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SUMMARY

In this paper, the discontinuous projection-based adaptive robust control (ARC) approach is extended to
a class of nonlinear systems subjected to parametric uncertainties as well as all three types of nonlinear
uncertainties—uncertainties could be state-dependent, time-dependent, and/or dynamic. Departing from
the existing robust adaptive control approach, the proposed approach differentiates between dynamic
uncertainties with and without known structural information. Specifically, adaptive robust observers are
constructed to eliminate the effect of dynamic uncertainties with known structural information for an
improved steady-state output tracking performance—asymptotic output tracking is achieved when the
system is subjected to parametric uncertainties and dynamic uncertainties with known structural infor-
mation only. In addition, dynamic normalization signals are introduced to construct ARC laws to deal with
other uncertainties including dynamic uncertainties without known structural information not only for global
stability but also for a guaranteed robust performance in general. Copyright q 2008 JohnWiley & Sons, Ltd.
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1. INTRODUCTION

As an interesting research area, control of nonlinear uncertain systems has attracted lots of
researchers for decades. The uncertainties in nonlinear systems include two main kinds: parametric
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uncertainties and uncertain nonlinearities. These uncertainties could be due to modeling error,
external disturbances, and parameter variations in the system, or a combination of these. It is a
challenging task to obtain a desired transient and steady-state performance in the presence of both
parametric uncertainties and uncertain nonlinearities. Adaptive control and robust control have
been popular approaches to deal with these uncertainties. However, each of them has their own
application areas. In brief, an adaptive scheme can only deal with the case of parametric uncertain-
ties in system dynamics via parameter adaptation law. However, due to the slow convergence of
parameter estimates, the system may not have the desired transient performance. In addition, the
appearance of unstructured modeling errors such as disturbances and uncertain nonlinear functions
may make the closed-loop system unstable. Robust control can be used to stabilize an uncertain
system by assuming that various uncertainties can be bounded in size by some known functions.
Because the robust control does not differentiate between parametric uncertainties and uncertain
nonlinearities, for asymptotic output tracking, theoretically it needs to involve unattainable discon-
tinuous control actions or infinite-gain feedback and the obtained control performance in practice
is typically rather conservative. The combination of tools from both robust and adaptive control
is likely to produce better performance than that produced by either method alone. With robust
modification of the adaptive nonlinear controllers, robust adaptive control has made progress in
past decades [1–3], but such schemes may not have transparent transient performance as desired.
Recently, an adaptive robust control (ARC) has been proposed for the design of a new class of
high-performance robust controller [4–6]. The resulting ARC controllers achieve the results of
both deterministic robust control and adaptive control.

Besides parametric uncertainties, nonlinear uncertainty includes three type of uncertainties, i.e.
state-dependent, time-dependent, anddynamicuncertainties [7].Mostof thenonlinearsystemsstudied
in the literature only consider the first two types of uncertainties, due to the technical difficulty in
dealing with dynamic uncertainties. In [1], a robust adaptive controller is developed to deal with
nonlinear systems having all three types of uncertainties. However, due to the use of �-modification
in the adaptation law, it is not possible to obtain asymptotic output tracking even when only para-
metric uncertainties are present in the system. In [8], dynamic uncertainties with known structural
information are considered and asymptotic output tracking is achieved through the use of nonlinear
observer [9] to recover the unmeasured states of dynamic uncertainties along with online parameter
adaptation.

In this paper, we extend the discontinuous projection-based ARC approach [8] to a class of
nonlinear systems subjected to parametric uncertainties as well as all three types of nonlinear
uncertainties. Departing from the robust adaptive control approach presented in [1], the proposed
approach differentiates between dynamic uncertainties with and without known structural infor-
mation. Specifically, adaptive robust observers are constructed to eliminate the effect of dynamic
uncertainties with known structural information for an improved steady-state output tracking
performance—asymptotic output tracking is achieved when the system is subjected to parametric
uncertainties and dynamic uncertainties with known structural information only. In addition,
dynamic normalization signals are introduced to construct ARC laws to deal with other uncertain-
ties including dynamic uncertainties without known structural information for a guaranteed robust
performance in general. As a result, the applicable classes of nonlinear systems are significantly
larger than those considered in [8].

The paper is organized as follows: Problem formulation is presented in Section 2. A nonlinear
adaptive robust observer design is presented for the estimation of dynamic uncertainties with known
structural information in Section 3. The proposed adaptive robust controller is shown in Section 4.

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2009; 23:353–377
DOI: 10.1002/acs



ADAPTIVE ROBUST CONTROL OF NONLINEAR SYSTEMS 355

In Section 5, a design example and comparative simulation results are presented. Conclusions are
drawn in Section 6.

2. PROBLEM FORMULATION

The class of nonlinear uncertain systems considered in the paper is of the form

ϑ̇ = Aϑ(x1)�+Bϑ(x1)ϑ(t)+�̄(x,ϑ,u, t)

�̇ = q(�, x1)

ẋi = xi+1+�T��i (x̄i )+�T
ϑi (x̄i )ϑ(t)+�i (x,�,u, t), 1�i�n−1

ẋn = u+�T��n(x)+�T
ϑn(x)ϑ(t)+�n(x,�,u, t)

y = x1

(1)

where x̄i =[x1, . . . , xi ]T∈Ri , x=[x1, . . . , xn]T∈Rn are the measured states. u∈R and y∈R are
the control input and the output, respectively. �∈Rp is a vector of unknown constant parameters; ϑ
and � are the unmeasured states representing dynamic uncertainties, in which ϑ(t)∈Rm represents
the dynamic uncertainties with known structural information and �∈Rn0 the dynamic uncertainties
without any prior known structural information. Aϑ ∈Rm×p, Bϑ ∈Rm×m,��i ∈Rp,�ϑi ∈Rm are
the matrices or vectors of known smooth functions, which are used to describe the nominal model
of the system. q∈Rn0 is the vector of unknown Lipschitz continuous functions. �̄ and �i represent
the lumped unknown nonlinear functions.

