Neglecting the eŒect of leakage ¯ ows in the

cylinder and the servovalve, the actuator (or the cylin-
der) dynamics can be written as (Merritt 1967)

Vt

4 e

_PPL ˆ A _xxL CtmPL ‡ QL …2†

where Vt is the total volume of the cylinder and the

hoses between the cylinder and the servovalve,  e is

the eŒective bulk modulus, Ctm is the coe� cient of the
total internal leakage of the cylinder due to pressure,
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Figure 1. A one DOF electro-hydraulic servo system.



and QL is the load ¯ ow. QL is related to the spool valve

displacement of the servovalve, xv, by (Merritt 1967)

QL ˆ Cdwxv

���������������������������������
Ps sgn …xv†PL

»

s

…3†

where Cd is the discharge coe� cient, w is the spool valve

area gradient, and Ps is the supply pressure of the ¯ uid.
For simplicity, the same servovalve as in Alleyne

(1996) will be used in this study; the spool valve dis-

placement xv is related to the current input i by a ® rst-

order system given by

½v _xxv ˆ xv ‡ Kvi …4†

where ½v and Kv are the time constant and gain of the
servo-valve respectively.

As seen in the simulation, scaling of state variables is

also very important in minimizing the numerical error

and facilitating the gain-tuning process. For this pur-

pose, we introduced scaling factors to the load pressure
and valve opening as ·PLPL ˆ PL=Sc3 and ·xxv ˆ xv=Sc4,

where Sc3 and Sc4 are constant scaling factors. The

entire system, equations (1)± (3) and (4), can be rewritten

as

�xxL ˆ ASc3

m
·PLPL

b

ASc3

_xxL

Ffc…xL†
ASc3

³ ´
‡ d…t; xL; _xLxL†

d ˆ 1

m
~ff …t; xL; _xLxL†

_·PLPL
·PLPL ˆ 4 e

Vt

Sc4�������
Sc3

p Cdw
���
»

p
A

Sc4

�������
Sc3

p
���
»

p

Cdw
_xLxL

µ

�������
Sc3

p

Sc4

���
»

p

Cdw
Ctm

·PLPL ‡ g3… ·PLPL; ·xvxv† ·xvxv

¶

_·xx·xxv ˆ 1

½v

x4 ‡ Kv

Sc4½v

u

9
>>>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>>>;

…5†

where g3… ·PLPL; ·xvxv† ˆ
���������������������������������
·PPs sgn …xv† ·PLPL

p
, ·PPs ˆ Ps=Sc3, and

u ˆ i is the control input. De® ne the state variables

x ˆ ‰x1; x2; x3; x4ŠT 7 ‰xL; _xxL; ·PLPL; ·xvxvŠT. The system can

be expressed in state space form as

_xx1 ˆ x2

_xx2 ˆ ASc3

m
…x3

·bbx2
·FFfc† ‡ d…t; x1; x2†

_xx3 ˆ
4 e

Vt

Sc4�������
Sc3

p Cdw
���
»

p ‰ ·AAx2
·CCtmx3 ‡ g3x4Š

_xx4 ˆ
1

½v

x4 ‡
·KKv

½v

u

9
>>>>>>>>>>>=

>>>>>>>>>>>;

…6†

where

·bb ˆ 1

ASc3

b; ·FFfc ˆ 1

ASc3

Ffc;

·AA ˆ 1

Sc4

�������
Sc3

p
���
»

p

Cdw
A; ·CCtm ˆ

�������
Sc3

p

Sc4

���
»

p

Cdw
Ctm; and

·KvKv ˆ 1

Sc4

Kv

Given the desired motion trajectory xLd…t†, the objec-

tive is to synthesize a control input u such that the output

y ˆ x1 tracks xLd…t† as closely as possible in spite of vari-

ous model uncertainties.

3. Discontinuous projection based adaptive robust

control of electro-hydraulic servo systems

3.1. Design model and issues to be addressed

To begin the controller design, practical and reason-
able assumptions on the system have to be made. In

general, the system is subjected to parametric uncertain-

ties due to the variations of m, b, Ffc,  e, Ctm, Cd , »; ½
and K . For simplicity, in this paper we only consider the

parametric uncertainties of important parameters like

m,  e, and the nominal value of the disturbance d , dn;
the importance of estimating m and dn for the precision

control of an inertia load can be partly seen from the

experimental results obtained for machine tools (Yao et

al. 1997 a). Other parametric uncertainties can be dealt

with in the same way if necessary. In order to use par-
ameter adaptation to reduce parametric uncertainties to

improve performance, it is necessary to linearly para-

metrize the state space equation (6) in terms of a set of

unknown parameters. To this end, de® ne the unknown

parameter set ³ ˆ ‰³1; ³2; ³3ŠT as

³1 ˆ ASc3

m
; ³2 ˆ dn; ³3 ˆ 4 e

Vt

Sc4�������
Sc3

p Cdw
���
»

p

The state space equation (6) can thus be linearly

parametrized in terms of ³ as

_xx1 ˆ x2

_xx2 ˆ ³1…x3
·bbx2

·FFfc…x2†† ‡ ³2 ‡ ~dd…t; x1; x2†;

~dd ˆ d…t; x1; x2† dn

_xx3 ˆ ³3‰ ·AAx2
·CCtmx3 ‡ g3…x3; x4†x4Š

_xx4 ˆ 1

½v

x4 ‡
·KKv

½v

u

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

…7†

For most applications, the extent of the parametric
uncertainties and uncertain non-linearities are known.