The following notations are used: Qi for the i th component of the vector Q, Qimin and Qimax
for the minimum and maximum value of Qi , respectively. The operation < for two vectors is
performed in terms of the corresponding elements of the vectors.

The following assumptions are made:

Assumption 1
The extent of parametric uncertainties and uncertain nonlinearities are known, i.e.

�∈�� � {� :�min����max}
�̄∈ �̄� � {�̄ : |�̄(x,ϑ,u, t)|��̄(x1)}
�i ∈�� � {�i : |�i (x,�,u, t)|��i1(x̄i )+�i2(|�|)}

(2)

where �min and �max are known constant vectors; �̄(x1),�i1(x̄i ), and �i2(|�|) are known functions
with �i2(|�|) being a class K function (|·| denotes the Euclidean norm).

Assumption 2
The ϑ-subsystem in (1) , ϑ̇(t)= Aϑ(x1)�+Bϑ(x1)ϑ(t)+�̄(x,ϑ,u, t), with ϑ as the state and x1(t)
as the input, is bounded-input-bounded-state stable in the sense that for every ϑ0=ϑ(0)∈Rm and
every x1(t)∈L∞[0,∞), the solution ϑ(t) starting from the initial condition ϑ0 is bounded, i.e.
ϑ(t)∈Lm∞[0,∞).

Assumption 3
The �-subsystem in (1), �̇=q(�, x1), with � as the state and x1 as the input, is exponentially
input-to-state practically stable (exp-ISpS), i.e. there exists a continuously differentiable V�(�)
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function satisfying the following two conditions:

(A) There exist two class K∞ functions, �1 and �2, such that

�1(|�|)�V�(�)��2(|�|) (3)

(B) There exist two constants c0, d0>0 and a class K∞ function �3, such that

V̇�(�)�−c0V�(�)+�3(|x1|)+d0 (4)

The above V�(�) is also referred to as an exp-ISpS Lyapunov function for the �-subsystem. It is
also assumed that we know such a V�(�) and all the bounding functions in (3) and (4).

The following lemma, which is proved in [1], will be used in the subsequent ARC controller
design.

Lemma 1‡
For any constant c̄0∈(0,c0), any initial condition r�0>0, and any function �̄� such that �̄�(x1)�
�3(|x1|), let r� be a dynamic signal generated by

ṙ� =−c̄0r�+ �̄�(x1)+d0, r�(0)=r�0 (5)

If (3) and (4) hold, then, for any initial condition �(0)=�0, there exists a finite T 0
0 =T 0

0 (c̄0,r�0,
�0)�0, a nonnegative function D�(t) defined for all t�0 such that D�(t)=0 for all t�T 0

0 and

V�(�)�r�(t)+D�(t) (6)

for all t�0 where the solutions are defined.

From (3), (4) and (6), it follows that [1]
|�(t)|��−1

1 (r�(t)+D�(t))��−1
1 (2r�(t))+�−1

1 (2D�(t)) (7)

Let yd(t), which is assumed to be known, be the desired output trajectory and bounded with
bounded derivatives up to nth order. The control objective is to find a bounded control input u
such that the output y tracks yd(t) as closely as possible in spite of various model uncertainties.

Remark 1
In the absence of dynamic uncertainties �, i.e. if there are no unmeasured states � in (1), system
(1) with Assumption 2 reduces to the extended semi-strict feedback form studied in [8]. The
inclusion of � dynamics significantly enlarges the applicable systems as the extended semi-strict
feedback form in [8] assumes that the system is linear with respect to the unmeasured state ϑ(t)
whereas the studied form (1) does not make such a restrictive assumption on the unmeasured
state �.

‡See [1], Lemma 3.1.
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3. ESTIMATION OF UNMEASURED STATE WITH KNOWN STRUCTURAL
INFORMATION

Since the structural information of ϑ(t) subsystem is known, motivated by Tan et al. [9] and Yao
and Xu [8], we can construct a nonlinear observer to obtain the estimate of ϑ(t) for an improved
control performance as detailed as follows.

First, introduce a coordinate transformation:

	(t)=ϑ(t)−
(x1) (8)

where 
(x1)=[
1(x1), . . . ,
m(x1)]T and 
i , i=1, . . . ,m, are functions of state x1 yet to be
designed. The derivative of 	(t) is computed as

	̇(t) = ϑ̇(t)−
̇(x1)

= Aϑ(x1)�+Bϑ(x1)ϑ+�̄(x,ϑ,u, t)

− �


�x1
[x2+�T��1(x1)+�T

ϑ1(x1)ϑ(t)+�1(x,�,u, t)]

= Aϑ(x1)�+
[
Bϑ(x1)− �


�x1
�T

ϑ1(x1)

]
ϑ(t)

− �


�x1
[x2+�T��1(x1)]+�̄(x,ϑ,u, t)− �


�x1
�1(x,�,u, t) (9)

Let

A(x1)= Bϑ(x1)− �


�x1
�T

ϑ1(x1) (10)

Substituting (8) and (10) into (9), we have

	̇(t) = A(x1)[	+
(x1)]+Aϑ(x1)�− �


�x1
[x2+�T��1(x1)]

+�̄(x,ϑ,u, t)− �


�x1
�1(x,�,u, t) (11)

If � were known and A(x1) is an exponentially stable matrix,§ we would design a nonlinear
observer

˙̂	= A(x1)[	̂+
(x1)]+Aϑ(x1)�− �


�x1
[x2+�T��1(x1)] (12)

§ A(x1) is an exponentially stable matrix if there exists two positive-define matrix P= PT>0 and Q>0, such that
PA+ATP=−Q.
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as the resulting state estimation error ε= 	̂−	 would be governed by the following dynamic
system

ε̇= A(x1)ε+�ε, �ε =−�̄(x,ϑ,u, t)+ �


�x1
�1(x,�,u, t) (13)

which exponentially converges to zero when there are no uncertain nonlinearities (i.e. �ε =0).
Since � is unknown, nonlinear observer (12) cannot be implemented. Motivated by Krstic et al.