Thus, the following practical assumption is made.

Assumption 1: Parametric uncertainties and uncertain

non-linearities satisfy
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³ 2 O³ 7 f³ : ³min < ³ < ³max g

j ~dd…t; x1; x2†j µ ¯d…x1; x2; t†

9
=

; …8†

where

³min ˆ ‰³1min; ³2min; ³3minŠT; ³max ˆ ‰³1max ; ³2max ; ³3max ŠT
and ¯d…t; x1; x2† are known.

In (8), °i represents the ith component of the vector °
and the operation < for two vectors is performed in
terms of the corresponding elements of the vectors.

Physically, ³1 > 0 and ³3 > 0. So, without loss of gen-

erality, it is also assumed that ³1min > 0 and ³3min > 0.

At this stage, it is easy to see that the main di� culties

in controlling (7) are: (a) the system has unmatched
model uncertainties since parametric uncertainties and

uncertain non-linearities appear in equations that do not

contain control input u; this di� culty can be overcome

by employing backstepping design as done in the follow-

ing; (b) the term g3, which representing the non-linear
static gain between the ¯ ow rate QL and the valve open-

ing x4, is a function of x4 also and is non-smooth since

x4 appears through a discontinuous sign function

sgn …x4†; this prohibits the direct application of the

general results in Yao and Tomizuka (1996) to obtain

an ARC controller. The eŒect of the directional change
of the valve opening, i.e. the term sgn …x4†, has been

neglected in previous studies due to either technical

requirements of the smoothness of all terms in the design,

e.g. the conventional backstepping design in Alleyne and

Hedrick (1995) and Alleyne (1998), or the use of linear-
ization techniques (either around a nominal operational

point for linear controller design or feedback lineariza-

tion), which need the diŒerentiability of all terms.

In the following, a discontinuous projection based

ARC controller will be presented to solve the above
design di� culties.

3.2. Notations and discontinuous projection mapping

Let ³̂³ denote the estimate of ³ and ~³³ the estimation

error (i.e. ~³³ ˆ ³̂³ ³). Viewing (8), a simple discontinu-

ous projection can be de® ned (Goodwin and Mayne

1989, Sastry and Bodson 1989) as

Proj³̂³…°† ˆ

0 if ³̂³i ˆ ³imax and ° > 0

0 if ^³³i5 ³imin and ° < 0

° otherwise

8
>><

>>:
…9†

By using an adaptation law given by

_̂
³³̂³³ ˆ Proj

³̂³
…G½† …10†

where G > 0 is a diagonal matrix and ½ is an adaptation

function to be synthesized later. It can be shown (Yao

and Tomizuka 1994) that for any adaptation function ½ ,

the projection mapping used in (10) guarantees

…P1†

…P2†

³̂³ 2 ·OO³ 7 f³̂³ : ³min µ ³̂³ µ ³maxg

~³³ T…G 1Proj³̂³…G½† ½† µ 0; 8½

9
=

; …11†

In the following, _̂xx_xx2 and _̂xx_xx3 are used to represent the

calculable part of the _xx2 and _xx3 respectively, which are

given by

_̂xx_xx2 ˆ ³̂³1…x3
·bbx2

·FFfc…x2†† ‡ ³̂³2

_̂xx_xx3 ˆ ³̂³3‰ ·AAx2
·CCtmx3 ‡ g3…x3; x4†x4Š

9
=

; …12†

3.3. Controller design

The design parallels the recursive backstepping
design procedure via ARC Lyapunov functions in Yao

and Tomizuka (1999) and Yao (1997) as follows.

Step 1: Noting that the ® rst equation of (7) does not

have any uncertainties, an ARC Lyapunov function can

thus be constructed for the ® rst two equations of (7)

directly. De® ne a switching-function-like quantity as

z2 ˆ _ee1 ‡ kpe1 ˆ x2 x2eq ; x2eq 7 _xx1d kpe1

…13†

where e1 ˆ x1 x1d…t† is the output tracking error,

x1d…t† is the desired trajectory to be tracked by x1, and

kp is any positive feedback gain. Since

Gs…s† ˆ e1…s†=z2…s† ˆ 1=…s ‡ kp† is a stable transfer
function, making e1 small or converging to zero is

equivalent to making z2 small or converging to zero.