[10], we can construct the following two implementable nonlinear filters:

˙̂�0 = A(x1)�0+A(x1)
(x1)− �


�x1
x2

˙̂� j = A(x1)� j +Aϑ j (x1)− �


�x1
��1, j (x1)

(14)

where � j ∈Rm, j =0,1, . . . , p, Aϑ j represents the j th column of Aϑ, and ��1, j is the j th element
of the vector ��1. Define the state estimate as

	̂=�0+
j=p∑
j=1

� j� j =�0+�� (15)

where �=[�1, . . . ,�p]∈Rm×p. From (14) and (15), it can be verified that the observer error
dynamics is still described by (13). Thus, an equivalent expression for the unmeasurable state ϑ is

ϑ(t)=�0+��+
(x1)−ε (16)

in which ε is described by the error dynamics (13).
In viewing the observer error dynamics (13), the following additional assumption is made.

Assumption 4
The ε-subsystem

ε̇= A(x1)ε+�ε(x,ϑ,�,u, t)

is exp-ISpS, i.e. there exists a continuously differentiable Vε(ε) function satisfying the following
two conditions:

(A) There exist two class K∞ functions, �1 and �2, such that

�1(|ε|)�Vε(ε)��2(|ε|) (17)

(B) There exist two constants c1, d1>0 and class K∞ functions �3 and �4 such that

V̇ε(ε)�−c1Vε(ε)+�3(|x1|)+�4(|�|)+d1 (18)

The above Vε(ε) is also referred to as an exp-ISpS Lyapunov function for the ε-subsystem.
When �ε=0, A(x1) is an exponentially stable matrix. In other words, the unperturbed system

of (13) is assumed to be exponentially stable, i.e. the observation error ε converges to zero
exponentially.

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2009; 23:353–377
DOI: 10.1002/acs



ADAPTIVE ROBUST CONTROL OF NONLINEAR SYSTEMS 359

Remark 2
Unlike the observer error dynamics in [8] where all the uncertain terms can be bounded by some
functions of x1 only, since the uncertain nonlinearity �1 is not assumed to be bounded by a function
of x1 only but by some functions of both x1 and � as seen from Assumption 1, the dynamic
uncertainty � has to be treated as an independent input to the observer error dynamics along with
x1, which significantly complicates the subsequent ARC design as, unlike x1, � is neither measured
nor known.

Lemma 2
For any constant c̄1∈(0,c1), any initial condition rε0>0, and any two functions �̄ε1 and �̄ε2 such
that �̄ε1(x1)��3(|x1|) and �̄ε2(r�)��4(2�

−1
1 (2r�)), let rε be a dynamic signal generated by

ṙε =−c̄1rε + �̄ε1(x1)+ �̄ε2(r�)+d1, rε(0)=rε0 (19)

If (17) and (18) hold, then, for any initial condition ε(0)=ε0, there exists a nonnegative function
Dε(t) defined for all t�0 such that

Vε(ε)�rε(t)+Dε(t) (20)

for all t�0 where the solutions are defined.

Proof
Let yε =Vε −rε, and its derivative be computed as

ẏε = V̇ε − ṙε (21)

Substituting (18) and (19) into (21), we obtain

ẏε � −c1Vε +�3(|x1|)+�4(|�|)+ c̄1rε − �̄ε1(x1)− �̄ε2(r�)

� −c̄1[Vε(ε)−rε]−(c1− c̄1)Vε +[�3(|x1|)− �̄ε1(x1)]
+�4(2�

−1
1 (2r�(t)))+�4(2�

−1
1 (2D�(t)))− �̄ε2(r�)

= −c̄1yε −(c1− c̄1)Vε +[�3(|x1|)− �̄ε1(x1)]
+[�4(2�−1

1 (2r�(t)))− �̄ε2(r�)]+�4(2�
−1
1 (2D�(t))) (22)

From the definition of rε, we have

�3(|x1|)− �̄ε1(x1) � 0

�4(2�
−1
1 (2r�(t)))− �̄ε2(r�) � 0

(23)

For (22) and (23), the following function is obtained:

ẏε�− c̄1yε +�4(2�
−1
1 (2D�(t))) (24)
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By integrating both the sides of (24), we have the following inequality:

yε(t)�ȳε(t)= yε(0)e
−c̄1t +

∫ t

0
e−c̄1(t−)�4(2�

−1
1 (2D�()))d (25)

From Lemma 1, D�(t) is always bounded and becomes zero after a finite time. Thus, �4(2�
−1
1 (2D�

(t)))=0 after a finite time as well. It is thus clear that ȳε(t)−→0 as t−→∞. Lemma 2 is thus
proved by defining Dε(t)=max{0, ȳε(t)}. �

From (17), (18), and (20), it follows that

|ε(t)|��−1
1 (rε(t)+Dε(t))��−1

1 (2rε(t))+�−1
1 (2Dε(t)) (26)

Remark 3
It is seen from (10) that, by choosing 
(x1) properly, A(x1) can be made stable even though the
original system matrix Bϑ(x1) may not. As a result, stable nonlinear filters (14) can be constructed
to obtain a stable estimate of the unmeasured state ϑ in (16).