So the rest of the design is to make z2 as small as poss-

ible with a guaranteed transient performance.

DiŒerentiating (13) and noting (7)

_zz2 ˆ _xx2 _xx2eq ˆ ³1…x3
·bbx2

·FFfc† ‡ ³2 ‡ ~dd _xx2eq;

_xx2eq 7 �xx1d kp _ee1 …14†

In (14), if we treat x3 as the input, we can synthesize a

virtual control law ¬2 for x3 such that z2 is as small as
possible. Since (14) has both parametric uncertainties ³1

and ³2 and uncertain non-linearity ~dd , the ARC approach

proposed in Yao (1997) will be generalized to accom-

plish the objective. The generalization comes from the

fact that parametric uncertainties appear in the input

channel of (14) also while the system studied in Yao

(1997) assumes no parametric uncertainties in the
input channel of each step.

The control function ¬2 consists of two parts

given by

¬2…x1; x2; ³̂³1; ³̂³2; t† ˆ ¬2a ‡ ¬2s

¬2a ˆ ·bbx2 ‡ ·FFfc ‡
1

³̂³1

… _xx2eq ³̂³2†

9
>>=

>>;
…15†
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in which ¬2s is a robust control law to be speci® ed later,

and ¬2a functions as an adjustable model compensation

to reduce model uncertainties through on-line parameter

adaptation given by (10). If x3 were the actual control

input, then ½ in (10) would be

½2 ˆ w2¿2z2; ¿2 7

¬2a
·bbx2

·FFfc

1

0

2

664

3

775 …16†

In the tuning function based backstepping adaptive con-

trol (Krstic et al. 1995), one of the key points is to

incorporate the adaptation function ½ (or tuning func-

tion) in the construction of control functions to com-

pensate for the possible destabilizing eŒect of the time-
varying adaptation law. Here, due to the use of discon-

tinuous projection (9), the adaptation law (10) is discon-

tinuous and thus cannot be used in the control law

design at each step; backstepping design needs the con-

trol function synthesized at each step to be su� ciently
smooth in order to obtain its partial derivatives. To

compensate for this loss of information, the robust con-

trol law has to be strengthened; the robust control func-

tion ¬2s consists of two terms given by

¬2s ˆ ¬2s1 ‡ ¬2s2

¬2s1 ˆ k2s1z2; k2s1 ¶ 1

³1min

…k2 ‡ kC¿2G¿2k2†

9
>=

>;

…17†

where k2 is any positive feedback gain, C¿2 a positive

de® nite constant diagonal matrix to be speci® ed later,

and ¬2s2 is a robust control function designed as follows.
Let z3 ˆ x3 ¬2 denote the input discrepancy.

Substituting (15) and (17) into (14) while noting (16)

_zz2 ˆ ³1z3 ‡ ³1¬2s ‡ ³̂³1…¬2a
·bbx2

·FFfc†

~³³1…¬2a
·bbx2

·FFfc† ‡ ³2 ‡ ~dd _xx2eq

ˆ ³1z3 ³1k2s1z2 ‡ ³1¬2s2
~³³T¿2 ‡ ~dd …18†

The robust control function ¬2s2 is now chosen to satisfy

the conditions

Condition i z2‰³1¬2s2
~³³ T¿2 ‡ ~dd Š µ "2

Condition ii z2³1¬2s2 µ 0

9
=

; …19†

where "2 is a design parameter which can be arbitrarily

small. Essentially, Condition i of (19) shows that ¬2s2 is

synthesized to dominate the model uncertainties coming
from both parametric uncertainties ~³³ and uncertain non-

linearities ~dd , and Condition ii is to make sure that ¬2s2 is

dissipating in nature so that it does not interfere with the

functionality of the adaptive control part ¬2a. How to

choose ¬2s2 to satisfy constraints like (19) can be found

in Yao (1997) and Yao and Tomizuka (1997, 1999).

Remark 1: One example of a smooth ¬2s2 satisfying

(19) can be found in the following way. Let h2 be any

smooth function satisfying

h2 ¶ k³Mk2k¿2k2 ‡ ¯2
d

…20†

where ³M ˆ ³max ³min . Then, ¬2s2 can be chosen as

¬2s2 ˆ h2

2³1min"2

z2 …21†

It can be shown that (19) is satis® ed (Yao and Tomizuka

1997). Other smooth or continuous examples of ¬2s2 can

be found in Yao (1997) and Yao and Tomizuka (1997,

1999).