4. DISCONTINUOUS PROJECTION-BASED ARC BACKSTEPPING DESIGN

4.1. Parameter projection

In this paper, discontinuous projection-type adaptation law [6] will be used. Specifically, let �̂
denote the estimate of � and �̃ the estimation error (i.e. �̃= �̂−�). Under Assumption 1, the
following discontinuous projection-type adaptation law can be used:

˙̂�=Proj�̂(�) (27)

where �>0 is a diagonal matrix and  is an adaptation function to be synthesized later. The
projection mapping Proj�̂(Q)=[Proj�̂1(Q1), . . . ,Proj�̂p

(Qp)]T is defined as

Proj�̂i (Qi )=

⎧⎪⎪⎨
⎪⎪⎩
0 if �̂i =�imax and Qi>0

0 if �̂i =�imin and Qi<0

Qi otherwise

(28)

It can be shown [5] that for any adaptation function , the projection mapping used in (28)
guarantees

P1 �̂∈���{�̂ :�min��̂��max}
P2 �̃T[�−1Proj�̂(�)−]�0 ∀

(29)

4.2. ARC controller design

In this paper, the ARC design [8] is extended to the present case of having dynamic uncertainties
with unknown structural information as follows.
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4.2.1. Initial step. For the control objective, we define output tracking error as z1= y− yd , (i.e.
z1= x1− yd ). The first equation of known dynamic in (1) can be rewritten as

ẋ1= x2+�T
�1(x1)�+�T

ϑ1(x1)ϑ(t)+�1(x,�,u, t) (30)

Substituting ϑ(t) in (16) into (30), we have

ẋ1= x2+�T
�1(x1)�+�T

ϑ1(x1)[�0+��+
(x1)−ε]+�1(x,�,u, t) (31)

In (31), we construct a control function �1 for the virtual input x2 such that x1 tracks its desired
trajectory x1d = yd(t).

Let z2= x2−�1, we choose the desired control function �1 as

�1(x1, �̂,r�,rε,�0,�, t)=�1a(x1, �̂,r�,rε,�0,�, t)+�1s(x1, �̂,r�,rε,�0,�, t) (32)

where �1a(x1, �̂,r�,rε,�0,�, t) is the adjustable model compensation given by

�1a(x1, �̂,r�,rε,�0,�, t)=−�̂T��1(x1)−�T
ϑ1[�0+��̂+
(x1)]+ ẋ1d(t) (33)

and �1s(x1, �̂,r�,rε,�0,�, t) is the robust control law having the following form:

�1s = �1s1+�1s2

�1s1 = −k1s z1=−(g1+|C�1��1|2+c�|�1|2)z1
(34)

where g1>0 and c�>0 are constants, C�1 is a positive-define constant diagonal matrix to be
specified later, �1=��1+�T�ϑ1, �1=�ϑ1, and �1s2 is another robust control term satisfying the
following conditions:

(i) z1(�1s2− �̃T�1−�T
1ε+�̃1)��1(1+�2�1+�2ε)

(ii) z1�1s2�0
(35)

where �1 is a positive design parameter according to the desired performance, ��1��12(�
−1
1 (2D�

(t))), �ε��−1
1 (2Dε(t)).

With the above control function, the derivative of z1 is

ż1= z2−k1s z1+�1s2− �̃T�1−�T
1ε+�̃1(x,�,u, t) (36)

where �̃1=�1. The derivative of the following nonnegative function

V1= 1
2 z

2
1 (37)

satisfies

V̇1 = z1 ż1

= z1z2−k1s z
2
1+z1{�1s2− �̃T�1−�T

1ε+�̃1(x,�,u, t)} (38)
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which can also be expressed as

V̇1= z1z2−k1s z
2
1+z1{�1s2−�T

1ε+�̃1(x,�,u, t)}− �̃T1 (39)

where 1(z1, t)=�1z1.

Remark 4
Noting P1 of (29), the observer estimation error bounding function in (26), Assumption 1, and the
bounding function of dynamic uncertainties � in (7), we have the following inequality:

z1{�1s2− �̃T�1−�T
1ε+�̃1(x,�,u, t)}

�z1�1s2+|z1‖�M‖�1|+|z1‖�1|�−1
1 (2rε)+|z1‖�1|�ε

+|z1|�11(x1)+|z1|�12(�
−1
1 (2r�))+|z1|��1 (40)

Let h1 be a bounding function satisfying

h1�
p∑

j=1
�1 jM |�1 j (x1)|+�11(x1)+|�1|�−1

1 (2rε)+�12(�
−1
1 (2r�)) (41)

where �1 jM =�1 jmax−�1 jmin. Then, one example of �1s2 satisfying (35) can be chosen as

�1s2=− 1

4�1
(h21+|�1|2+1)z1 (42)

This can be seen by substituting (42) into (40) and using the completion of squares technique

z1�1s2+|z1‖�M‖�1|+|z1‖�1|�−1
1 (2rε)+|z1‖�1|�ε

+|z1|�11(x1)+|z1|�12(�
−1
1 (2r�))+|z1|��1

�−
(

1

2
√

�1
h1|z1|−√

�1

)2

−
(

1

2
√

�1
|�1‖z1|−

√
�1�ε

)2

−
(

1

2
√

�1
|z1|−√

�1��1

)2

+�1+�1�
2
�1+�1�

2
ε

��1+�1�
2
�1+�1�

2
ε (43)

Other smooth or continuous examples �is2 (2�i�n) can be worked out in the same way.

4.2.2. Step i (2�i�(n−1)). Let �i (x̄i , �̂,r�,rε,�0,�, t) be the desired control function for the

virtual control input xi+1 such that xi tracks its desired ARC control law �i−1(x̄i−1, �̂,r�,rε,�0,�, t)
at step i−1. Denote the tracking error at step i as zi = xi −�i−1 and recursively define the

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2009; 23:353–377
DOI: 10.1002/acs



ADAPTIVE ROBUST CONTROL OF NONLINEAR SYSTEMS 363

following functions:

Vi =Vi−1+ 1
2 z

2
i

�i =−
i−1∑
j=1

��i−1

�x j
�� j +��i −

i−1∑
j=1

��i−1

�x j
�T�ϑ j +�T�ϑi

�̃i =−
i−1∑
l=1

��i−1

�xl
�l(x, t)+�i

�i =−
i−1∑
j=1

��i−1

�x j
�ϑ j +�ϑi

(44)