De® ne a positive semi-de® nite (p.s.d.) function V2 as

V2 ˆ 1
2
w2z

2
2 …22†

where w2 > 0 is a weighting factor. From (18), its time

derivative is

_VV2 ˆ w2³1z2z3 ‡ w2z2…³1¬2s2
~³³ T¿2 ‡ ~dd† w2³1k2s1z2

2

…23†

Step 2: If we neglect the eŒect of the directional

change of the valve opening …i.e. sgn …x4†† as in previous

studies (Alleyne and Hedrick 1995), g3 in the third equa-

tion of (7) would be a function of x3 only. In that case,
Step 2 would be to synthesize a control function ¬3 for

the virtual control x4 such that x3 tracks the desired

control function ¬2 synthesized in Step 1 with a guaran-

teed transient performance. Since most operations (espe-

cially the position or force regulation at the end of an
operation) do involve the directional change of the valve

opening, the eŒect of the discontinuous sign function

sgn …x4† will be carefully treated. Here, instead of de® n-

ing x4 as the virtual control for the third equation of (7),

we de® ne the scaled actual load ¯ ow rate
·QQL ˆ g3…x3; x4†x4 as the virtual control, which makes
physical sense since physically it is the ¯ ow rate that

regulates the pressure inside the cylinder. Thus in this

step, we will synthesize a control function ¬3 for ·QQL

such that x3 tracks the desired control function ¬2

synthesized in Step 1 with a guaranteed transient per-
formance.

Similar to (15), the control function ¬3 consists of

two parts given by

¬3…·xx3; ³̂³; t† ˆ ¬3a ‡ ¬3s
…24†

where ¬3a and ¬3s are synthesized as follows. From (15)

and (7)
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_¬¬2 ˆ @¬2

@x1

x2 ‡ @¬2

@x2

_xx2 ‡ @¬2

@³̂³

_̂
³³̂³³ ‡ @¬2

@t

ˆ _¬¬2c ‡ _¬¬2u …25†

where

_¬¬2c ˆ @¬2

@x1

x2 ‡ @¬2

@x2

_̂xx_xx2 ‡ @¬2

@t

_¬¬2u ˆ @¬2

@x2

‰ …x3
·bbx2

·FFfc†~³³1
~³³2 ‡ ~dd Š ‡ @¬2

@³̂³

_̂
³³̂³³

9
>>>>=

>>>>;

…26†

In (25), _¬¬2c is calculable and can be used in the design of

control functions but _¬¬2u cannot due to various uncer-

tainties. Therefore, _¬¬2u has to be dealt with in this step

design. Let z4 ˆ ·QQL ¬3. From (7)

_zz3 ˆ ³3z4 ‡ ³3‰ ·AAx2
·CCtmx3 ‡ ¬3Š _¬¬2c _¬¬2u …27†

Consider the augmented p.s.d. function V3 given by

V3 ˆ V2 ‡ 1
2
w3z

2
3; w3 > 0 …28†

Noting (23) and (26)

_VV3 ˆ ³1w2z2z3 ‡ _VV2 j¬2
‡w3z3 _zz3

ˆ _VV2j¬2
‡ w3z3³3z4 ‡ w3z3

£
w2

w3

³1z2 ‡ ³3‰ ·AAx2
·CCtmx3 ‡ ¬3Š _¬¬2c _¬¬2u

» ¼

ˆ _VV2j¬2
‡ ³3w3z3z4 ‡ w3z3³3¬3s ‡ w3z3

£ ³̂³3¬3a ‡ ¬3e
~³³ T¿3

@¬2

@x2

~dd
@¬2

@³̂³

_̂
³³̂³³

» ¼
…29†

where _VV2j¬2
denotes _VV2 under the condition that x3 ˆ ¬2

(or z3 ˆ 0), and ¬3e and ¿3 are de® ned as

¬3e ˆ w2

w3

z2³̂³1 ‡ ³̂³3… ·AAx2
·CCtmx3† _¬¬2c

¿3 ˆ

w2

w3

z2

@¬2

@x2

…x3
·bbx2

·FFfc†

@¬2

@x2

·AAx2
·CCtmx3 ‡ ¬3a

2

666666664

3

777777775

9
>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>;

…30†

The control functions are thus chosen as

¬3a ˆ 1

³̂³3

¬3e

¬3s ˆ ¬3s1 ‡ ¬3s2

¬3s1 ˆ k3s1z3

k3s1 ¶ 1

³3min

k3 ‡ C³3

@¬2

@³̂³

³ ´T
®®®®®

®®®®®

2

‡ kC¿3G¿3k2

0

@

1

A

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

…31†

where k3 > 0 is a constant, C³3 and C¿3 are positive

de® nite constant diagonal matrixes, and ¬3s2 is a robust

control function satisfying the two conditions

Condition i z3 ³3¬3s2
~³³ T

1 ¿3

@¬2

@x2

~dd

µ ¶
µ "3

Condition ii z3³3¬3s2 µ 0

9
>>=

>>;