Noting (1), (5), (19), and (14), the derivative of zi is

żi = ẋi − �̇i−1

= xi+1+�T��i +�T
ϑi [�0+��+
(x1)−ε]+�i − �̇i−1 (45)

where

�̇i−1 =
i−1∑
j=1

��i−1

�x j
[x j+1+�T�� j (x̄ j )+�T

ϑ j (x̄ j )ϑ(t)+� j (x,�,u, t)]

+��i−1

�rε
ṙε + ��i−1

�r�
ṙ�+ ��i−1

��0
�̇0+

j=p∑
j=1

��i−1

�� j
�̇ j + ��i−1

��̂

˙̂�+ ��i−1

�t
(46)

Let �̇i−1= �̇(i−1)c+ �̇(i−1)u where

�̇(i−1)c =
i−1∑
j=1

��i−1

�x j
{x j+1+ �̂T�� j (x̄ j )+�T

ϑ j (x̄ j )[�0+��̂+
(x1)]}

+��i−1

�rε
ṙε + ��i−1

�r�
ṙ�+ ��i−1

��0
�̇0+

j=p∑
j=1

��i−1

�� j
�̇ j + ��i−1

�t
(47)

�̇(i−1)u =
i−1∑
j=1

��i−1

�x j
[−�̃T�� j (x̄ j )−�T

ϑ j (x̄ j )(��̃+ε)+� j (x,�,u, t)]+ ��i−1

��̂

˙̂�

�̇(i−1)c is calculable and can be used in the design of control function but �̇(i−1)u cannot due to
various uncertainties.
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In step i , let zi+1= xi+1−�i and the desired control function �i be

�i = �ia(x̄i , �̂,r�,rε,�0,�, t)+�is(x̄i , �̂,r�,rε,�0,�, t)

�ia = −zi−1− �̂T��i −�T
ϑi [�0+��̂+
(x1)]+ �̇(i−1)c

�is = �is1+�is2

�is1 = −kis zi

kis � gi +|��i−1

��̂
C�i |2+|C�i��i |2+c�|�i |2

(48)

where gi>0, C�i and C�i are positive constant diagonal matrices to be specified later, �is2 is
another robust control term satisfying the following conditions:

(i) zi (�is2− �̃T�i −�T
i ε+�̃i )��i (1+�2�i +�2ε)

(ii) zi�is2�0
(49)

where �i is the positive design parameter according to the desired performance, ��i��i2(�
−1
1

(2D�(t))). A smooth or continuous example of �is2 can be worked out in the same way as in
Remark 4.

Noting (45), (48), and the derivative of the augmented nonnegative function

Vi =Vi−1+ 1
2 z

2
i (50)

satisfies

V̇i = zi zi+1+
i∑

j=1

[
−k js z

2
j +z j (� js2− �̃T� j −�T

j ε+�̃ j )− ��i−1

��̂

˙̂�z j
]

= zi zi+1+
i∑

j=1

[
−k js z

2
j +z j (� js2−�T

j ε+�̃ j )− ��i−1

��̂

˙̂�z j
]
−

i∑
j=1

�̃Ti (51)

where i =� j z j .

4.2.3. Step n. By letting u= xn+1 and noting (1), (5), (14), (16), and (19), the derivative of
zn = xn−�n−1 is

żn =u+�T��n+�T
ϑn[�0+��+
(x1)−ε]+�n− �̇n−1 (52)

where

�̇n−1 =
n−1∑
j=1

��n−1

�x j
[x j+1+�T�� j (x̄ j )+�T

ϑ j (x̄ j )ϑ(t)+� j (x,�,u, t)]

+��n−1

�rε
ṙε + ��n−1

�r�
ṙ�+ ��n−1

��0
�̇0+

j=p∑
j=1

��n−1

�� j
�̇ j + ��n−1

��̂

˙̂�+ ��n−1

�t
(53)
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Let �̇n−1= �̇(n−1)c+ �̇(n−1)u where

�̇(n−1)c =
n−1∑
j=1

��n−1

�x j
{x j+1+ �̂T�� j (x̄ j )+�T

ϑ j (x̄ j )[�0+��̂+
(x1)]}

+��n−1

�rε
ṙε + ��n−1

�r�
ṙ�+ ��n−1

��0
�̇0+

j=p∑
j=1

��n−1

�� j
�̇ j + ��n−1

�t
(54)

�̇(n−1)u =
n−1∑
j=1

��n−1

�x j
[−�̃T�� j (x̄ j )−�T

ϑ j (x̄ j )(��̃+ε)+� j (x,�,u, t)]+ ��n−1

��̂

˙̂�

�̇(n−1)c is calculable and can be used in the design of control function but �̇(n−1)u cannot due to
various uncertainties.

Let

u=�n(x, �̂,r�,rε,�0,�, t) (55)

where �n is given by

�n = �na+�ns

�na = −zn−1− �̂T��n−�T
ϑn[�0+��̂+
(x1)]+ �̇(n−1)c

�ns = �ns1+�ns2

�ns1 = −kns zn

kns � gn+|��n−1

��̂
C�n|2+|C�n��n|2+c�|�n|2

(56)

where gn>0, C�n and C�n are positive constant diagonal matrices to be specified later, and

�n = −
n−1∑
j=1

��n−1

�x j
�� j +��n−

n−1∑
j=1

��n−1

�x j
�T�ϑ j +�T�ϑn

�̃n = −
n−1∑
l=1

��n−1

�xl
�l(x, t)+�n

�n = −
n−1∑
j=1

��n−1

�x j
�ϑ j +�ϑn

(57)

�ns2 is a robust control law satisfying the following conditions:

(i) zn(�ns2− �̃T�n−�T
nε+�̃n)��n(1+�2�n+�2ε)

(ii) zn�ns2�0
(58)

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Adapt. Control Signal Process. 2009; 23:353–377
DOI: 10.1002/acs



366 X. LIU ET AL.

where �n is the positive design parameter according to the desired performance, ��n��n2(�
−1
1

(2D�(t))). A smooth or continuous example of �ns2 can be worked out in the same way as in
Remark 4.

Noting (52), (56), and the derivative of the augmented nonnegative function

Vn =Vn−1+ 1
2 z

2
n (59)

satisfies

V̇n =
n∑
j=1

[
−k js z

2
j +z j (� js2− �̃T� j −�T

j ε+�̃ j )− �� j−1

��̂

˙̂�z j
]

=
n∑
j=1

[
−k js z

2
j +z j (� js2−�T

j ε+�̃ j )− �� j−1

��̂

˙̂�z j
]
−

n∑
j=1

�̃T j (60)

where  j =� j z j .

Theorem 1
Consider system (1) subjected to Assumptions 1, 2, 3, and 4, and the adaptive robust controller
that consists of control law (55), adaptation law (27), in which  is chosen as

=
n∑
j=1

� j z j (61)

and observers (14) and (15). c� j i and c�ki are the i th diagonal elements of the diagonal matrices
C� j and C�k , respectively. If the controller parameters C� j and C�k are chosen such that
c2�ki�(n/4)

∑n
j=2 1/c

2
� j i , we have

(A) The control input and all internal signals are bounded. Vn is bounded by

Vn � e−�nt Vn(0)+ �̄

�n
(1−e−�nt )

+
j=n∑
j=1

� j
�n

∫ t

0
e−�n(t−v)�2� j (v)dv+ �̄

�n

∫ t

0
e−�n(t−v)�2ε(v)dv (62)

where �n =2 min{g1, . . . ,gn}, �̄=∑ j=n
j=1 � j .

(B) If after a finite time tf, �̄=0, �i =0, and �=0, i.e. in the presence of parametric uncer-
tainties and dynamic uncertainties with known structural information only, then, in addi-
tion to results in (A), asymptotic output tracking (or zero final tracking error) is also
achieved.

The proof is given in Appendix A.
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5. SIMULATION

To illustrate the proposed ARC scheme, this section considers the following specific system:

ϑ̇ = −ϑ+x21 +�̄

�̇ = −�+x41 +�̄

ẋ1 = x2+�x21 +2ϑ+�1+x21�

ẋ2 = u

(63)

where � is an unknown constant, �̄ and �1 are unknown bounded uncertainties, and ϑ and � are
scalar unmeasured states with and without structural information, respectively. Without considering
the � dynamics, system (63) is the same as the one used in the simulation in [8]. Thus, for the
comparison purpose, we take exactly the same simulation values as in [8] for �, �̄, and �1(t),
i.e. �=0.1, �̄=0.5, and �1(t)=0.6 sin(2t). The bounds describing the uncertain ranges in (63)
are �� =(−1,3), �̄=2, and �1=2. The control objective is to synthesize a control u such that x1
tracks a desired trajectory xd .

Let V� =�2 and �1(|�|)=�2(|�|)=�2. Then, (A) of Assumption 3 is satisfied. From (63), the
derivative of the V� is computed as

V̇� = 2��̇

= 2�(−�+x41 +�̄)

� −2�2+2�x41 +2��̄ (64)

Using the completion of square technique, we have

V̇� � −2�2+ 4
10�

2+ 10
4 x

8
1 + 4

10�
2+ 10

4 �̄
2

= −1.2�2+ 10
4 x

8
1 + 10

4 �̄
2

= −1.2�2+2.5x81 +10 (65)

It is thus clear that Assumption 1 is satisfied with c0=1.2, �3(|x1|)=2.5x81 , and d0=10.
Let c̄0=1.0, r�0>0, and �̄�(x1)=�3(|x1|). A dynamic normalization signal r� is generated by (5):

ṙ� =−r�+2.5x81 +10, r�(0)=r�0 (66)

Define a nonnegative function:

D� =max{0,V�(�(0))e−1.2t −r�(0)e
−t } (67)

It is easy to verify that there exists a finite T 0
0 such that D� =0 for all t>T 0

0 and

V��r�+D� (68)

which agrees with Lemma 1.
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From definition of V� and (68), then � is bounded by

|�|�(r�+D�)
1/2�(2r�)

1/2+(2D�)
1/2 (69)

which agrees with (7).
We introduce a transformation 	=�−
(x1), with 
(x1)= lx1, l=−(1+�c)/2 and �c being

a negative design parameter. Then �
/�x1= l, and, from (10), A(x1)=−1−l×2=�c, which
is exponentially stable. Thus, the nonlinear observer design method in Section 3 can be used.
Specifically, the filters are implemented as

�̇0 = �c�0+�clx1+x21 −lx2

�̇1 = �c�1−lx21
(70)

From (16), the equivalent expression for the unmeasured state ϑ(t) is

ϑ=�0+�1�+lx1−ε (71)

where ε is the state estimation error that is governed by the following dynamic systems:

ε̇=�cε−�̄+l�1(t)+lx21� (72)

Let Vε =ε2 and �1(|ε|)=�2(|ε|)=ε2. Then (A) of Assumption 4 is satisfied. Furthermore, from
(72), the derivative of Vε is computed as

V̇ε = 2ε(�cε−�̄+l�1(t)+lx21�)

= 2�cε
2−2ε�̄−ε(1+�c)�1(t)−ε(1+�c)x

2
1�

� 2�cε
2− 3�c

10
ε2− 10

3�c
�̄
2− 3�c

10
ε2− 5

6�c
(1+�c)

2�21

−3�c
10

ε2− 5

6�c
(1+�c)

2(x41 +�2) (73)

From (73), it is easy to see that (18) of Assumption 4 is satisfied with c1=−1.1�c, �3(|x1|)=
−(5/6�c)(1+�c)2x41 , �4(|�|)=−(5/6�c)(1+�c)2�2, and d1=−(10/3�c)�̄

2−(5/6�c)(1+�c)2�
2
1.

Thus, all assumptions are satisfied and the proposed extended ARC design can be applied to
synthesize controllers for the example system (63), which is outlined as follows.