…32†

where "3 is a design parameter. As in Remark 1, one

example of ¬3s2 satisfying (32) is given by

¬3s2 ˆ 1

2³3min"3

h3z3 …33†

satisfying

h3 ¶ k³Mk2k¿3k
2 ‡ @¬2

@x2

®®®®

®®®®¯2
d …34†

From (29) and (31)

_V3V3 ˆ _VV2j¬2
‡ w3³3z3z4 ‡ w3z3 ³3¬3s2

~³³ T¿3

@¬2

@x2

~dd

³ ´

w3³3k3s1z2
3 w3z3

@¬2

@³̂³

_̂
³³̂³³

³ ´
…35†

Step 3: Noting the last equation of (7), Step 3 is to
synthesize an actual control law for u such that ·QQL

tracks the desired control function ¬3 synthesized in

Step 2 with a guaranteed transient performance. This

can be done by the same backstepping design via ARC

Lyapunov functions as in Step 2 except that here ·QQL is

not diŒerentiable at x4 ˆ 0 since it contains sgn …x4†.
Fortunately, since the actual control input u can have

® nite jumps and is the control law to be synthesized at

this step, we can proceed with the design as follows by

noting that ·QQL is diVerentiable anywhere except at the
singular point of x4 ˆ 0 and is continuous everywhere. By

the de® nition of ·QQL and g3, it can be checked out that

the derivative of ·QQL is given by

_·QQ·QQL ˆ @g3

@x3

_xx3x4 ‡ g3…x3; x4† _xx4; 8x4 6ˆ 0 …36†

where
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@g3

@x3

ˆ sgn …x4†
2

��������������������������������
·PPs sgn …x4†x3

p

From (31) and (7)

_¬¬3 ˆ _¬¬3c ‡ _¬¬3u …37†

where the calculable part _¬¬3c and the incalculable part

_¬¬3u are given by

_¬¬3c ˆ @¬3

@x1

x2 ‡ @¬3

@x2

_̂xx_xx2 ‡ @¬3

@x3

_̂xx_xx3 ‡ @¬3

@t

_¬¬3u ˆ @¬3

@x2

‰ …x3
·bbx2

·FFfc†~³³1
~³³2 ‡ ~ddŠ

@¬3

@x3

… ·AAx2
·CCtmx3 ‡ g3x4†~³³3 ‡ @¬3

@³̂³

_̂
³³̂³³

9
>>>>>>>>>=

>>>>>>>>>;

…38†

Consider the augmented p.s.d. function V4 given by

V4 ˆ V3 ‡ 1
2
w4z

2
4; w4 > 0 …39†

Noting (29), (7), and (39)

_VV4 ˆ ³3w3z3z4 ‡ _VV3j¬3
‡ w4z4‰ _·QQ·QQL _¬¬3Š

ˆ _VV3j¬3
‡ w4z4

·KKv

½v

g3u ‡ ¬4e
~³³ T¿4

@¬3

@x2

~dd
@¬3

@³̂³

_̂
³³̂³³

³ ´

…40†

where

¬4e ˆ ³̂³3

w3

w4

z3

1

½v

g3x4 ‡ @g3

@x3

_̂xx_xx3x4 _¬¬3c

¿4 ˆ

@¬3

@x2

…x3
·bbx2

·FFfc†

@¬3

@x2

w3

w4

z3 ‡ @g3

@x3

x4

@¬3

@x3

µ ¶
… ·AAx2

·CCtmx3 ‡ ·QQL†

2

666666664

3

777777775

9
>>>>>>>>>>>>>=

>>>>>>>>>>>>>;

…41†

Similar to (31), the control law consists of two parts

given by

u ˆ ua…x; ³̂³; t† ‡ us…x; ³̂³; t†

ua ˆ ½v

·KKvg3

¬4e

us ˆ us1 ‡ us2

us1 ˆ k4s1z4

k4s1 ¶ ½v

g3
·KKv

k4 ‡ C³4

@¬3

@³̂³

³ ´T
®®®®®

®®®®®

2

‡ kC¿4G¿4k2

0

@

1

A

9
>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>;

…42†

where C³4 and C¿4 are constant positive de® ne diagonal

matrices, and us2 is a robust control function satisfying

the two conditions

Condition i z4

·KKv

½v

g3us2
~³³ T¿4

@¬3

@x2

~dd

µ ¶
µ "4

Condition ii z4

g3
·KKv

½v

us2 µ 0

9
>>>>=

>>>>;