Let c̄1=−�c, rε0>0, �̄ε1(x1)=�3(|x1|), �̄ε2(r�)=�4(2�
−1
1 (2r�)), and d1=−(10/3�c)�̄

2−
(5/6�c) (1+�c)2�

2
1. A dynamic normalization signal rε is generated by (19) as

ṙε =�crε − 10

3�c
�̄
2− 5

6�c
(1+�c)

2�21− 5

6�c
(1+�c)

2(x41 +8r�), rε(0)=rε0 (74)

Step 1: Noting the first measured state equation in (63) and (71), we have

ż1= x2+�x21 +2(�0+�1�̂+
(x1)−ε)+�1+x21�− ẋd (75)
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Regarding �1+x21� as nonlinear uncertainties, we can construct the desired ARC controller for
the first measured state equation according to Section 4 as follows:

�1=�1a+�1s1+�1s2 (76)

�1a =−�̂x21 −2[�0+�1�̂+
(x1)]+ ẋd (77)

�1s1=−[g1+(C�1��1)
2]z1 (78)

�1s2=− 1

4�1
(h21+1)z1 (79)

where g1>0, �1=2, and �1= x21 +2�1. Noting (41), we choose h1��M |�1|+|�1|�−1
1 (2rε)+

�11(x1)+�12(�
−1
1 (2r�)), where �−1

1 (2rε)=(2rε)1/2, �11(x1)=�1+ 1
2 x

4
1 , and �12(�

−1
1 (2r�))=r�.

Step 2: Noting the second measured state equation in (63) and (71), we have

ż2 = u− �̇1

= u− ��1
�x1

{x2+ �̂x21 +2[�0+�1�̂+
(x1)−ε]}

−��1
�r�

ṙ�− ��1
�rε

ṙε − ��1
��0

�̇0− ��1
��1

�̇1− ��1
�t

(80)

The desired ARC controller u for the simulation nonlinear system is synthesized as follows:

u = �2a+�2s1+�2s2

�2a = −z1+ ��1
�x1

{x2+ �̂x21 +2[�0+�1�̂+
(x1)]}

+��1
�r�

ṙ�+ ��1
�rε

ṙε + ��1
��0

�̇0+ ��1
��1

�̇1+ ��1
�t

(81)

�2s1 = −
[
g2+

(
��1

��̂
C�2

)2

+(C�2��2)
2

]
z2

�2s2 = −
[
h22+

(
2
��1
�x1

)2
]
z2/(4�2)

where g2>0 and �2=−(��1/�x1)(x21 +2�1). Noting Remark 4, we choose

h2��M |�2|+
��1
�x1

[|�1|(2rε)1/2+�11(x1)+�12(�
−1
1 (2r�))]

The parameter adaptation law is given by

˙̂�=Proj�̂(�), =�1z1+�2z2 (82)
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Figure 1. Desired output trajectory and tracking errors in case i.

The design parameters and initial conditions for the proposed ARC are the same as in [8] except
that all the new terms for the additional � dynamics are as follows:

ϑ(0) = 1, r�(0)=0, rε(0)=0

�0(0) = 0, �1(0)=0, x1(0)= x2(0)=0, �̂=0.5

A = −10, g1=g2=10, �=1

C�1 = C�2=0.25, C�2=2, �1=30, �2=300

(83)

To test the tracking capability of the proposed algorithm, we select a sinusoidal given by xd =
0.5(1−cos(1.4�t)) as the desired trajectory. In order to show the properties of the proposed ARC
scheme, we will consider the following three conditions to demonstrate them.

Case i: No disturbance but with dynamic uncertainties having known structural information.
The simulation is first run for the actual system with parameter uncertainties, dynamic uncertainties
having known structural information but without any disturbances and uncertain nonlinearities, i.e.
letting �̄=0, �1=0, and �= �̇=0 in (63). In this case, the system is the same as the one studied in
[8], which corresponds to the ideal working conditions. It is seen from the simulation results shown
in Figure 1 that the proposed extended ARC scheme achieves as good transient performance and
final tracking accuracy as in [8]—output tracking error is small during the entire transient period
and converges to zero after a few seconds. Parameter estimate �̂ shown in Figure 2 converges to
its true value since the usual persistent exciting condition for parameter estimation convergence in
adaptive controls is satisfied as well. The control input shown in Figure 3 is reasonable.

Case ii: With disturbance and dynamic uncertainties having known structural information. The
simulation is then run for the actual system having disturbances and uncertain nonlinearities as
well but without dynamic uncertainties having unknown structural information, i.e. letting �= �̇=0
and ϑ(0)=1 in (63) but with �̄=0.5 and �1=0.6 sin(2t). This case may represent the nominal
working conditions, which is also studied in [8]. It is seen from the simulation results shown in
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Figure 2. Parameter estimation in case i.
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Figure 3. Control input in case i.

Figure 4 that the proposed extended ARC scheme achieves as good transient performance and
final tracking accuracy as in [8]—output tracking error is kept small during the entire transient
period and is in the same range as in case i, though asymptotic output tracking is lost due to the
appearance of disturbances and uncertain nonlinearities. This illustrates the performance robustness
of the proposed extended ARC design. Parameter estimate �̂ shown in Figure 5 and control input
in Figure 6 are reasonable.
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Figure 4. Desired output trajectory and tracking errors in case ii.
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Figure 5. Parameter estimation in case ii.