…43†

in which "4 is a design parameter. As in Remark 1, one
example of us2 satisfying (43) is given by

us2 ˆ ½v

2 ·KKvg3"4

h4z4 …44†

in which h4 is any continuous function satisfying

h4 ¶ k³Mk2k¿4k
2 ‡ @¬3

@x2

®®®®

®®®®¯2
d …45†

3.4. Main results

Theorem 1: Let the parameter estimates be updated by

the adaptation law (10) in which ½ is chosen as

½ ˆ
X4

jˆ2

wjzj¿j …46†

By choosing non-linear controller gains k2s1, k2s2 and k2s3

large enough such that the inequality conditions in (17),

(31) and (42) are satisWed for a set of

C³j ˆ diagfc³jl; l ˆ 1; 2; 3g; j ˆ 3; 4

and C¿k ˆ diag fc¿klg; k ˆ 2; 3; 4 with

c2
¿kl ¶ 3wk

4

w3

c³3l
2

‡ w4

c³4l
2

³ ´
; 8k; l

then, the control law (42) with the adaptation law (10)

guarantees that

A. In general, all signals are bounded. Furthermore,

V4 given by (39) is bounded above by

V4…t† µ exp … ¶V t†V4…0† ‡ "V

¶V

‰1 exp … ¶V t†Š …47†

where ¶V ˆ 2 minfk2; k3; k4g and

"V ˆ w2"2 ‡ w3"3 ‡ w4"4

B. If after a Wnite time t0,
~dd ˆ 0, i.e. in the presence of

parametric uncertainties only, then, in addition to

results in A, asymptotic output tracking (or zero

Wnal tracking error) is also achieved.

Remark 2: Results in A of Theorem 1 indicate that

the proposed controller has an exponentially conver-

ging transient performance with the exponentially con-

verging rate ¶V and the ® nal tracking error being able
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to be adjusted via certain controller parameters freely

in a known form; it is seen from (47) that ¶V can be

made arbitrarily large, and "V=¶V , the bound of V…1†
(an index for the ® nal tracking errors), can be made

arbitrarily small by increasing feedback gains

k ˆ ‰k2; k3; k4ŠT and/or decreasing controller par-

ameters " ˆ ‰"2; "3; "4ŠT. Such a guaranteed transient

performance is especially important for the control of

electro-hydraulic systems since execute time of a run is

short. Theoretically, this result is what a well-designed

robust controller can achieve. In fact, when the par-

ameter adaptation law (10) is switched oŒ, the pro-

posed ARC law becomes a deterministic robust

control law and Results A of the Theorem remain va-

lid (Yao and Tomizuka 1994, 1997).

B of Theorem 1 implies that the parametric uncer-

tainties may be reduced through parameter adaptation

and an improved performance is obtained.

Theoretically, Result B is what a well-designed adaptive

controller can achieve.

Remark 3: In the above design, the intermediate con-

trol functions ¬i given by (15) and (31) have to be dif-

ferentiable. Consequently, the Coulomb friction

compensation term Ffc…x2† in the control functions has

to be a diŒerential function of x2. This requirement

can be easily accommodated in the proposed ARC

framework since Ffc…x2† can be chosen as any diŒer-

entiable function which approximates the actual dis-

continuous Coulomb friction (e.g. replacing sgn …x2† in

the conventional Coulomb friction modelling by the

smooth tanh …x2††. The approximation error can be

lumped into the uncertain non-linearity term ~dd .

3.5. Trajectory initialization

It is seen from (47) that transient tracking error is

aŒected by the initial value V4…0†, which may depend on

the controller parameters also. To further reduce tran-

sient tracking error, the desired trajectory initialization

can be used as follows. Namely, instead of simply letting

the desired trajectory for the controller be the actual

desired trajectory or position …i.e. x1d…t† ˆ xLd…t††, we

can generate x1d…t† using a ® lter. For example, x1d…t†
can be generated by the 4th order stable system

x
…4†
1d

‡  1x
…3†
1d

‡ ¢ ¢ ¢ ‡  4x1d ˆ x
…4†
Ld

‡  1x
…3†
Ld

‡ ¢ ¢ ¢ ‡  4xLd

…48†

The initial conditions of the system (48) can be chosen to

render V4…0† ˆ 0 to reduce transient tracking error.

Lemma 1: If the initials x1d…0†; . . . ; x
…3†
1d

…0† are chosen

as

x1d…0† ˆ x1…0†

_xx1d…0† ˆ x2…0†

�xx1d…0† ˆ _̂xx_xx2…0†

x
…3†
1d …0† ˆ ³̂³1…0† _̂xx_xx3…0† b ‡

@F fc

@x2

…0†
³ ´

_̂xx_xx2…0†
µ ¶

9
>>>>>>>>>=

>>>>>>>>>;

…49†

then, e1…0† ˆ 0; zi…0† ˆ 0; i ˆ 2; 3; 4 and V4…0† ˆ 0.

Proof: The lemma can be proved in the same way as

in Yao and Tomizuka (1997). &

Remark 4: It is seen from (49) that the above trajec-

tory initialization is independent from the choice of

controller parameters such as k ˆ ‰k2; k3; k4ŠT and

" ˆ ‰"2; "3; "4ŠT. Thus, once the initial position of the

servosystem is determined, the above trajectory initiali-

zation can be performed oŒ-line.

Remark 5: By using the trajectory initialization (49),

V4…0† ˆ 0. Thus, from (47), the controller output

tracking error e1 ˆ x1 x1d is within a ball whose size
can be made arbitrarily small by increasing k and/or

decreasing " in a known form. From (48) and (49), the

trajectory planning error, ed…t† ˆ x1d…t† xLd…t†, can

be guaranteed to possess any good transient behaviour

by suitably choosing the Hurwitz polynomial

Gd…s† ˆ s4 ‡  1s3 ‡  2s
2 ‡  3s ‡  4 and is known in

advance. Therefore, in principle, any prescribed transi-

ent performance of the actual output tracking error

ey ˆ e1…t† ‡ ed…t† can be achieved by the choice of con-

troller parameters.

4. Simulation results

To illustrate the above designs, simulation results are

obtained for a system showing in ® gure 1 having the

following actual parameters: m ˆ 100 kg, A ˆ 3:35 £
10 4 m2, b ˆ 20 N=…m=s†, 4 e=Vt ˆ 4:52 £ 1013 N=…m5†,
Ctm ˆ 2:21 £ 10 14m5=Ns, Cdw=

���
»

p ˆ 3:42 £ 10 5

m3
����
N

p
s, Ps ˆ 10 342 500 Pa, Kv ˆ 0:0324, ½ ˆ 0:00636.

By using scaling factors of Sc3 ˆ 5:97 £ 105 and

Sc4 ˆ 4:99 £ 10 7, the actual value of ³ is ³ ˆ ‰2; 0; 1ŠT
for no external disturbances. The bounds of uncertain

ranges are given by ³min ˆ ‰1; 1; 0:442ŠT,

³max ˆ ‰4; 1; 1:549ŠT, and ¯d ˆ 2. The initial estimate of

³ is chosen as ³̂³…0† ˆ ‰1:5; 0:5; 0:7ŠT, which satis® es (8)

but diŒers signi® cantly from its actual value ³ to test the

eŒect of parametric uncertainties. A sampling period of

1 ms is used in all simulation. The following three con-

trollers are compared.

ARC(d): the discontinuous projection based ARC

law proposed in this paper. The controller

parameters are: kp ˆ 220, w2 ˆ 1, k2 ˆ
220, C¿2 ˆ diag f166; 22:4; 86:6g, "2 ˆ 0:1,
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w3 ˆ 1, k3 ˆ 220, C¿3 ˆ diag f166; 22:4;
86:6g, C³3 ˆ diag f1:732 £ 10 2; 5:477 £
10 2, 1:732 £ 10 2g, "3 ˆ 1 £ 106, w4 ˆ 1,

k4 ˆ 220, C¿4 ˆ diag f166; 22:4; 86:6g,

C³4 ˆ diag f5:477 £ 10 3; 5:477 £ 10 2;
1:225 £ 10 2g, "4 ˆ 1 £ 1010, and adaptive

gains of G ˆ diag f5 £ 10 8; 3:5 £ 10 7;
1 £ 10 6g. It can be checked out that the

conditions in Theorem 1 are satis® ed for

the chosen controller parameters.

Trajectory planning parameters in (48)

are  1 ˆ 400,  2 ˆ 60000,  3 ˆ 4 £ 106

and  4 ˆ 1 £ 108.

ARC(s): the smooth projection based ARC law pro-

posed in Yao et al. (1997 b). The same
smooth projection as in Yao and

Tomizuka (1997) is used where

"³ ˆ 0:001, and the remaining controller

parameters are the same as in ARC(d).

DRC: the deterministic robust control law, which

is obtained by using the same control law

as in ARC(d) but without parameter adap-

tation.

To test the nominal tracking performance of each

controller, simulations are ® rst run for the ideal case

of parametric uncertainties only (i.e. ~dd ˆ 0). The desired

trajectory is a sinusoidal curve given by

xLd ˆ 0:05 sin
º

2
t

± ²

Tracking errors are shown in ® gure 2. As shown, all

three controllers have very small tracking errors,
which veri® es the excellent tracking capability of the

proposed algorithms. Furthermore, the tracking errors

of both ARC(d) and ARC(s) converge to zero quickly as

in contrast to the non-zero tracking error of DRC; this

veri® es the eŒectiveness of introducing parameter adap-
tation. ARC(d) also has the smallest transient tracking

error.

To test the performance robustness of the proposed

schemes, a large constant disturbance ~ff with an ampli-

tude of 1960 N (corresponds to ~dd ˆ 2) is added to the
system during the period of 0 < t < 1 s. As shown in

® gure 3, all three controllers still have very small track-

ing errors in spite of the added large disturbance.