Case iii: With dynamic uncertainties having unknown structural information as well. The simula-
tion is also run for the actual system subjected to dynamic uncertainties having unknown structural
information as well, i.e. system (63) with �̄=0.5, �1=0.6 sin(2t), ϑ(0)=1, �(0)=1, x1(0)=1.2,
and x2(0)=0. The initial conditions for dynamic normalization signals are chosen as r�(0)=0.1,
rε(0)=0.2. For comparison, simulation is also run for the ARC scheme in [8] without considering
the appearance of the dynamic uncertainties �. The tracking error plot and the control input plot
for the ARC scheme in [8] are shown in Figures 7 and 8, and for the proposed extended ARC
scheme in Figures 9 and 10, respectively. As seen from Figures 7 and 8, the closed-loop system
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Figure 6. Control input in case ii.
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Figure 7. Tracking errors ignoring dynamic uncertainties having unknown
structural information in case iii.

with the ARC scheme in [8] becomes unstable as the effect of dynamic uncertainties having
unknown structural information (i.e. � dynamics) cannot be addressed. In contrast, the proposed
ARC scheme explicitly considers � dynamics and constructs suitable robust control functions to
counter-react its effect. As shown in Figure 9, the closed-loop system is stable and the output
tracking error is still kept small during the entire transient period.
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Figure 8. Control input ignoring dynamic uncertainties having unknown structural information in case iii.
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Figure 9. Desired output trajectory and tracking errors with the proposed ARC scheme in case iii.

6. CONCLUSIONS

In this paper, an extended adaptive robust control (ARC) scheme, in which dynamic uncertainties
can have unknown structural information and can enter the system in nonaffine fashion, is presented
for a more general class of nonlinear systems than those studied in [8]. For the dynamic uncertainties
having known structural information, a nonlinear adaptive robust observer is constructed to recover
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Figure 10. Control input with the proposed ARC scheme in case iii.

the unmeasured states so that suitable model compensation can be constructed for a much improved
steady-state output tracking performance—asymptotic output tracking in the presence of parametric
uncertainties and dynamic uncertainties having known structural information only. For the dynamic
uncertainties having unknown structural information, suitable dynamic normalization signals are
constructed so that certain robust feedback can be used to dominate their effect for a guaranteed
transient and steady-state output tracking performance in general. Simulation results illustrating
the effectiveness of the proposed extended ARC design have been presented.

APPENDIX A

A.1. Proof of Theorem 1

Noting zn+1=0, from (60)

V̇n �
n∑
j=1

{
−
(
g j +

∣∣∣∣�� j−1

��̂
C� j

∣∣∣∣
2

+|C� j�� j |2+c�|� j |2
)
z2j

+ z j (� js2− �̃T� j −�T
j ε+�̃ j )−z j

�� j−1

��̂

˙̂�
}

(A1)

By completion of square

−
n∑
j=2

z j
�� j−1

��̂

˙̂��
n∑
j=2

|z j |
∣∣∣∣�� j−1

��̂
C� jC

−1
� j

˙̂�
∣∣∣∣� n∑

j=2

(∣∣∣∣�� j−1

��̂
C� j

∣∣∣∣
2

z2j +
1

4
|C−1

� j
˙̂�|2
)

(A2)
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Noting that C−1
� j and � are diagonal matrices, from (27) and (28), we have

n∑
j=2

|C−1
� j

˙̂�|2 =
n∑
j=2

|C−1
� j Proj�̂(�)|2�

n∑
j=2

|C−1
� j �|2�

n∑
j=2

(
n∑

k=1
|C−1

� j ��k zk |
)2

� n
n∑
j=2

(
n∑

k=1
|C−1

� j ��k |2z2k
)

(A3)

Thus, if C� j and C�k satisfy the conditions in the theorem, from (A2) and (A3),

−
n∑
j=2

z j
�� j−1

��̂

˙̂� �
n∑
j=2

(∣∣∣∣�� j−1

��̂
C� j

∣∣∣∣
2

z j
2+ n

4

n∑
k=1

|C−1
� j ��k |2z2k

)

�
n∑
j=2

∣∣∣∣�� j−1

��̂
C� j

∣∣∣∣
2

z j
2+

n∑
k=1

|C�k��k |2z2k (A4)

From (A4) and i of (35), (49), and (58), we have

V̇n �
j=n∑
j=1

{−g j z
2
j +� j +� j�

2
� j +� j�

2
ε}

� −�nVn+ �̄(1+�2ε)+
j=n∑
j=1

� j�
2
� j (A5)

which leads to (62). The boundedness of z1, . . . , zn is thus proved. Using the standard argu-
ments in the backstepping designs [10], it can be proved that all internal signals are globally
uniformly bounded. The boundedness of signals x1, together with the bounded-input-bounded-state
Assumption 2 for the ϑ dynamics, Assumption 3 for the � dynamics, and Assumption 4 for the
observer error dynamics, implies that ϑ, �, rε, and r� are bounded. Thus, all filter states �0, �
will be bounded. Thus, recursively using the fact that xi = zi +�i−1, it is easy to verify that all
intermediate control functions �i and states xi are bounded. From (55) and (56), the boundedness
of u is apparent. A of the Theorem 1 is thus proved.

In the absence of uncertain nonlinearities, i.e. �̄=0, �i =0, and �= �̇=0, noting condition i i
of (35), (49), and(58), from (A1) and (A4)

V̇n�
n∑
j=1

(−g j z
2
j − �̃T� j z j −c�|� j |2z2j −z j�

T
j ε) (A6)

Define a new p.s.d. function V� as

V� =Vn+ 1
2 �̃

T�−1�̃ (A7)
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Noting P2 of (29), from (A6), the derivative of V� satisfies

V̇� �
n∑
j=1

{−g j z
2
j −c�|� j |2z2j −z j�

T
j ε}− �̃T+ �̃T�−1 ˙̂�

�
n∑
j=1

{−g j z
2
j −c�|� j |2z2j +|z j ||� j ||ε|}

� −
n∑
j=1

g j z
2
j +

n

4c�
|ε|2 (A8)

By (B) of Assumption 4, ε(t) exponentially converges to zero, and thus ε(t)∈L2[0,∞). From
(A8), it is easy to prove that z j (t)∈L2[0,∞). It is also easy to check that ε̇ and ż j are bounded.
Hence, by Barbalat’s lemma, z−→0 as t−→∞, which leads to (B) of Theorem 1. �
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