Furthermore, the tracking errors of ARC(d) and

ARC(s) converge to zero after the disturbance is

removed at t ˆ 1 s. Comparing ARC(d) with ARC(s),
it is seen that ARC(d) has a much shorter recovery per-

iod and a smaller transient tracking error. This is due to

the qualitatively diŒerent parameter adaptation transi-

ent of the two schemes when the system is subjected to
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large disturbances; as shown in ® gure 4, the discontin-

uous projection based ARC(d) guarantees that the par-

ameter estimates stay within the known bounded range

all the time, while the parameter estimates in the smooth

projection based ARC(s) can become very large due to

the wrong parameter adaptation process caused by the

presence of large disturbance ~ff . As a result, after the

disturbance disappears at t ˆ 1 s, parameter estimates

in ARC(d) converge to their correct values much faster

than that in ARC(s), which leads to an improved track-

ing performance. This veri® es that the discontinuous

projection based ARC has a more robust parameter

adaptation process in general. Consequently, a better

performance is expected.

The simulation is also run for fast changing desired

trajectory and similar results have been obtained. For

example, for a 1 Hz desired trajectory given by

xLd ˆ 0:05 sin …2ºt†, tracking errors of three controllers

shown in ® gure 5 have similar trends as in ® gure 2 for

parametric uncertainties only.

Finally, simulation is run for point-to-point move-

ment of the servosystem. Given the start and the ® nal

position of the system, a desired trajectory xLd…t† with a

continuous velocity and acceleration is ® rst planned.

For a travel distance of 0:3 m, the planned xLd…t† and

_xxLd…t† are shown in ® gure 6, which has a maximum

speed of 0:432 m=s and has a maximum acceleration of

60 m=s2. Tracking errors are shown in ® gure 7. As seen,

during the start and the end when the system experiences

large acceleration and dcceleration, transient tracking

errors become a little bit larger. Overall, tracking errors
of all three controllers are still very small. Again,

ARC(d) has the best tracking performance. The control

inputs and load pressures of all three controllers are

similar as shown in ® gures 8 and 9 respectively, which
exhibit satisfactory transient period and are well within

their physical limits. All these results verify the eŒective-

ness of the proposed algorithm.

5. Conclusions

In this paper, instead of using smooth projection, a

discontinuous projection based ARC controller is con-
structed for the high performance robust motion control

of a typical one DOF electro-hydraulic servosystem dri-

ven by a double-rod hydraulic cylinder. The controller

takes into account the particular non-linearities associ-

ated with hydraulic dynamics and allows parametric

uncertainties due to variations of inertia load and
hydraulic parameters (e.g. bulk modulus) as well as

uncertain non-linearities coming from external disturb-

ances, uncompensated friction forces, etc. Strategies are

also developed to deal with the design di� culties caused
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by the non-diŒerentiability of certain non-linearities

inherited in hydraulic systems. Compared with our pre-

viously proposed ARC controller (Yao et al., 1997 b),

the present scheme has a more robust parameter adap-

tation process and is more suitable for implementation.

Extensive simulation results are obtained to illustrate

the diŒerence and the eŒectiveness of the proposed
scheme.
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Appendix

Proof of Theorem 1: Substituting (42) into (40) and

noting (23) and (35)

_VV4 ˆ w2z2…³1¬2s2
~³³ T¿2 ‡ ~dd† w2³1k2s1z2

2

‡ w3z3 ³3¬3s2
~³³ T¿3

@¬2

@x2
~dd

³ ´
w3³3k3s1z

2
3

‡ w4z4

g3
·KKv

½v

us2
~³³T¿4

@¬3

@x2

~dd

³ ´
w4k4s1z

2
4

w3z3

@¬2

@³̂³
‡ w4z4

@¬3

@³̂³

³ ´
_̂
³³̂³³ …50†

Noting (46) and by completion of square

X4

jˆ3

wjzj
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If C¿j and C³j satisfy the condition stated in the theorem,
then, from (51)
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Thus, noting the formula for k2s1, k3s1 and k4s1, (50)

becomes
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From the condition i of (19), (32) and (43), we have

_V4V4 µ
X4

jˆ2

…wjkjz
2
j ‡ wj"j† µ 2¶VV4 ‡ "v …54†

which leads to (47) and the results in A of Theorem 1.

When ~dd ˆ 0, noting conditions ii of (19), (32) and

(43), (53) becomes
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2
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…55†

De® ne a new p.d. function V³ as

V³ ˆ V4 ‡ 1
2

~³³ TG 1 ~³³ …56†

Noting (55) and P2 of (11), the derivative of V³ is
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2
j

~³³ T½ ‡ ~³³ TG 1 _̂
³³̂³³ µ
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2
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Therefore, z ˆ ‰z1; z2; z3ŠT 2 L3
2. It is also easy to check

that _zz is bounded. So, z ! 0 as t ! 1 by Barbalat’s

lemma, which leads to B of Theorem 1. &
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